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Invertibility of functionals of the Poisson
process and applications

L. Coutin L. Decreusefond

2023

We show that solving SDEs with constant volatility on the Wiener space is the
analog of constructing Hawkes-like processes, i.e. self excited point process, on
the Poisson space. Actually, both problems are linked to the invertibility of some
transformations of the sample paths which respect absolute continuity: adding
an adapted drift for the Wiener space, making a random time change for the Pois-
son space. Following previous investigations by Ustiinel on the Wiener space, we
establish an entropic criterion on the Poisson space which ensures the invert-
ibility of such a transformation. As a consequence of this criterion, we improve
the variational representation of the entropy with respect to the Poisson process
distribution. Pursuing the Wiener-Poisson analogy so established, we define sev-
eral notions of generalized Hawkes processes as weak or strong solutions of some
fixed point equations and show a Yamada-Watanabe like theorem for these new
equations. As a consequence, we find another construction of the classical (even
non linear) Hawkes processes without the recourse to a Poisson measure.
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1 Introduction

The simplest non linear stochastic differential equations are those of the form:
t
X(0)=0and dX(#) = a(X(2)) dt + dB(1) < X(1) =f u(X(s)) ds+ B(t), 1
0

where B is a standard Brownian motion. Denote by W the space of continuous functions over
[0, 1], null at time 0, equipped with the Wiener measure y. We may view the process X as a
map from W into itself by the construction:

X W—Ww
w-—»(t-—»X(w,t)).



Consider also the map:

Uu.-w—w

t 2)
w— (tHw(t)—f u(w(s)) ds).
0

Then, (1) is equivalent to say that X is a solution of the equation
UoX= IdW .

Hence, to solve (1) is to invert U. In [26] and further on in [15, 20, 27], the authors showed
that U is invertible if and only if
1
f u(s)? ds] 3)
0

where H(U”u| ) is the relative entropy between U”, the image measure of u by U, andu
itself. The key ingredient of the proofs is the quasi-invariance (or Girsanov) theorem. Since
we also have a Girsanov theorem on the Poisson space (the space of configurations equipped
with 7, the probability that makes the canonical process a Poisson process of intensity 1), it
is natural to ponder on the analogue of the notion of invertibility on this space. It began as an
intuition and turned into a deep result that this notion is intimately linked not to solutions of
Poisson driven stochastic differential equations but to the construction of Hawkes processes.

To grasp the difference between the Wiener and Poisson settings, we must go back to the
basics of the Girsanov theorem. A measure v on W is absolutely continuous with respect
to u if there exists an adapted process u in the Cameron-Martin space such B—u is a v-
local martingale of square bracket (£ — f). Since the square bracket of a semi-martingale is
unchanged by the addition of a finite variation process, the Lévy’s characterization theorem
says that B — u is a v Brownian motion. This is this quasi-invariance which is used to prove
that SDE’s like (1), have weak solutions under mild assumptions on iz and which is the key to
the investigations about invertibility.

Now, let 91 be the space of configurations on (0, +00) (see the exact definition below) and =
the probability on 91 such that the canonical process N is a Poisson process of unit intensity.
The Girsanov theorem says that if v is absolutely continuous with respect to =, there exists
a non-decreasing predictable process, denoted by y, such that N — y is a v local martingale.
The difference here is that the v-compensator of N is y so neither N nor N — y are Poisson
processes under v. We have thus to construct another transformation of the sample-paths of
N such that the process we obtain is a v-Poisson process of unit intensity. This question has
been seldom addressed (see [4, 8]) and not in a form which is convenient for our present goal.
It turns out that it is the process N(y*(t)), where y* is the right-inverse of y, which plays the
role of B — u in the Poisson space. Thus, the analog of the map U defined in (2) is the map Y

Y: N1 —N
N~— Noy*.

1
HWU'plw =B

If this map has a reciprocal map Z associated to a process z, then the process Z has z* as a
compensator, which turns to be equal to y(Z,.). Thus Z is a generalized Hawkes process (g-
Hawkes for short), i.e. a process whose compensator depends on itself (see Theorem 4.4 for a



precise statement). This means that constructing a g-Hawkes process is the Poissonian ana-
logue to solving SDEs like (1) in the Wiener space. This point of view, which, to the best of our
knowledge, is new, has major consequences as we can now transfer the problems known on
SDEs (weak, strong and martingales solutions, perturbations, stationarity, etc.) to g-Hawkes
processes. We only focus here on the different notions of solutions for the g-Hawkes problem
and show the analogue of the Yamada-Watanabe theorem. We can then construct a classical,
possibly with a non linear intensity, Hawkes process without the recourse to a larger proba-
bility space as usually done ([11, 22, 16] and references therein).

The variational representation of entropy is a crucial theorem of the theory of large devia-
tions [14], also known as the Boué-Dupuis or Borell formula [5, 6] for the Gaussian measure
on R”. It has been extended to the Wiener space by Léhec in [21] and with weaker hypothesis
by Ustiinel in [26], as a consequence of his entropic criterion for the invertibility of U. Actu-
ally, the core of the proof is to invert a map like U. We follow here the same lines to establish
an analog formula for the Poisson space. A similar result already exists in [28] but require to
embed the Poisson process in the wider probability space of marked point processes.

This paper is organized as follows: In Section 2, we define what we consider here as random
time changes and describe their action on stochastic integrals. In Section 3, we establish the
quasi-invariance theorem and compute the Radon-Nikodym density of the push-forward of
the measure 7 by a random time change. In Section 4, we combine these results to obtain
the entropic criterion which guarantees the invertibility of a map like Y. We take profit of the
robustness of the entropic criterion with respect to limit procedure to obtain a variational
representation of the entropy in Section 5. The notion of weak, strong and martingale gen-
eralized Hawkes problem are introduced in Section 6. We then prove the Yamada-Watanabe
theorem for this new kind of equations.

2 Transformations of measures on the configuration space

Definition 2.1 Let91be the set of locally finite, simple configurations on E = (0, +o0) equipped
with the vague convergence. We denote by w its generic element. For each w € ), there exists
(Ty(w),n=1) such that T, (w) < Ty+1(w), Ty (w) tends to infinity as n tends to infinity and

w= Z eTn(CU)

n=1

where €, is the Dirac mass at a. We denote by N, the counting process associated to this mea-
sure by:
N(w, 1) = ([0, 1]).

Note that given the sample-path of N, we can retrieve w as
Ty (w) =inf{t, N(t) = n} or (T, (w), n=1) = (t, AN(t) =1)

where AN(t) = N(t) — N(t7). This means that we can identify a sample-path of N with an
element of 91. A point process is a random variable with values in 91.

The filtrations do play an important role in the following. We denote by & = (%;,t = 0) a
generic right continuous filtration on 91. We denote by %, the whole o-field, i.e. F =



V¢=0%:. The minimal filtration under which the canonical process N is measurable is
N =0{N(s), s< t}. 4)

We follow the presentation of [18] where the notion of predictability is defined without any
reference to the completion of the filtration.

Definition 2.2 For any filtration & = (%;, ¢ = 0) on I, a real-valued process (X(t), t = 0) is
called & -predictable and belongs to 22(%), if the application (w, f) — X(w, t) is measurable
with respect to the o-algebra 22 on 1 x [0, +c0) generated by the applications (w, ?) — Y (w, )
which are %; measurable in w and left-continuous in ¢.

s Remark 1 The usual definition of predictability (see [12, 13]) is similar but requires the
filtration & to be complete with respect to a given probability measure u. Let us denote by
Z# the completion of & with respect p. According to [12], for any predictable process in our
sense there always exists a predictable &* process such that the two processes coincide on a
p-null set. Hence all the usual results on predictable processes are still valid with our current
definition. .

Definition 2.3 Let u be a probability measure on (91, %.,). A process X, null at time 0, is said
to be of u-finite variation if there exist X* and X~ two right continuous, null at time 0, and non
decreasing processes such that

X=X"-X",u-as.

The process X has locally integrable variation if for any = 0
E,[XT (0 +X (0] <oo.

Its 22(%, w)- dual predictable projection is the unique predictable process X” such that X =
X—XPisa (%, un)-local martingale. When X is a counting process, X” is called the compensator
of X.

We denote by 22(%) the set of processes which are & -predictable.

Theorem 2.1 Let % be a filtration on'N and p a probability measure on (N, Foo).

1. Then, there exists a unique predictable (up to p-null set) process y which is non-
decreasing, right continuous, null at time 0 and such that for any q = 1,

t— N(tATy(N)) = y(t A T4(IN))
is a uniformly integrable (2, &, u) -martingale.

2. For the converse, we need to assume that the filtration is the minimum filtration
under which the canonical process is measurable. For any process y € P (W),
non-decreasing, null at time 0 and right-continuous, there exists a unique prob-
ability measure on (N, Noo) such that N — y is a (AN}, t = 0) local martingale and
(Ty(N),g=1) isa localizing sequence.



We denote this measure by m,. When y = 1d, i.e., when the canonical process is a
unit rate Poisson process, we prefer to use the notation nt instead of wq.

= Remark 2 Note that if y is deterministic then we can get rid of the hypothesis of minimal
filtration as any point process with deterministic compensator is known to be a, possibly
non homogeneous, Poisson process. This is known as the Watanabe characterization of the

Poisson process.

2.1 Absolute continuity and equivalence

We summarize the results on local absolute continuity on the Poisson space which can be

found in theorems 8.32 and 8.35 and corollary 8.37 of [19].

Theorem 2.2 Consider a filtration & = (%, t = 0) on‘)l. Letk be a non-negative, locally
integrable  -predictable process. We set

t
x (1) :f x(s) ds.
0

We consider ity as defined above.

1. Ifa probability measurev on ‘) is locally absolutely continuous with respect to 1wy
along & (that is denoted v < oc,z 1) then there exists a unique process y, which
is non-negative and & -predictable such that

r
Vrzo,vU (1—\/_)7K(s))21'<(s)ds<oo):1 )
0

and
t
r— N(r) —f Yk (9)k(5) ds is a (F,v)-local martingale. (6)
0

We set ,
y,((t)zfo Vi () K(s) ds

which belongs to (), is non decreasing, right continuous and null at time 0. Hence,
with the notations introduced above, v = Ty, .

2. Ifmy, is absolutely continuous with respect to my on ¥« (that is denoted by 7y, <
7T ) then

Ty, (fooo(l—\/j/,((s))zk(s) ds<oo)=1. @

For the converse part, we need to assume that & = A, the minimal filtration which
makes N adapted. In this situation, consider y a locally integrable, non negative and
N -predictable process and m, the probability measure on ‘N, which satisfies (5) and
(6).



3. Then, iy, is locally absolutely continuous with respect to 7wy along N and

A, (N, 1) dry,
P A

M
t

t
exp(f log 7, (s) dN(s)+f (1= yx ())& (s) ds) ift <Sp,
0 0
0 ift =limsup,,, Sm,

where for any integer m = 1,
! 2
Sy = inf{ t, f (1- Vi) k(9 ds = m}
0
4. Finally, the probability measurem,_ is absolutely continuous with respect to 7. on

(M, No) if and only if (6) and (7) are satisfied.

The next result gives some necessary and sufficient conditions for the equivalence of 7, and
7, see Proposition (7.11) of [19].

Lemma 2.3 Assume thatv is absolutely continuous with respect to |1 on N, and set

A(D) = ﬂ . 8)
dul|

Then v and pu are equivalent if and only the following two conditions are satisfied:

i) The local martingale(A(t), t = 0) is uniformly integrable, i.e. there exists A € L' (1)
such that
A(D) =Ey[A|N].

ii) The random variable A is positive |1-a.s.

In view of this theorem, we introduce the following sets of processes.

Definition 2.4 Let & be a filtration on 9 x R* and x a non-negative predictable process.
Consider the probability measure 7, on 9t and let 2% (&, 7,) (respectively 2% (&)) be the set
of positive (respectively non-negative) & -predictable processes y such that for any ¢ = 0

nK(yK(t) < +oo) =1and m, (}LrgoyK(t) = +oo) =1

where the process y is defined by

¢
¥k, 1) =[) ¥ (w, $)k(s) ds.



We also introduce the following subset of 22+ (F, 7,):

P F, 1) = {ye PHH(F, ), Mk (f (1 = \/y'(s))zk(s) ds< oo) = 1}.
0

The most restricted class we consider is 21t (F,my) of processes y € 2**(F, my) for which
there exist € € (0,1) and T > 0 such that

1
e<y(s)<—,Vs=0and y(s)=1for s=T, mx—a.s.
€

Note that if y belongs to 2" (%, 7,) then (Ay, (N, 1), t = 0) is uniformly integrable.

As long as there is a finite number of jumps of the process N, which happens on any finite
interval, the argument of the exponential in A, cannot be minus infinity hence A, is posi-
tive. We give a sufficient condition which ensures that this may not happen even on the half
line.

Lemma 2.4 If the predictable process (y — 1) belongs to L' (M x R*, 7, ® k(s) ds) then,
T -a.s.,

A.VK = }LIgAyK (1)

o0

= exp (foology(s) dN(s) +f (1-y(9))k(s) ds) € (0, +00). )
0 0

Proof. Since, for any x = -1,
2
(1—\/1+x) <|xl|,

we have

E;, < oo0.

foo(l— \/j/(s))zk(s) ds] <E, foo|y‘(s)— 1] k(s) ds
0 0

Hence, for 7, almost all w, there exists m(w) < oo such that S,,(w) = oo for any m = m(w) and
then we have

Ay IILIBO A.VK (7)

( y(T,,)) exp(fo (l—y(s))k(s)ds).

n=1

K

The infinite product is convergent as soon as

[y(Ty) — 1| <oo.

n=1

Since

En, [Z |J7(Tn)_1|] = En, fo ly(s)=1| &(s) ds|,
n=1

we see that (7 — 1) € L'(M x R, 7, ® % (s) ds) entails (9).



2.2 Random time changes

The sequel of this paper will be based on the notion of random time change. We refer to [19,
chapter 10] or [3] for details on this notion and its links with stochastic calculus.

Definition 2.5 On (M, = (%, r = 0)), arandom change of time is a right continuous, null at
time 0, non-decreasing process (7(#), t = 0) such that

n(t) <oo, Vt=0, tlirn 1(f) = +oo

and for any ¢ = 0, n7(¢) is an & -stopping time. We denote by & the filtration (Fnw, t=0). For
X aprocess, T (X) is the process defined by

7,00 = X(n(0).

Note that many change of time are given by the right inverse of non decreasing predictable
processes: For y such a process,

y*(w, 1) =inf{s, y(w,s) > t}

is a change of time (with the usual convention that the infimum of the empty set is infinite).
According to [19, Chapter 10],

(Y, 0<s)=(y"w, s7)>1) (10)
(¥, 0<s)=(yw, s7)>1). (11)

If y is continuous, we have
V(0 y" (w,0))=tand y* (0, yw, 1) =influ, y* (@, u) > y*(, 1)}

Note that if y belongs to 22** (%, u), then y is almost-surely an homeomorphism from R*
onto itself, hence

V(@ y @, 0)=y" (0, yw ) =tand 7, (X)(1) = X(y*(t)), forall =0, u-a.s. (12)

Furthermore, (10) entails that y(w, t) is an %7 stopping time.

Definition 2.6 Consider m, the smooth, convex, non-negative function defined on [—1,00) by

m(x) =

(x+Dlog(x+1)—x ifx>-1,
if x=-1.

and Ly, the corresponding Orlicz space [1]:
Ln= {f :RY — [-1,00), f m(f(s)) ds< oo}
0

We view the time change as a map from 97 into itself.



Definition 2.7 For y € 2t (), let
Y:NT—MN
N— 1y () : (= N(y" (N, 1)), (13)

We denote by Y the process 7+ (IN), also equal to Y(V).

Definition 2.8 For a probability measure p on 91, we denote by Y u the distribution of the
process Y on 1 or equivalently the push-forward of the measure p by the map Y.

One way to understand this transformation is to consider that the locations of the atoms
of the underlying configuration N are fixed once and for all. They are discovered at unit
rate with N and at random speed by Y: The k-th jump of Y occurs at time ¢ if and only
¥*(N, t) = Tr(N) hence

V' (N, Tr(Y)) = Tr(N). (14)

= Remark 3 Note that the process Y is adapted to the filtration
g)’* = (gy*(t)) t= 0)

and has (%7, m)-compensator y* (see [19, Theorem 10.17]).

A word of caution: The process y(?) is predictable hence depends on a source of randomness.
Along the text, we may have to change this source, i.e. we may have to consider y(N, t) or
y(Z, t) where Z is another point process. For the sake of notations, when we use y(t), it must
be understood as y(N, t) where N is the canonical point process. When we evaluate y along
the sample-path of another point process,q as in y(Z, t), it will be indicated.

Lemma 2.5 Forye 2+ (X)), let%,; = o (Y (u), u < t). Then, we have
Y Vo (y(s), s<t) =Ny .
Furthermore, %, JVOJC/, =N

Proof. Foranys<'t,
y* (S) € t/Vy*(s) C t/Vy*(t).
The definition of Y induces that Y (¢) is .#}+ ;) measurable hence

@t Cg/‘/y*(t).

It follows that
v o(y (s),sst)c Nyqm.

Conversely, let A€ Ny (1) according to [19, Proposition 3.40],

o0
IVEDY ‘Pq(Tl(N)."' ) Tq(N)) LT, (v<y* (N0 < Ty (N}
q=0



where ¥, is measurable from (RM)9 to {0, 1}. It follows from the definition of Y (see (14)) that

o0

1a=), ‘Pq(y*(N» Te(Y)), k=1, »61) Ly (=g

q=0

Since y* is continuous, for u < ¢, we have
2n-1 i
Y (N, u) = lim ZO VNS s (W),

thus, for k < g,

VN, TV liy (=g EF: AT (Y™ (5), s<1).

Hence the converse embedding also holds.
The inclusion %, c .44, is immediate from the first part of the proof. The equality be-
tween Wog and A4, comes from [19, page 326]. O

The following theorem is Theorem (10.19) of [19] and Lemma 1.3 of [3].

Theorem 2.6 Let y € P**(F). Forr € P(F) such that its stochastic integral is well
defined, we have

T, UO r(N, s) ds) = fo r(N, y*(N, 9)) dy*(s) (15)

and for the stochastic integrals,

Ty (f r(N, s) dN(s)) = f r(N, y*(N, s)) dY (s). (16)
0 0

We can extend Y to stochastic processes which are measurable maps from (91 x R*, A5, ®
BR)) to (R, B(R)). For yu a probability measure on 9, we denote by L°(D1 x R*, R; u) the
set of stochastic processes equipped with the topology of convergence in probability. For the
sake of simplicity, we still denote by Y this extension, which is not to be confused with the
process Y.

Definition 2.9 The map Y is defined by
Y: (DM xR, Rjp) — LO(M xR, R )
U— (N, )= U(Y, y*(N,9)).
For instance, if we denote by N the process N stopped at time a:

N =N(tna),

10



we have

YYD () =Y (ya)nt)
=N (y* (N, y(a) A D)
=N(any*(N,p).

On the other hand, we have

Yy (ND (@) =N*(y"(N,1)
=N(y*"(N,t)Aa)

so that
N%Y=YyY®,

We then have the following composition rules.

Theorem 2.7 Let y € P**(AN). Forr € P(AN) such that its stochastic integral with
respect to Y is well defined, we have

(fr(N, s) ds)oY:f'r(Y, Y*(N, 9) dy* (N, ) (17)
0 0
and

(fr(N, 5) dN(s))oY:f'r(Y, Y*(N, 5)) dY (s). (18)
0 0

s Remark 4 These formula do not hold if y is not supposed to be positive or if y is not an
homeomorphism almost surely. .

Proof. Since y defines a diffeomorphism from R* onto itself, the change of variable u =
y(N, s) yields

. y*(N,1)
(f r(N,s) ds)OY(t):f r(Y,s)ds
0 0

t
:f r(Y, y* (N, w)y* (N, u) du
0

and (17) holds.
To prove (18), it is sufficient to prove it for simple predictable process, i.e. we assume that

r(N,s)=A(N) 1 p(s)

for some A € A4,. We have

f r(N, s) AN(s) = A(N)(N? - N%)
0

11



where N“ is the process N stopped at time a. On the one hand, we have
(AN (N? = N9) o ¥ = A (y* (N") - y* (N9)

= AW ® - yy@),

On the other hand,
r(Y,y*(s)) = A(Y) Ly(a),ym ($)
hence )
f r(Y,y*(9) dY(9) = AY) (V@ - yV@).
0
The proofis thus complete. O

3 Quasi-invariance

The next result is the exact analog of the quasi-invariance theorem for the Wiener space (of-
ten quoted as the Girsanov theorem): find a perturbation of the sample paths and a change of
probability which compensate each other. As mentioned above, for point processes, transla-
tions by an element of the Cameron-Martin space are replaced by time changes (see [8] and
[4] for marked point processes). We first evaluate how a time change modifies the Radon-
Nikodym derivative.

Lemma 3.1 Letk be a deterministic positive function from R* into itself such that
t
K (1) :f k(s) ds <oo, Vt =0 and tlim K(f) = +o0.
0 —00

Let v be locally absolutely continuous with respect to wy along & and let y denote its
Girsanov factor, i.e. v = i, . Assume that y, belongs to 25 (#,n,,). Then, m,, is locally
absolutely continuous with respect to n, along < and we have

A% (D) dv‘ e (ftlo ( L )dY(s)+ft((K “)/(s) 1) ds) 19)
(D) = — = ex —_— o - .
Vi dnlgi = Pl ey o U

Proof. Remark that under the hypothesis y, € 227 (%, ,,), for almost all sample paths, S,
is infinite after a certain rank thus for any £ =0,
t

t
Ay, (1) =exp UO log j/(s) dN(s)+fO (1-3(9)k(s) ds). (20)

For A€ #:(;, by monotone convergence, we have
Ep, [1al= sli_{ngnyK (1AL (n<9]

= lim lim Ex, [1aljs<s, L= Ay ]

= lim lim By, [14Lis<s,31: (0= En [Ayc(9) | Fyrnsas, ]

§—00 n—00

= lim lim E;_ [1A1{s<8n}1{y,’§(t)ss} AyK (y:(t) ASA Sn)

§—00 n—00

12



according to the stopping time theorem applied to the bounded stopping time y; () A s and
to the martingale Ai’(‘. Thus, in view of (20), we obtain

Er, (14 = Ex |14 A, (12 ).
Then, Theorem 2.6 yields

t t
Ayk(yii(t))=e><p(f0 logy'(y,’:(s))dY(sto (1-3(y2(9)) k(yE(9) i (s) ds|.

On the one hand, we have y, = yk and on the other hand,

V(¥ ) =s = ye(yi®) (D)) = 1.

It follows that
YyE®) k(i) () ) =1
and that

0= e

Thus, (19) holds. O

Theorem 3.2 — Quasi-invariance. Assume that the hypothesis of Lemma 3.1 hold. Then,
the distribution of the process Y = 1, (N) under n,_is w . This means that for any
bounded measurable f : (N, N5%) — R, foranyt =0,

E. |f(YD) A;‘,;(t) =En,[f], 21
where Y is the process Y stopped at time t.
Proof. Note that by the stopping time theorem and Corollary 10.12 of [19]
Er, [Y(0) =k (yx (D) | M9 ] = Y () —x (32 (),

hence the compensator of Y under 7y is x o y;. Thus,

t

t 1 1 /
R(t):f —,dY(s)—f — (koyl) () ds
o reonl " ey o

dY(s)—t

[
0 (xoy)(s)

is a (Z7~,m,) local martingale. The standard Girsanov theorem [19, Theorem 7.24]

t 1 .
R(t)—fo m d[R, A}.](s)

13



isa (Fx »TTy,) local martingale. Note that R and A;* have the same jump times as Y, hence

K

t 1 1
—— d[R,A}:](s) = ——— AR(5) AAE.(s)
fo AJ’;’E(S) . sSt,AZY:(s);éO Ay;(s) Ix
Z ( A;* (s_))
= 1- -2 AR(s)
s<t,AY ()70 AL (8)
= (1—(Koy;)’(s))ﬁ.
s<t,AY (5)#0 (ko yz) (s)

Thus, we have

wo- [ g o= [ e [
OA;*(S) ad 0 (Koy:)’(s) (Koyf(‘)’(s)

=Y() -t

dY(s)—-t¢

This means that Y has (& Y:,nyk)-compensator (t — t). According to Theorem 2.1, Y is an
Z Y« -adapted unit Poisson process under 7 V- O

= Remark 5 The process Y = (Y (x()), t = 0) is then adapted to the filtration ¢ = (J/Ky(’;, r=
0) and is a 7, point process of compensator x and then we have

Er, [ /(%) A}, (x(0)] = Ex, [f].

This invariance formula is the key to our investigations. In full generality, we could continue
in such a general setting with any k. Actually, changing ¥ amounts to change the clock with
which time is measured. As long as this clock is deterministic and increasing, this does not
change the essence of the results to come so there is no loss in generality but a great gain in
simplicity and clarity to focus on the situation where x = Id. For the sake of notations, we
suppress the subscript « hereafter. .

The following theorems are often written in terms of y*, this can be translated in terms of
y as shows the next lemma.

Lemma 3.3 Forye 22" (A),

(e9)

Ay =exp ( fo log(7(s)) AN(s) + fo (1-y(s) ds)
= A} (22)

:exp(—fo log(7*(s)) dY(s)+f0 (7" (s)-1) ds) (23)
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Furthermore, forany p = 1,

o0

fo (j/*(s)log(j/*(s))—j/*(s)+1)ds:fo (y(s)—1-log(y(s))) ds (24)
0 p
bl

Proof. According to Theorem 2.2 for y € 225 ('), we have

-1

.k _ o0 o _ p
O 7 (s) ds-f0 ly(s)-1]" ds. (25)

dny

dny
YT dn

and A%, =
Noo Y d7l'

)

N

(22) comes from Lemma 2.5. Eqn. (23) is a straightforward consequence of (19). Identities
(24) and (25), since the integrands are non negative, are obtained through the change of vari-
able s = y(u) and the relation
1
7 (y(w) = ——
7 (yw) W
O

We now prove that well behaved time changes induce locally absolutely continuous proba-
bility on 1.

Theorem 3.4 Let y belong to 2" (N) such that , is equivalent ton on No. ThenY'n
is equivalent to m on Ns.

Proof. Since 7y, is equivalent to 77 on A, Y#T[y is equivalent to Y. Furthermore, we have

=2
AN
hence, d
}L%A;*(t) = % " =A,y.

According to Lemma 2.3, the martingale

*
(A} £20)
is then uniformly integrable and we can let ¢ go to infinity in (21) to obtain
Y#er =7.

Asa consequence,

T[:Y#J'L'y NY#T[.

The proofis thus complete.
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4 Invertibility

Definition 4.1 For a probability (¢, Foo) on 9, amap Q) : 0N — MNis left invertible if and only if
2" < p and there exists 3 : 91 — 91 such that 309) = Idy, p-a.s. The map 2) : 9t — s right
invertible if and only if there exists 3 : 91 — 9t such that 37y < pand 9 o 3 = Idy, p-a.s.

The map ) is invertible if it is both left and right invertible.

Lemma 4.1 Ifthereexists 3 such that30%2) = Idy, u-a.s. then) o3 =1Idy, D*u-a.s.
If additionally, )" u is equivalent to u and 3" u < p, then ) is invertible and 3" u is
equivalent to u.

Proof. We have
Y u(Ve3=1dn) = (Y309 =)

=u(9=9)

The first assertion follows. If the two measures ) and u are equivalent, then 2) o 3 = Idy
p-almost-surely thus ) is invertible.
Let A such that 3#,u(A) =0. This means

E, [1403]=0.
Since 2)* i is equivalent to u, we get
0=E;[14030Y]=E,[14]
hence u < 3% and the equivalence follows. O

We begin by a technical lemma which indicates how the time changes of two inverse maps
are related to each other.

Lemma 4.2 For y € ** (&) and z a n-a.s. positive process such that z*(Y,t) is an
FY -stopping time, we have

@oW)(1) = N[y* (N, 2*(v,1))). (26)
Then Z is the left inverse of Y if and only if
z2*(Y, 1) =y(N, 1), V¢, m-a.s. 27)

or equivalently
z2(Y, t)=y*(N, 1), V¢, n-a.s. (28)
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Proof. The first part come from the identities:

ZoV)(N)(1) =Y (2" (Y, 1)
= N(y* (V.2 (v, 0)).

Thus,
ZoY=Id<=y*(N, z2"(Y,0) =1, Vt, m-as.

According to (12), this entails (27). O

We have already seen in Lemma 2.5 that A" is larger than % Actually, there is a stronger
result:

I Theorem 4.3 Lety€ 2+ (N ,m). Then, ¥V =% ifand only if Y admits a left inverse.
Proof. 1fY is left-invertible then there exists z such that (28) holds :
z(Y, t)=y*(N, 1), Vt, m-as.

This means that y* (N, s) is %; € %; measurable, thus %; v o (y*(s), s < 1) = %;.
Conversely, if J/ty = %; then as y*(N, 1) is J/ty measurable, it is also %;-measurable.
Hence, for any ¢ > 0, there exists a random variable Z(Y’, ) such that

Z(YL, ) =y"(N,t), m—a.s.
We can then find a full probability set A such that
Z2(Y'(w), 1) =y*(w,1),Vt€Q,Vw € A. (29)

Let
*(w, t ifte
i, n={" @ reeQ
lim;, —; ey (1) ift¢Q.

By the sample-path continuity of y*, (29) holds for any ¢ € R* with probability 1. Hence,
Lemma 4.2 implies that Y admits a left inverse. O

In the Introduction, we loosely defined g-Hawkes processes as point processes whose com-
pensator depends on themselves. We stick to this definition up to now, until we define this
notion properly in Section 6.

Theorem 4.4 Let y € " (N). Then, Y admits a right inverse of the form Z = N(z*)
where for any t >0, z* (N, t) is an N -stopping time if and only if there exists a g-Hawkes
process Z with compensator y(Z,.), i.e. a solution of the equation

Z(0) = N(y(z, t)) (30)

with the additional constraint that y(Z, t) is an ./ -stopping time.

17



Proof. If Z = N(z") is the right inverse of Y, then, according to (28), we have
Z*(N, t)=y(Z(\N), 1), m—a.s.
so that, if we set
Z(1):=N(z" (N, 1)),
we get
Z(0= N[y, 1),

This means that Z satisfies (30). Since z* (N, t) is an A -stopping time, so does y(Z, t) and the
additional constraint is altogether satisfied.
Conversely, if Z satisfies (30) and y(Z, t) is an .4/ -stopping time for any ¢ = 0, we set

Z"(N,n=y(Z,1)

so that z*(N, t) is a stopping time for any ¢ = 0. Furthermore, according to (27) we have
YoZ =1dsy, which means that Y is right invertible. O

Corollary 4.5 If Z satisfy (30) and y(Z, t) is an ./ stopping time for any t = 0, then
Zi=Nyzn
where Z is the o -field generated by the sample-paths of Z. Furthermore, Z'm = g

Proof. Actually, Theorem 4.4 implies that Z is left invertible and the conclusion follows by
Theorem 4.3. Consequently, according to (30), Z has y(Z,.) as a (n, Z)-compensator. This
means that the law of Z has the same compensator with respect to its minimal filtration as N
under 7. Theorem 2.1 then entails that Z'n = Ty. O

Corollary 4.6 Lety € 25" (N ,my). Assume thatY is right invertible and let Z be the g-
Hauwkes process defined in Theorem 4.4. Then, Z admits the martingale representation
property: for any F € I*(N — R,Z"n), there exists v a Z -predictable process such that,
m-a.s., we have

FoZ=Ez, [F|+ foo v(Z,s)(dZ(s) - dZP(s))
0

where
v(N,s) = u(Y, yN,5)
Note that v satisfies

< 00.

E, [ f v(Z,5)?dZP(s)
0

18



Proof. Since Z is the right inverse of Y, Y is the left inverse of Z. According to Theorem 4.3,
Z = &7 . By the very definition of right invertibility, Z*7 < 7 hence for F a random variable
on (M, ), the random variable F := FoZis well defined. When F is m-square integrable, we
know from the martingale representation property for the Poisson process that there exists a
square integrable, predictable process u such that

o0

F;=E;[F;] +f u(s) (dN(s) — ds).
0

The relation (28) means that
T (N) = y(Z, Tk(Z))-

We obtain

fo u(s) dN(s) = Y_ u(N, Tx (V)

k=1
=Y u(Y(2),y(2,Te(2)
k=1

=fooo(u(Y,.)0Z)(s) dZz(s).

We know that Z has (,.4#% ) compensator Z”(t) = y(Z, t) hence this process is also the com-
pensator of Z for the filtration Z. The change of variable s = y(Z, r) yields

fu(N,s)ds:f u(N,y(Z,r))J'/(Z,T)dT
0 0
:f v(Z,s)dZP(r).
0

The proofis thus complete. O

By iteration, it is classical (see [9]) that we can deduce a chaos decomposition for square
integrable functionals of Z: for any F as in there exists (vg, k = 1) symmetric and square
integrable kernels such that for any F as in Corollary 4.6,

F(Z) =E; [F(Z)]

+ f Un(Z, 51,7+, 80) (AZ(s1) = AZP(51))...(dZ(sp) — dZP(sn).
0<81<85<...5,

n=1
= Remark 6 A similar result is established in [17]. The two formula share the same difficulty
of the explicit computation of the kernels, which here amounts to construct the process Y.
We are more or less in the same situation as for the fractional Brownian motion. In both sit-
uations, there is a reference process (the Brownian motion for the fBm, the Poisson process
here) with which the process under study is constructed [9]. We can then use the Malliavin

calculus tools for the driving process but it seems rather hard to have intrinsic chaos expan-
sion depending only on the fBm or on the g-Hawkes process itself. "
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Definition 4.2 For p and v two probability measures on 91, the relative entropy of v with
respect to p is given by
V )
Noo

d

E, |log| —

Hv|p = [ (du
+oo otherwise.

ifv<p

Following the proof of [20, Proposition 2.1], we have:

Theorem 4.7 Letz € P (N). Assumen is equivalent to m on N, and that there exists
y € P (N,7) such thatZoY = Iy m-a.s. Then the following assertions are equivalent:

(i) We have
E;[A,]=1andn(A,>0)=1. 31)
(ii) Y'n is equivalent tow on M.
(iii) Z is left invertible with inverseY.

(iv) Y'n = n, on N, and we have the following identity
o0 (e
log(AzoY) = f log(7* (N, s)) dY (s) +f (1-7*(N, 8))ds, t—as. (32
0 0

Proof. (i)=(ii). According to Lemma 2.3, 7 is equivalent to 7 on . Apply Theorem 3.4
and point (ii) follows.

(ii)==(iii). According to Lemma 4.1, YoZ =1d, Y?r a.s. In view of (ii), this identity holds 7
almost surely. Moreover, still according to (ii),

7' ~Z#(Y#n) =7

and (iii) follows from Lemma 4.1.
(iii) = (iv). It follows from (iii) that 7, = (YoZ)* 7, = Y*(Z*n,). Recall that the quasi-invariance
theorem says that Z¥m,=mhence Y'n =1,.

According to (17) and (18),

(o)

AL 0Y=exp(—f0 1og(z*(Y, y*(N, s))) dY(s)+f0 (Z*(Y, y*(N, s))—l)y*(N,s) ds).

Since ZoY =Idsy, according to (27) we have
Z(Y,y*(N,p) =t
By differentiation, we obtain
(Y, y"(N,0) x y*(N,t) =1, m—as. (33)

We obtain

[e o]

log(A;0Y) =f00010g(y*(N,s)) dY(s)+f0 (J'/*(N 9 _1) 7 (N,s)ds
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and (32) follows
(iv)=(i).Recall that

Ay:exp(—fo log(y*(N,s))dY(s)—fo (1-y*(N,s))ds|.

Equation (32) amounts to

Since Y7 = n,, we obtain

Moreover, still from (32), we deduce that

n(Ay=o)=n(AioY=o)

=Y'71 (A, = +00)

=7, (A; =+00).

According to the hypothesis, 7 is equivalent to 7 and Lemma 2.3 entails that E; [A,] is finite
hence 7 (A, = +o0) = 0 and then 7, (A, = +o0o) = 0. It follows that

n(A,=0)=0,

so that (i) holds. O
Lemma 4.8 Letye 2" (AN ,m,) suchthatE, [Ay] =1 and

E; < o0.

f m(y*(N,s)-1)ds
0

Then,
E, [—logA;‘,*] <E, U m(7(N, s)—1) ds.] (34)
0

Proof. We have already seen that

1 1
()= ——— =1 *(—.)(t).
Y Wyrw) T\

By hypothesis, yis A -predictable, thus, accordingto [19, Theorem 10.17(c)], y* is predictable
with respect to the filtration A"
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From (23), we have
t t
E[—logA;*(t)]:E folog(y*(s)) dY(s)+f0 (1_5,*(3))(13]
t
=E fo J'/*(s)log(j/*(s))+1—y*(s)ds]

<E f m(y*(s)—1)ds
0

since Y has .47 compensator y* and log y* is 47" predictable. It remains to prove that
we can pass to the limit in the left-hand-side. Consider the non-negative, convex function
¥ (x) = x —log x. From Fatou’s Lemma, we have

E[y(A;)] <liminf E[y (A} (0)]
fooom(j/* (s)-1)ds

This means that the non-negative submartingale (w(A;* (1)), t = 0) is uniformly integrable.
From (22), we know that Ay = A’, hence in view of the first hypothesis, the non-negative
martingale (A;* (1), t =2 0) is uniformly integrable,

<1+E

* Ll *
—logAy*(t) — —logAy*.

This means that
1+E [—logA;*] <1+E

fooom(j/*(s) -1) ds] .

The proof is thus complete. O

Theorem 4.9 Let y € 22f*(N, 7)) such thatEy [Ay] =1 and

E; fooom(y*(s) -1) ds| <oo.
IfY'n <, we always have
H(Y'n|m) <E fooom(y'* ($)-1) ds] : (35)
Moreover, the mapY is left invertible if and only if
H(Y'n|m) =E, fomm(y*(s) -1) ds] : (36)

= Remark 7 Following [2], the function x — m(x — 1) plays in the Poisson settings the exact
same role as the function x — x?/2 in the Gaussian world. Since the entropic criterion in the

Wiener reads as )
1
HU ulp) = > Eu f i(s)* ds
0
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where U is defined in (2), we see that the Gaussian-Poisson analogy alluded to in [2] goes
even further. -

Proof. Assume that Y?r is absolutely continuous with respect to 7 on .A4%,. According to
Theorem 2.2, there exists Z € 25 (., Y'7) such that

dy’n
dr Noo

= A,.

The quasi-invariance Theorem then says that for each ¢ > 0, for f : 91 — R* bounded and
continuous,

Eq[foY']|=E,[f(YD)]
=E; [fAz(t)]
-E, [on" A, oY (D) A;*(t)] .

By Fatou’s Lemma, we obtain
E, [onAonA;*] <E,[foY]

or equivalently
E; [onAonE [A;* I%o” <Eq[foY]

Hence, -a.s. we have
ALoY xE, [A;‘,* I%o] <1. (37)

It follows that

0< H(Y'n|m) =E [logA,oY]
<-E, [1ogE,, [A;* 2, ” . 38)

Since —log is convex, the Jensen inequality stands that

H(Y'n|m) < -E, [logA;‘,*] (39)
=E, U m(y*(s)-1) ds],
0

according to Lemma 4.8. Then the first part holds.

Assume now that (36) holds. Then (38) and (39) are indeed equalities. On the one hand,
this means that we have equality in the Jensen inequality used to derive (39). Since —log is
strictly convex, it follows that [23, Cor. 2.1]:

E, [A;‘, |@oo] = A;*, 7T —a.s.
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On the other hand, this also implies that (38) is an equality and as a consequence of (37),
we obtain
logA}. oY=—log A;*. (40)

According to (17) and (18),

(e )

logA;oY:—f 1og(z*(Y,y*(N,s)))dY(s)+f (2 (v, y* v, ) - 1) 5 (N, ) ds
0 0

and © ~
~logAj. :f log(7* (N, $)) dY (s) —f (7" (N, s)-1) ds.
0 0

Hence, according to (36), we can take the conditional expectation with respect to %; in both
equalities to obtain:

t t
—fo log(2" (¥, y*(N,9)) dY(s)+fO (2*(v, y* ¥, 9) = 1) 5* (N, ) ds

t

t
:fo log (7*(N, s))dY(s)—fO (7" (N, s)-1) ds.
Equating the jumps yields
Z'(Y, y*(N,9) x y* (N, 8) =1,

then, by integration, we get
25 (Y, y* (N, D) =t.

Furthermore, X
(", n<s)=(y(N,0<s)=(y" (N, 9) = t) e A,

hence z*(Y, t) is an AY" stopping time. According to (27), this means that ZoY = Idy; and
then Y is left invertible.

Conversely, if Y is left invertible. According to the Definition 4.1, Y7 is absolutely continu-
ous with respect to 7. Let us denote by 3 the map such that

30Y=1Idy, m—a.s.

Define the process z by
zZ(N,t)=y*(3(N), 1),V =0.

Since Y7 <« 7,

Yn(z(N,)=y* 3(N),)) =1

and
n(z(Y,)=y*(N,))=Y'7 (2(N,) = y* (3(N),.).

This means that
z(Y,t)=y*(N,1), Vt=0, m-a.s.
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or otherwise stated, ZoY = Idy, m-a.s. Moreover, by differentiation, we get

Z°(Y, y*(N, 1) = Vt=0, 7 —a.s. (41)

1
7N, 1)
Since y(N,.) belongs to 22 * (4, ), so does z*(Y,.), hence we can write

(e}

logA}. oY= —f 1og(z*(Y. y*(N.s))) dY(s)+f (z*(Y. y*(N.s))—l)y'*(N,s) ds,
0 0

and (41) entails that
logAZ. oY = —logAJ.. (42)

Let
dY*n
R= .

Cdrn

For any f : 91 — R continuous and bounded, for any ¢ > 0, we have
E; [fR]| =Ex[feY]
=Ex [(fAZ)0Y A}
=E; [fA}.]

according to (42) and to the quasi-invariance Theorem. It follows that R = A}., 7 —a.s. Plug
this identity into (42) to obtain

H(Y*n|n) =E;[logRoY]|
=Ey [logA}. 0Y]
=E, [—logA;*]

=E, [fooom(j/*(s)—l) ds].

The entropic criterion is thus satisfied. O

If we restrict even further the set of time changes, we can construct a g-Hawkes process
driven by these time changes and thus obtain the invertibility (see [15, 25] for the Brownian
analog).

Corollary 4.10 Lety e PL* (N, ) be piecewise constant: If we denote by T the time after
which y(s) = 1, consider a partition of [0, T], 0=ty < t) <...< ty = T < ty4+1 = +oo and
assume that there exist ay € Rt and some random variables (a fod) = Looc , k) such that
for somee >0,
e<aj(N)<1le, Vj=0,---,k
and
k-1

JN,$) = aolo,n) (D + Y aj(N) L 1;,,1(8) + @k (N L7000 (5).
j=1
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I Then, Y is invertible.

Proof. We first prove that Y is right invertible.
The g-Hawkes process Z is constructed inductively. On [0, ;], we set

Z(t) = N(agt).
Then,
y(Z, 1) =apt

and we do have Z(t) = N(y(Z,1)). For any ¢ < t;, y(N, t) is deterministic hence it is an ./ -
stopping time.

Assume that Z is constructed on [0, t,,,] with m < k and y(Z, ) is an .4 -stopping time for
t < t,,. For t € [t;;, 1], we have

V(Z, 1) = Y(Z, ty) + @ (Z") (£ = L). (43)

By the induction hypothesis, y(Z, t,,) is an A4 -stopping time hence the o-field A4}z s, is
well defined and y(Z, t;;;) belongs to this o-field. Furthermore, for ¢ < t,,,,

Z(6)= N(y(Z,0) € Myz,0,0-
It follows that for t € [, tin+1],
y(Z’ t) € ‘/‘/.V(Zrtm)'

Since a;, > 0, for any s = 0, according to (43),

S‘J’(tm))
t—tm
S‘J’(tm))

m

(J’(Z» ) 53) = (am(Zt'") <

- (am(Zt'”) < NY(Z, ty) < )
which belongs to .45 by the definition of .4,z ,,. Hence y(Z, ) is an .4 -stopping time for
t < ty+1. Moreover, (43) guarantees that there is no ambiguity to define Z on [t t;,+1] by
Z(t)= N(y(Z,1)). According to Theorem 4.4, Y is right invertible.

Remark that Z has (4, 1) compensator y(Z,.). In view of Theorem 2.2,

t

From the form of y, it is clear that Az » >0 for all r = 0 and that

(Ay(Z,t)r = 0)

is uniformly integrable. Point (i) of Theorem 4.7 then entails that Y is left invertible and then
invertible. O
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5 Variational representation of the entropy
Let

P ={y, yeP " (N)and (y-1) € L' O L, 1)}
PN 1) = P (N, m) N1y, y piecewise constant}
M () = {p, 3y € P such that u=Y"n}.

The theorem reads as follows:

Theorem 5.1 — Variational representation of the entropy. Let f : 91 — R such that
Ex [1£101+ )] < oo

Then,

1ogE,,[ef]= sup (Eﬂ [f(Noy*)] —E, UO m(*(s) - 1) ds]).
YEPy"

Proof. The duality between the relative entropy and the logarithmic Laplace transform says
that
logE, [ef] = sup (f fdu—H(uln)) (44)
peM Oy \JN
where 9t} (D) is the set of probability measures on 91 which are absolutely continuous with
respect to 7 on . Furthermore, the supremum is attained at the measure ur whose 7-
density is given by
duy e
dr  En|el]

In view of (44), we evidently have

logEn[ef]z sup f fdu—H(ulm)|.
UEDM (O \JNT

According to Corollary 4.10, for y € 22+

fmfdp—H(Y#nm) >E; [f(Noy")]-E, UO m(y*(s)—1) ds].

Since P (AN, m) < 5, the entropic criterion implies that

sup fdu—H(ulm) = sup Eg[f(Noy")|-E, [f my*(s)-1) ds]
LM (O N yeRLt 0

>  sup E;[f(Noy")]-HX'nm|m).
YEPL (N 1)
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It remains to prove that we can find (y,, n = 1), a sequence of elements of Q;TPC(W ,7T)
such that

[ﬁ fd(Ym) == [ﬂf dpy

H(Yf,nlﬂ) o

H(p|m)

to conclude. This is the object of the next theorem. O

Theorem 5.2 Let v be a probability measure on )t absolutely continuous with respect

tonw and
dv
L= o

T dm

Assume that

LlogLe L'(m)
logLe L ()

or somer > 1. Then, there exists (y,, n = 1) a sequence of elements of 21" (N ,7) such
y q

00,pc
that
L'(m)

L,logL, — LlogL (45)
—00
and X
LylogL % LlogL (46)
—00
where
dYin
L,= .
dn

Proof. We first show that we can suppose L lower and upper bounded. Consider
1
O,=LAn)v—-
n
We have
|®,l<L+1,

hence by dominated convergence, ®,, converges in L' () to L and in particular,

n—oo

En [(Dn] - En (L] =1.
Let
@,
E; [D,]

For any a € (0, 1), for n sufficiently large, E; [®,] = a. Moreover, for x = 0, we have

L=

1 |x X
[xlog(x)| < St 'ElOg(E) lisa.
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Hence,

1
|LylogLlyl<—+
e

Lol

By dominated convergence again, L, log L, converges to LlogL in L! (7r). Similarly,

|LnlogL| <

£lo L’
o g

and L, log L converges to Llog L in L' (7).
Assume now that L is lower and upper bounded by respectively m and M. We know that
there exists y € 2 (A, 1) such that
L=A,y.

Set
Ly =Aysgr-1) =Eg [LIAy].

Since L is bounded, it is clear that (45) and (46) hold. We can than assume that there exists
T>0suchthaty(s)=1fors=T.
Moreover, from the Malliavin calculus for Poisson process, we know (see [10]) that

Ey [DsL|A5]

A iAW A

where D;F(N) = F(N +¢€,) — F(N). We then have
0< '( ) < M
<y <—-
Y m

Consider y,, = v n™1, it is straightforward that (45) and (46) hold.
Finally, assume that y is lower and upper bounded on some interval [0, T] and equal to 1
above T. Set

yn(s)=0if s€[0,T/n)

iln
J’/,,(s):nf y(s)dsifse[iT/n, (i+1)T/n)
(i-1)/n

for i€ {1,---,n—1}. We see that j, belongs to 2%, (.4, m). We know (see [24]) that y, con-

oo,
verges in 2N % [0, T],r®ds) to . Moreover, it is easy to see that

supE; [A} ] <ocoforany p=1.
n

Thus, (45) and (46) hold. O

6 Weak and strong g-Hawkes processes
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Definition 6.1 A filtered probability space is a triplet (Q2, &,P) where Q is a space, equipped
with a right-continuous filtration & and a probability P.

In what follows, we equip 91 with the minimum filtration:
N =0{w([0,s]),0=s=<t}.

The process y : 91 — R is supposed to be A -predictable and y is positive. We define the
different notions of solution associated to the generalized Hawkes problem associated to y.

Definition 6.2 — g-Hawkes problem. Consider (Q,.%,P) a filtered probability space. By a
solution of g-Hy, we mean a couple of processes Y = (Z, N) such that

1. With probability one, Z and N are point processes in the sense of Definition 2.1,
For any ¢ = 0, the random variable y(Z, ) is a & stopping time,

The process (N(t) — t, £ = 0) is a & -local martingale,

> 2N

The processes Z and N satisfy, P-a.s. for any £ = 0,
Z(1) = N(y(Z, t)). 47)
= Remark 8 Note thatitem 1. of Definition 6.2 and (47) imply that
y({Tl(Z),--- , Tg-1(2D)}, Tq(Z)) =T,(N), Vg =1. (48)

However, (48) does not imply immediately (47) as it is not clear that y(Z, t) is an A stopping
time and thus that the application r— N(y(Z, t)) is measurable. .

Definition 6.3 — Weak and strong solutions. If we must specify the probability space
(Q,.%,P) then the solution is said to be weak.

If we can find a solution for any filtered probability space on which we can construct a unit
rate Poisson process, then the solution is said to be strong.

Theorem 6.1 Let (Q,%,P) be a filtered probability space and N an & -adapted unit
rate Poisson process. For y € P**(F), there exists at most one point process Z which
satisfies (47).

Proof. If X and Y are two solutions of g-H,, on the same probability space, according to (48),
we have
X =N(yX,n)and Y (1) = N(y(Y,1).

Since they both are point processes, we can speak of their jump times (7,(X), ¢ = 1) and
(T4(Y), g = 1). We have

y(@, T1(X)) = Th(N) and y(@, T1(Y)) = T1 (N).
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Since y(N,.) is an homeomorphism, T;(X) = T (Y). Suppose proved that
T;(X)=T;(Y)forj=1,---,q-1.
Since y is predictable

q-1 q-1
y(X eryx, Tq(X)) = Ta(N) = y( }_ er,x), Tq(Y)).
=1 =1

J

J

Hence T4(X) = T4(Y) and then X = Y. Thus the uniqueness holds.

O

= Remark 9 Actually, we have used in this proof the construction inherited from Algorithm
7.4.111 of [7] to simulate a point process when its intensity is known. The trick is here is that
due to the predictability of the compensator, we can calculate its new value after each jump
time. That is why we need to know a priori that the process we are looking for is a point

process and does not evolve between jump times.

The usual algorithm which is based on the thinning of a Poisson measure gives the sample-
path of Z up to a given time and suffers from the rejection of a possibly large number of
points. This algorithm yields the number of jumps we desire and may suffer from numerical

instability in the root findings.

Definition 6.4 — Martingale problem. Let (Q, %,P) be given and Z a point process. If the

following conditions are satisfied:
i) y*(Z,1t)is F-adapted,

ii) The process
t—Z(y (Z,0) -t

is a &#-local martingale,

we then say that (Z, ) satisfies the g-Hawkes martingale problem, denoted by g-H}".

The first theorem is the exact analog of what happens for stochastic differential equations

driven by a Brownian motion.

Theorem 6.2 — Equivalence of weak and martingale solutions. Let y € 2** (). There
exists a weak solution to g-H,, if and only if there exists a solution to g-H};'.

Proof. Assume that there exists (Q,%,P) and Y = (Z, N) a solution to g-Hy. We assumed that

>0, thus
(y'@Z,n<s)=(yZ,9)=1t)eF,

since y(Z, t) is an & -stopping time. Thus the process (y*(Z, 1), t = 0) is & -adapted. More-

over, as y*(Z,.) is an homeomorphism on R*, we have, P-a.s.,
Z(y*(Z,) = N(@®), Yt =0,

and then
t— Z(y*(Z,1)
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is an & -Poisson process of intensity 1, i.e. point ii) holds and (Z, %) solves g-H;”.
Conversely, if (Q, %, P, Z) solves g-H"?, this means that N defined by

N(t):=Z(y*(Z,1)

is a unit rate Poisson process with respect to the filtration & and taking the inverse of y*(Z, ),
we have
Z()=N(y(Z,1),

thus (47) is satisfied. Moreover, from i) we deduce that
(y(Z,0<s)=(y"(Z,9) =2 t) e Fs.
Hence Point 2 of Definition 6.2 is satisfied and we can then say that (Z, N) satisfies g-H, on

(Q,%,P) where N is defined by (6). O

Definition 6.5 — Pathwise uniqueness. We say that path-wise uniqueness holds for g-H,
whenever for any two solutions Y = (Z, N) and Y' = (Z/, N) defined on the same filtered prob-
ability space (Q, %,P), we have Z = Z’, up to P-indistinguishability.

Definition 6.6 — Weak Uniqueness. We say that weak uniqueness holds for g-H, whenever
for any two solutions Y = (Z,N) and Y’ = (Z/, N'), possibly defined on different probability
spaces, the law of Z and Z’ on the space (91, 45,) do coincide.

For any k = 1, on 0¥, we consider the o-field A4 ®) defined by
N®W =gk Aiwhere /7 =0(n;(s),s=0).
For any t = 0, we introduce the sub-o field
DALIN 7

For any solution Y of g-Hy, let u be the law of Y on (N2, /2@ je. w= Y*P. Let Ky, (dny) be
the regular conditional distribution of u(dn;, dn,) given n,:

1. For each )y, uy,(dn,) is a probability measure on (91, A b,
2. Foreach Be A, iy, (B) is A ?-measurable in 7,

3. ForanyBe 4!, B' € A7,
Ww(B x B :fB’ Ly, (B) dmt(n2).

Let ,ufn be the regular conditional distribution of y given .A;:
1. Foreachn, eM, ,uf]z is a measure on 1,

2. for each B € ./, the random variable ,u%z (B) is A} | B(R*)-measurable,
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3. for any B’ € A},
(B x B) = f Hy, (B) d7(12).
Bl

the map 12 — py,(B) is JVZ | BRY)-measurable.

I Lemma 6.3 ForBe AL ey

Proof. We first prove that for Be AL there exists 8 measurable, such that

y*(m,t)’
15(m1) =0(M5), p-a.s. (49)

or equivalently, 15(1) € A;%. According to [19], we know that A 1* (1.1 18 generated by sets of
the form

q
N(Ti00) = aj) 0 (Tym0 <y* 01,0 = Tger () (50)
j=0
for some a; € R* and some g € N. Recall that (47) implies that

u(m(t) =n2(y(m, ), Vi = 0) =

This means that
y(01, Ticm) = Te(m2) <= Temy) = y* (1, Te@2)).

Hence for a set B of the form (50), we have

(v (10, T3120) < @) 0 (Tg ) < £= T 1 1)

|(73072) =y, ) 0 Ty r2) < £ = Ty 72)

q
B=)
j=0

q
=

]:

By definition of the g-Hawkes problem, y(n, a) is a .#2-stopping time hence for any j < g,

2 2 2
(TJ(TIZ) =ym, “j)) €N mnymap Ny ©Nym-

Hence B € A°. 2
Let B € JV 1 . For the second step of the proof, we have to prove that for F : 91 — R
measurable and bounded

f F(n2)1p(n1) p(dny, dns) = f F(n2)y, (B) p(dny, dn).
NxN NxN

Since 1), is a Poisson process, for any F bounded, the martingale representation theorem valid
for Poisson processes says that there exists ur which is .4/"-adapted such that

E <00

o0
f urp(n, 5)* ds
0

and -~
F(n,) =E[F] +f0 ur(ng, s) dia(s)
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where 7}, (t) = 12(¢) — t. The process

t
(N2, 1) —»fo ur(nz, s) diz(s)

is a square integrable martingale with respect to the filtration 4" and thus it is also a square
martingale with respect to the filtration .4 ®?, Now then we have

f F(le)lB(Th),u(dTh,dﬂz)ZE[F]f 15(n1) p(dny, dny)
NxN NN

X

[oe) t
+f (f ur(n2,s) dﬁz(s)) 1p(n1) p(dny, d772)+f (f ur(n,s) dﬁ(S)) 1p(n1) p(dny, dn).
NxN \Jt NxN \Jo

By the first part of the proof, 15(1:) = 6(n}) p-a.s. Hence, by the martingale property of the
stochastic integral, the median term is null. We thus get

t
f F(m1p(2) p(dz, dn)=f [E[F]+(f up(n,s) dfl(S))] i (B) d7 ()
NxN N 0

= f F(n) py(B) dr(m)
N

by the same kind of reasoning.

Theorem 6.4 — Yamada-Watanabe. The following two properties hold.
1. Path-wise uniqueness implies weak uniqueness.

2. Moreover, if there exists a solution Y = (Z, N) of g-H,, on some (Q, #,P) and that
path-wise uniqueness holds then there exists F : Y1 — N such that Z = F(N) P-a.s.
Furthermore, the map F is N | Zy+ 7,1 measurable, i.e. forany t =0,

zy*(Z,t) = O'{F(N(S)), s< l'}.

Proof. LetY =(Z,N) and Y' = (Z', N') two solutions of g-H.,, which are possibly defined on
g-H, possibly

different probability spaces, and u and p' there respective distribution on (0% A2?). On
OB, 42®), we define the probability measure

v(dny, dnz, dns) = py, (dny) gy, (dn2) dz(ns).

We are going to prove that 13 is a v Poisson process. For, for i = 1,2,3, let F; a bounded
function, JVy’ 0.s) / 98(R) measurable for i = 1,2 and JVS/ 2 (R) measurable for i = 3. We
have

[ﬁs Fi1(m) F2(n2) Fs(ms) (73(2) —7i3(s))v(dny, dna, dns)

:[R(LTFI(UI)“"SM”I)) (fsz(nz)u;]S(dnz) (713(1) —73(s)) dn(3).  (51)
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where 7j3(¢) = n3(¢) — t. According to Lemma 6.3, the random variables
fmFl (11) i, (dm1) and fsz(nz)ui,S (dn2)

are JVf’ measurable hence J$/s®(3)-measurable. It follows that the right-hand-side of (51) is

equal to zero and that s is a (v, (JVyl o ® JVyZ 2,
We thus have two solutions (11,13) and (12,173) on the same probability space. The path-
wise uniqueness then implies that 7, = n,, v-a.s. Thus, u(dn;, dns) = ¢/(dn,, dns) and the
uniqueness in law holds.
In view of Lemma 2.5 and Corollary 4.5, the Doob Lemma says that there exist two functions

F;,i=1,2respectively measurable from ()1, JVO‘?)) to (D1, JVyi*( 1, JVoé), i =1,2such that

® JVf’, t= 0)) unit rate Poisson process.

T}ivoo)) =

17{* M0~ By ;%) and ng*(nz’t) = F,(n}) for any ¢ > 0. Furthermore, for 7-almost all 73,
Hags ® L, (M1 =12) = 1
and this implies that F, = F», i.e. there exists F such that n; =1, = F(n3). O

Theorem 6.5 Let (Q,%,P) be a probability space and N a unit Poisson process such that
F = N . We denote by it the law of N. For any y € @;*(J/,ny), there exists a (weak)
solution to g-H,,.

Proof. In view of Theorem 2.2, 7, is locally absolutely continuous with respect to 7 and the
quasi-invariance theorem says that the process Y defined by

Y(0):=N(y* (N, 1),
isa(mwy,F Y") unit Poisson process. Thus, we have
N@®) =Y (y(N, 1)

and y(N, t) is a #Y -stopping time, hence (N, Y,.#?") solves g-Hy'. O

Corollary 6.6 Consider (QQ,%,P) be a filtered probability space and N a unit Poisson
process. Let y € 22 * (N ,m)). Then, there exists a unique strong solution to g-H,.

Proof. The weak existence is guaranteed by Theorem 6.5. Strong uniqueness follows from
Theorem 6.1. We conclude with Theorem 6.4. O

We can now retrieve the classical existence result for classical Hawkes processes [16, 22].

Corollary 6.7 Let y be a predictable process which satisfies the following hypothesis

t
y(@) = <p(a+f h(t—ys) dN(s))
0
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where a > 0, @ is a Lebesgue a.s. positive Lipschitz function and h is a non-negative
measurable function such that

o0
ol f hodr<1. (52)
0
Then, there exists a unique strong solution to g-H,.

Proof. Let T >0 and

. ys) ifs<T
) =
yr(® {1 ifs>T.

We first prove that there exists a solution to §),,. We have to prove that

T
7, (fo (1—\/)'/(3))2 ds<oo) =1 (53)

It is easily seen that
2
(\/ 1+x— 1) < x21{|x|51} +x1lyx>1y VX =—1.

Since ¢ is supposed to be Lipschitz continuous, we get

T 2 T
f(l—\/j/(s)) dssT+f |7(s)- 1| ds
0 0
T ps
S(1+I(P(0)—1|+a||(P||Lip)T+||(P||Lipf0 foh(s—u)dN(u)ds.

Thus, proving (53) amounts to prove that

T ps
ny(f f h(s—u)dN(u)ds<oo)=1.
o Jo

Denote by H the first quadrature of h:

t
H(1) :f h(s) ds.
0

By Fubini’s Theorem, we have

T ps T
f f h(s—u)dN(u) ds=f H(T—-s)dN(s)< H(T)N(T).
0 Jo 0

The same argument shows that
Eq, IN(D)] = cT +ll@llLip H(T) Ex, [N(T)].

In view of (52), this induces that Ep, [N(T)] is finite and thus that (53) holds. Then, Theo-
rem 6.6 ensures the existence of the Hawkes process associated to y on [0, T] for any T > 0.
We denote this process by Yr. Since y is predictable, forall r < T < S,

Yr(r)=N(yr(Yr, 1)
=N (ys(Yr,n).
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By uniqueness, this means that Y1 and Ys coincide on [0, T]. We can then define

Y(r)=Y:(n),

which satisfies

Y(r)=N(y,(Y(r),r)=N(y(Y(r),1)

by the very definition of y,.. We have thus proved the existence of a strong solution to the

Hawkes problem associated to y. The uniqueness comes from Theorem 6.1. O
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