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Fitts' law states that movement time varies linearly with the index of difficulty or, equivalently, that 
throughput (TP) is conserved across variations of the speed/accuracy strategy. Replicating a 
recent study by MacKenzie and Isokoski (2008), we tested the throughput invariance hypothesis 
with some fresh data and found the TP to be systematically affected by the strategy. This result, we 
suggest, pleads against the currently popular definition of the TP inherited from Fitts (1954), 
namely TP = ID/MT, which we recall is incompatible with the Shannon equation of Fitts' law. We 
also show that the statistical elaboration of the TP suffers from a problematic amount of 
uncontrolled variability due to the multiple inadvertent impact of Jensen’s inequality.  

Keywords: Throughput, Fitts’ law, y-intercept, Jensen’s inequality, statistics, aggregation order

1. INTRODUCTION 

+XPDQV� KDYH� LQQXPHUDEOH� RSSRUWXQLWLHV� LQ�
HYHU\GD\� OLIH� WR� PRYH� WKHLU� KDQG� WR� VRPH� WDUJHW�
ORFDWLRQ�� IRU� H[DPSOH� WR� UHDFK� D� OLJKW� VZLWFK� RQ� D�
ZDOO�RU�WR�JUDVS�VRPH�QHDUE\�REMHFW��,Q�WKH�VSHFLILF�
FRQWH[W� RI� KXPDQ�FRPSXWHU� LQWHUDFWLRQ� �+&,��� WKH�
XELTXLWRXV� JUDSKLFDO� XVHU� LQWHUIDFH� UHTXLUHV� WKH�
SHRSOH� WR� H[SUHVV� DOPRVW� DOO� WKHLU� GHFLVLRQV� E\�
UHDFKLQJ� DQG� FOLFNLQJ� WDUJHW� REMHFWV� OLNH� LFRQV��
PHQX� LWHPV� RU� K\SHUWH[W� OLQNV�� ,Q� DOO� WKHVH� FDVHV�
XVHUV� IDFH� D� VSHHG�DFFXUDF\� GLOHPPD²DV�
HYHU\RQH� NQRZV�� WKH� IDVWHU� WKH� UHDFKLQJ�
PRYHPHQW�� WKH� PRUH� OLNHO\� WKH� PLVV�� 7KLV�
VSHHG�DFFXUDF\� WUDGH�RII� LV� ZKDW� )LWWV¶� ODZ� LV� DOO�
DERXW���
,Q� WKH� SUHVHQW� SDSHU�� FRQFHUQHG� ZLWK� ERWK� WKH�
PDWKHPDWLFDO�FRQVLVWHQF\�DQG�WKH�HPSLULFDO�YDOLGLW\�
RI� )LWWV
� ODZ� PRGHOLQJ�� ZH� IRFXV� RQ� D� VHOGRP�
FRQVLGHUHG�YHUVLRQ�RI�WKH�ODZ�WKDW�WDNHV�WKH�IRUP�RI�
DQ� LQYDULDQFH�� LI� WKH� HTXDWLRQ� LV� FRUUHFW�� D� FHUWDLQ�
TXDQWLW\�� FDOOHG� WKH� WKURXJKSXW�� VKRXOG� EH�
FRQVHUYHG�DFURVV�YDULDWLRQV�RI�WKH�VSHHG�DFFXUDF\�
EDODQFH��:H�ZLOO�GLVFXVV��LQ�OLJKW�RI�VRPH�GDWD��WZR�
GLIILFXOWLHV� WKDW� KDYH� KLQGHUHG� SURJUHVV� LQ� WKH�
XQGHUVWDQGLQJ�RI�WKLV�FRQVHUYDWLRQ�VR�IDU��2QH�KDV�
WR� GR� ZLWK� WKH� FRQWURYHUVLDO� UROH� RI� WKH� HTXDWLRQ¶V�
LQWHUFHSW� DQG� WKH� RWKHU� ZLWK� WKH� LQDGYHUWHQW�
LQIOXHQFH� RI� WKH� RUGHU� LQ� ZKLFK� RQH� FRPSXWHV� WKH�
WKURXJKSXW�DQG�DJJUHJDWHV�WKH�GDWD�VWDWLVWLFDOO\��

2.  FITTS’ LAW

)LWWV
� ODZ� �)LWWV��������)LWWV�	�3HWHUVRQ�������� LV�D�
ZHOO� NQRZQ� HPSLULFDO� UHJXODULW\� ZKLFK� SUHGLFWV�
PRYHPHQW� WLPH� �MT�� DV� D� IXQFWLRQ� RI� WDUJHW�ZLGWK�
�W�� DQG� WDUJHW� GLVWDQFH� �D��� +&,� UHVHDUFKHUV�
JHQHUDOO\� XVH� WKH� 6KDQQRQ� HTXDWLRQ� �0DF.HQ]LH��
������6RXNRUHII�	�0DF.HQ]LH����������

���� � �����
ZKHUH�a� DQG�b� VWDQG� IRU�DGMXVWDEOH�FRQVWDQWV�DQG�
ZKHUH� WKH� ORJ� WHUP� UHSUHVHQWV� WKH� WDVN¶V� LQGH[� RI�
GLIILFXOW\��ID����

,Q� IDFW� WKHUH� DUH� PDQ\� FDQGLGDWH� PDWKHPDWLFDO�
PRGHOV�IRU�)LWWV
�ODZ��VHH�3ODPRQGRQ�	�$OLPL��������
ZKR�OLVW�D�GR]HQ�UHVSHFWDEOH�HTXDWLRQV���DQG�QRW�DOO�
PRGHOV� WDNH� WKH� ORJDULWKPLF� IRUP�� ,Q� D� IDPRXV�
FRQWULEXWLRQ� WR� WKH� OLWHUDWXUH�� 0H\HU� HW� DO�� �������
KDYH�SURSRVHG�WR�PRGHO�MT�DV�D�SRZHU�IXQFWLRQ�RI�
WKH� UDWLR� D/W�� DUJXLQJ� WKDW� VXFK� D� PRGHO�
HQFRPSDVVHV� WKH� ORJDULWKPLF� PRGHO� DV� D� OLPLWLQJ�
FDVH�� 7KLV� DUJXPHQW�� KRZHYHU�� KDV� EHHQ� UHFHQWO\�
FKDOOHQJHG� E\� 5LRXO� DQG� *XLDUG� �������� ZKR�
VKRZHG�WKDW�PDWKHPDWLFDOO\�0H\HU�HW�DO�¶V�PRGHO�LV�
D� TXDVL�ORJDULWKPLF�� QRW� D� JHQXLQH� SRZHU� PRGHO��
1RW�RQO\� LV�(TXDWLRQ���RI� WKH� ORJDULWKPLF�FDWHJRU\��
QRW�RQO\�LV�LW�NQRZQ�WR�WLJKWO\�ILW�PRVW�GDWD�VHWV��LW�LV�
DOVR� RI� VSHFLDO� LPSRUWDQFH� LQ� SUDFWLFH�� EHLQJ�

��7KH�$XWKRUV��3XEOLVKHG�E\�%,6/��
3URFHHGLQJV�RI�WKH�%&6�+&,������
3HRSOH�	�&RPSXWHUV�;;9,��%LUPLQJKDP��8.
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DFWXDOO\� SDUW� RI� DQ� ,QWHUQDWLRQDO� ,62� VWDQGDUG�
�,62����������������

,Q� WKLV� SDSHU� ZH� UH�H[DPLQH� WKH� FDOFXODWLRQ� RI�
WKURXJKSXW��TP��IURP�(TXDWLRQ���DQG�GUDZ�DWWHQWLRQ�
WR� D� SUHYLRXVO\� XQQRWLFHG� PHWKRGRORJLFDO� GLIILFXOW\�
WKDW� PD\� KLQGHU� WKH� HPSLULFDO� HYDOXDWLRQ� RI� WKH�
PRGHO��

3.  LAW OF VARIATION VS. INVARIANCE 

7KH�6KDQQRQ�PRGHO�RI�)LWWV
� ODZ� LV�XVXDOO\�ZULWWHQ�
DV�LQ�(TXDWLRQ����ZKLFK�VWDWHV�D� law of variation�RI�
WKH� IRUP� y�  � a� �� bx�� 7KDW� LV�� y� YDULHV� ODZIXOO\�
�OLQHDUO\��ZLWK�x��%XW�WKH�PRGHO�PD\�MXVW�DV�ZHOO�EH�
IRUPXODWHG�DV�DQ�invariance��DV�HLWKHU�

� � � � ����

RU�

�� � � ����

HPSKDVL]LQJ� WKDW� WZR� TXDQWLWLHV�� a� DQG� b�� DUH�
LQYDULDQW�DFURVV�WKH�YDULDWLRQV�RI�x��

,W� LV� QRWHZRUWK\� WKDW�� GHVSLWH� WKHLU� PDWKHPDWLFDO�
HTXLYDOHQFH�� WKH� ODZ�RI�YDULDWLRQ� IRUPXODWLRQ� RI�
(TXDWLRQ� �� DQG� WKH� LQYDULDQFH� IRUPXODWLRQV� RI�
(TXDWLRQV�����SODFH�WKH�PRGHO�LQ�PDUNHGO\�GLIIHUHQW�
SRVLWLRQV� ZLWK� UHJDUG� WR� WKH� ULVN� RI� HPSLULFDO�
IDOVLILFDWLRQ� �3ODWW�� ������ 3RSSHU�� ������� 7KH�
6KDQQRQ� HTXDWLRQ� �(TXDWLRQ� ��� LV� LQ� IDFW� TXLWH�
XQOLNHO\�WR�EH�GLVSURYHG�E\�HPSLULFDO�GDWD��DW�ZRUVW��
RQH� ZLOO� REWDLQ� D� GLVDSSRLQWLQJ� ILW�� ZRQGHULQJ�
ZKHWKHU�RQH�VKRXOG�FRQWLQXH�WR�WUXVW�WKH�PRGHO�ZLWK�
DQ�rë�EHORZ���������RU� ORZHU��%XW�WDNH�WKH�FODLP�WKDW�
�y-a��x� PXVW� EH� LQGHSHQGHQW� RI� x�� ZKLFK� KDV� WKH�
IRUP�RI�D�QXOO�K\SRWKHVLV��+���� LI�WKH�GDWD�SOHDG�IRU�
WKH� UHMHFWLRQ� RI� +��� WKHQ� RQH� IDFHV� DQ� HPSLULFDO�
IDOVLILFDWLRQ� RI� (TXDWLRQ� �²DQG�� E\� LPSOLFDWLRQ�� RI�
(TXDWLRQ� ��� &RQVLVWHQW� ZLWK� FODVVLF� 3RSSHULDQ�
HSLVWHPRORJ\��3ODWW��������3RSSHU���������WKLV�PRUH�
FKDOOHQJLQJ�ZD\�RI�HPSLULFDOO\� WHVWLQJ�WKH�WKHRU\� LV�
FRPPRQSODFH� LQ� VWURQJHU� GRPDLQV� RI� VFLHQFH� OLNH�
SK\VLFV��0HHKO����������

4. THE THROUGHPUT 

7KH� WKURXJKSXW� �TP�� RI� )LWWV¶� ODZ� WDVNV� LV� D�
VWDQGDUG� RI�PHDVXUHPHQW� ZLGHO\� XVHG� LQ� WKH� +&,�
FRPPXQLW\� DV� D� WRRO� WR� TXDQWLI\� XVHU� SHUIRUPDQFH�
ZLWK�GLIIHUHQW�LQSXW�GHYLFHV�DQG�GLIIHUHQW�LQWHUDFWLRQ�
WHFKQLTXHV��

,Q� FODVVLFDO� )LWWV¶� ODZ� H[SHULPHQWDWLRQ� SDUWLFLSDQWV�
DUH� LQVWUXFWHG� WR� SHUIRUP� WKHLU�PRYHPHQWV� DV� IDVW�
DV� SRVVLEOH� JLYHQ� WKH� ID�� ZLWK� D� FHUWDLQ� �LGHDOO\�
FRQVWDQW�� OHYHO�RI�DFFXUDF\��$OWKRXJK�PDQ\�IDFWRUV�
VXFK�DV�PRRG��IDWLJXH�DQG�DOHUWQHVV��PD\�LQIOXHQFH�

WKH�TP�� WKH�6KDQQRQ�PRGHO�RI�)LWWV
� ODZ� VD\V� WKDW�
WKH� TP� VKRXOG� EH� FRQVHUYHG� ZLWKLQ� SDUWLFLSDQW�
DFURVV�YDULDWLRQV�RI�WDVN�GLIILFXOW\��QRPLQDO� ID� DQG
PRYHPHQW�DFFXUDF\��HIIHFWLYH�ID���%HFDXVH�WKH�TP�
LV�D�JOREDO� LQGH[�RI�SHUIRUPDQFH�ZKLFK� WDNHV�ERWK�
VSHHG�DQG�DFFXUDF\�LQWR�DFFRXQW��LWV�SUDFWLFDO�XWLOLW\�
LQ�WKH�FRQWH[W�RI�+&,�UHVHDUFK�LV�YHU\�KLJK���

0DF.HQ]LH�DQG�,VRNRVNL��������UHFHQWO\�WHVWHG�WKH�
UREXVWQHVV� RI� WKH� TP� XQGHU� WKUHH� GLIIHUHQW�
LQVWUXFWLRQDO�FRQGLWLRQV��VWDQGDUG��VSHHG�HPSKDVLV��
DQG� DFFXUDF\� HPSKDVLV�� :KLOH�� XQVXUSULVLQJO\��
VSHHG� DQG� DFFXUDF\� RI� SHUIRUPDQFH� ZHUH� ERWK�
VWURQJO\�DIIHFWHG�E\�WKH�FKDQJH�RI� LQVWUXFWLRQV��WKH�
NH\� RXWFRPH� ZDV� WKH� DXWKRUV¶� IDLOXUH� WR� GHWHFW� D�
VLJQLILFDQW� HIIHFW� RI� WKH� LQVWUXFWLRQDO� PDQLSXODWLRQ�
RQ�WKH�TP��0DF.HQ]LH�DQG�,VRNRVNL�DUJXHG�WKDW�WKLV�
UHVXOW� LV� HYLGHQFH� IRU� WKH� 6KDQQRQ�PRGHO RI� )LWWV
�
ODZ���

2XU� SXUSRVH� EHORZ� LV� WZR�IROG�� )LUVW�ZH� UHDQDO\]H�
WKH� GDWD� RI� D� UHFHQWO\� SXEOLVKHG� VWXG\� �*XLDUG� HW�
DO��� ������ WR� WHVW� WKH� QXOO� K\SRWKHVLV� RI� TP�
LQYDULDQFH� DFURVV� VSHHG�DFFXUDF\� YDULDWLRQV�� ,W�
RFFXUUHG� WR� XV� WKDW� EHFDXVH� 0DF.HQ]LH� DQG�
,VRNRVNL� ������� YDULHG� LQVWUXFWLRQV� ZLWKLQ� D� OLPLWHG�
UDQJH��WKHLU�WHVW�RI�WKH�6KDQQRQ�PRGHO�RI�)LWWV
�ODZ�
ZDV�VRPHZKDW� OHQLHQW��2EYLRXVO\�� WKH� LVVXH�EHLQJ�
WKH� GHPRQVWUDWLRQ� WKDW� D� FHUWDLQ� H[SHULPHQWDO�
PDQLSXODWLRQ� H[HUWV� QR� HIIHFW� RQ� D� FHUWDLQ�
GHSHQGHQW� PHDVXUH�� WKH� ODUJHU� WKH� H[WHQW� RI� WKH�
PDQLSXODWLRQ�� WKH� PRUH� SHUVXDVLYH� WKH�
GHPRQVWUDWLRQ�� 7KXV�� ZKLOH� RXU� DQDO\VLV� EHORZ�
UHSURGXFHV� 0DF.HQ]LH� DQG� ,VRNRVNL¶V� OHQLHQW� WHVW�
RQ�VRPH�IUHVK�GDWD��ZH�ZLOO�DOVR�UHSRUW� WKH�UHVXOWV�
RI�D�PXFK�WRXJKHU�WHVW�LQ�ZKLFK�WKH�VSHHG�DFFXUDF\�
VWUDWHJ\�RI�RXU�SDUWLFLSDQWV�ZDV�PDGH�WR�YDU\�RYHU�
LWV� ZKROH� VSHFWUXP�� IURP� D� PD[LPXP�VSHHG� WR� D�
PD[LPXP�DFFXUDF\�HIIRUW���

2XU� VHFRQG� SXUSRVH� LV� WR� GUDZ� DWWHQWLRQ� WR� D�
PHWKRGRORJLFDO� GLIILFXOW\� WKDW� PDQ\� DXWKRUV� PD\�
KDYH� LQFLGHQWDOO\� QRWLFHG�� ZLWKRXW� SD\LQJ� PXFK�
DWWHQWLRQ� WR� LW��EXW� WKDW� WKH� UHVXOWV�RI�SUHVHQW�VWXG\�
IRUFHG�XV�WR�FRQVLGHU�VHULRXVO\��7KH�GLIILFXOW\�DULVHV�
IURP� WKH� IDFW� WKDW� WKH�order� LQ�ZKLFK�RQH�GRHV� WKH�
YDULRXV� RSHUDWLRQV� UHTXLUHG� IRU� WKH� FDOFXODWLRQ� RI�
WKH� TP� DIIHFWV� WKH� RXWFRPH� WR� DQ� DSSUHFLDEOH�
H[WHQW��:H�ZLOO� VKRZ� WKDW� WKH� SUREOHP� LV� GXH� WR� D�
PDWKHPDWLFDO�UHVXOW�NQRZQ�DV�-HQVHQ
V�LQHTXDOLW\��

7ZHQW\� \HDUV� KDYH� SDVVHG� VLQFH� 0DF.HQ]LH�
������� ILUVW� SURSRVHG� WR� UHSODFH� )LWWV¶� RULJLQDO�
HTXDWLRQ�MT�  �a � b ∙ ORJ���D�W�� ZLWK� (TXDWLRQ� ���
0DF.HQ]LH�KDV�FRQYLQFHG�WKH�+&,�FRPPXQLW\� WKDW�
WKH� 6KDQQRQ� IRUPXOD� LV� WKHRUHWLFDOO\� YDOLG� DQG�
HPSLULFDOO\� SUHGLFWLYH�� EXW� WKHUH� LV� VWLOO� QR�
DJUHHPHQW�RQ�WKH�H[DFW�GHILQLWLRQ�RI�WKH�TP���

:KLOH� =KDL� ������� LGHQWLILHG� WKUHH� FDQGLGDWH�
GHILQLWLRQV� LQ� WKH� OLWHUDWXUH�� WKH� EDVLF� GLVSXWH� ERLOV�
GRZQ�WR�D�VLPSOH�PDWKHPDWLFDO�GLFKRWRP\��:KDW�LV�
QRW� DJUHHG� XSRQ� LV� ZKHWKHU� LQ� WKH�TP� FDOFXODWLRQ�
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RQH�VKRXOG�WDNH�LQWR�DFFRXQW�WKH� LQWHUFHSW�a�RI�WKH�
6KDQQRQ�HTXDWLRQ� �(TXDWLRQ����DQG� WKXV�FDOFXODWH�
WKH�TP�DV�

� � � ����

RU�RQH�VKRXOG� LJQRUH� WKH� LQWHUFHSW�DQG�� LQ�NHHSLQJ�
ZLWK�)LWWV¶��������LQLWLDO�VXJJHVWLRQ��FDOFXODWH�WKH�TP�
DV��

� � � ����

(TXDWLRQ� �� LV� D� VWUDLJKWIRUZDUG� GHULYDWLRQ� RI�
(TXDWLRQ� ��� ,W� JLYHV� WKH� GHILQLWLRQ� RI� WKH� TP� WKDW�
&DUG� HW� DO�� ������� XVHG� LQ� WKHLU� ZHOO�NQRZQ�
SLRQHHULQJ�VWXG\�RI�)LWWV
� ODZ�LQ�WKH�FRQWH[W�RI�+&,��
0RUH� UHFHQWO\� WKDW� GHILQLWLRQ� ZDV� IRUFHIXOO\�
DGYRFDWHG�E\�=KDL���������KHQFH�WKH�VXEVFULSW�=��

$V�HPSKDVL]HG�E\�=KDL��(TXDWLRQ�� LV�LQFRQVLVWHQW�
ZLWK�(TXDWLRQ����ZKRVH�LQWHUFHSW�a� LW� OHDYHV�DVLGH��
1HYHUWKHOHVV� WKLV� GHILQLWLRQ� RI� WKH� TP� KDV� EHHQ�
LQIOH[LEO\� DGYRFDWHG� E\� 0DF.HQ]LH� �KHQFH� WKH�
VXEVFULSW� 0��� EDVHG� RQ� WKH� DUJXPHQW� WKDW� LQ�
SULQFLSOH�WKLV�LQWHUFHSW�should�EH�]HUR��6RXNRUHII�	�
0DF.HQ]LH���������5HFHQWO\�*XLDUG�DQG�2ODIVGRWWLU�
������� DUJXHG� WKDW� QR� VHQVLEOH� DVVXPSWLRQ�
UHJDUGLQJ� WKH� YDOXH� RI� )LWWV
� ODZ� LQWHUFHSW� FDQ� EH�
PDGH�EHFDXVH� WKH� ID� UXQV�RQ�D�QRQ�UDWLR�VFDOH�RI�
PHDVXUHPHQW� �i.e.�� DQ�HTXDO�LQWHUYDO� VFDOH�ZLWK�QR�
SK\VLFDO� ]HUR��� PHDQLQJ� WKDW� WKH� YDOXH� RI� WKH�
LQWHUFHSW� LV� DUELWUDU\� DQG� XQLQWHUSUHWDEOH�� %XW� WKH�
IDFW� LV�� WKH� TP0� KDV� QHYHU� FHDVHG� WR� EH� SRSXODU�
DPRQJ� +&,� UHVHDUFKHUV� DQG� LWV� FUHGLELOLW\� LV� QRZ�
IXUWKHU�VWUHQJWKHQHG�E\�DQ�,62�VWDQGDUG��,62�����
�����������

,Q� D� UHFHQW� VWXG\�:REEURFN� HW� DO�� ������� ZDUQHG�
DJDLQVW� FRPSDULVRQV� DFURVV� WKH� WZR� FDWHJRULHV� RI�
TP�� ZKLFK� QHFHVVDULO\� SURGXFH� PRUH� RU� OHVV�
GLVFUHSDQW� HVWLPDWHV�� %XW� XQIRUWXQDWHO\� WKHUH� LV�
URRP�ZLWKLQ� RQH�DQG� WKH� VDPH�DSSURDFK� IRU� TXLWH�
DQRWKHU� VRUW� RI� GLVFUHSDQF\�� 7R� PDNH� WKLV� SRLQW�
EHORZ�ZH�ZLOO�VWLFN�WR�0DF.HQ]LH¶V�GHILQLWLRQ�RI�WKH�
TP� �(TXDWLRQ�����&RQVLGHU�(TXDWLRQV���DQG���� WZR�
FRQFUHWH� VWDWLVWLFDO� LPSOHPHQWDWLRQV� RI� WKH�
PDWKHPDWLFDO�IRUPXOD�RI�(TXDWLRQ�����

� � � ����

�����

7KH� RQO\� GLIIHUHQFH� OLHV� LQ� WKH� RUGHU� LQ� ZKLFK� RQH�
SHUIRUPV� WKH� DYHUDJLQJ� DQG� WKH� FRPSXWLQJ�� LQ�
(TXDWLRQ� �� RQH� ILUVW� FRPSXWHV� D� QXPEHU� RI� TP�
YDOXHV� DQG� WKHQ� DYHUDJHV� WKHP� �WKH� &W$� RUGHU���
ZKLOH� LQ�(TXDWLRQ���RQH�ILUVW�DYHUDJHV�WKH� IDV�DQG�
WKH�MTV�DQG� WKHQ�FRPSXWHV�RQH� YDOXH�RI�TP� �WKH�
$W&� RUGHU��� %RWK� HTXDWLRQV� VHHP� WR� EH�
PDWKHPDWLFDOO\� DQG� VWDWLVWLFDOO\� VRXQG� DQG�
UHVHDUFKHUV� ZKR� KDYH� XWLOL]HG� ERWK� YHUVLRQV� PD\�
KDYH� FRQVLGHUHG� WKHP� HTXLYDOHQW�� 7KH� TP�
GHVFULSWLRQ� RIIHUHG� E\� WKH� ,QWHUQDWLRQDO� ,62�������
VWDQGDUG�KHVLWDWHV�EHWZHHQ�WKHP��,Q�RXU�YLHZ�WKHUH�
LV�UHDVRQ�WR�EH�FRQFHUQHG�E\�WKLV�LUUHVROXWLRQ� ��

5. FIRST AGGREGATE THEN COMPUTE OR 
THE REVERSE ORDER: A JENSEN’S INEQUA-
LITY ISSUE 

7R� UHLWHUDWH�� WKH� FDOFXODWLRQ� RI� TP� LQYROYHV� WZR�
VRUWV� RI� RSHUDWLRQV��2QH� LV�averaging�� D� VWDWLVWLFDO�
RSHUDWLRQ�WKDW�FRPSUHVVHV�D�VHW�RI�QXPEHUV�LQWR�D�
VLQJOH�VXPPDU\�YDOXH�� W\SLFDOO\�D�PHDQ��7KH�RWKHU�
LV� computing� �H�J��� FDOFXODWLQJ� WKH� TXRWLHQW� RI� D�
IUDFWLRQ��� DQ� DULWKPHWLF� RSHUDWLRQ� WKDW� DOVR� RIWHQ�
FRPELQHV� VHYHUDO� QXPEHUV� LQWR� D� VLQJOH� UHVXOW��
8QIRUWXQDWHO\�� WKH� ILQDO� TP� YDOXH� GHSHQGV� RQ� WKH�
RUGHU�LQ�ZKLFK�WKH�DYHUDJLQJ�DQG�WKH�FRPSXWLQJ�DUH�
GRQH�� DV� VKRZQ� LQ� )LJXUH� �� ZLWK� D� YHU\� VLPSOH�
QXPHULFDO�H[DPSOH���

A
ve

ra
gi

ng

Computing

TP = TP 0

ID MT ID ��MT �a � ID �MT
� ����� ��� �����
� ����� ��� �����
� ����� ��� �����
� ����� ��� �����
� ����� ��� �����
� ����� ��� �����
� ����� ��� �����
� ����� ��� �����
� ����� ��� �����
�� ����� ��� �����

0HDQ ���� ����� ��� 6.630
TP M, CtA6.984

TP M, AtC �

Figure 1. Two ways of calculating the TP0�XQGHU�WKH�
DVVXPSWLRQ�WKDW�)LWWV
�ODZ�IROORZV�WKH�6KDQQRQ�IRUPXOD��
ZLWK�a� ����V�DQG�b� ������V�ELW��7KH�WKLUG�FROXPQ�TP=� �

ID��MT�±�a��LV�FRQVWDQW�E\�K\SRWKHVLV����

)LJXUH� �� GLVSOD\V� D� K\SRWKHWLFDO� VHW� RI� WHQ� MT�
YDOXHV� FRPSXWHG� IURP� (TXDWLRQ� �� ZKRVH�
FRHIILFLHQWV�KDYH�EHHQ�VHW�WR�DUELWUDU\�EXW�SODXVLEOH�
YDOXHV�� a  � ���V� DQG� b  � �����V�ELW� �=KDL�� �������
7KH�ILJXUH�KHOSV�WR�VHH�WKDW� WKHUH�DUH� WZR�ZD\V�WR�
REWDLQ� D� JOREDO� YDOXH� RI� TP0� IURP� WHQ� SDLUV� RI� ID�
DQG�MT�YDOXHV��2QH�RSWLRQ�LV�WR�VWDUW�E\�FRPSXWLQJ�
TP0� LQ� HDFK� URZ� DQG� WR� WKHQ� DYHUDJH� WKH� WHQ�
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YDOXHV� RI� TP0� DW� WKH� ERWWRP� RI� WKH� ULJKWPRVW�
FROXPQ²WKLV� LV� ZKDW� ZH� FDOO� WKH� Compute-then-
Average� �&W$�� RSWLRQ�� :LWK� WKH� K\SRWKHWLFDO� GDWD�
VHW�RI�)LJXUH���RQH�REWDLQV�TP0� �����ELWV�V��

7KH� DOWHUQDWLYH� RSWLRQ� LV� WR� VWDUW� E\� DYHUDJLQJ� WKH�
��� IDV� DQG� WKH� ��� MTV� GRZQZDUG� DQG� WR� WKHQ�
FRPSXWH� WKH�TP0� MXVW�RQFH� IURP� WKH�PHDQ� ID�DQG�
WKH� PHDQ� MT²WKLV� LV� ZKDW� ZH� FDOO� WKH� Average-
then-Compute��$W&��RSWLRQ��:LWK�WKH�GDWD�RI�)LJXUH�
��WKLV�RSWLRQ�\LHOGV�TP0� �����ELWV�V��ZKLFK�LV�PRUH�
��������WKDQ������ELWV�V���

7KH�SUREOHP�RQH� LV�HQFRXQWHULQJ�KHUH� LV�Jensen’s 
inequality�� ZKLFK� VWDWHV� WKDW� IRU� DQ\� FRQYH[�
IXQFWLRQ���

� � ���� ����

ZKLOH� WKH� RSSRVLWH� KROGV� WUXH� LI� WKH� IXQFWLRQ� LV�
FRQFDYH��

�

�

�
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Figure 2. The function TP0 = f (MT) under the Shannon 
model.  

)LJXUH� ��� ZKLFK� SORWV� WKH� GDWD� RI� )LJXUH� ��� VKRZV�
WKDW�WKH�IXQFWLRQ TP0���TP=� �I��MT���RU�I��MT�� ���±�
a�MT��LV�FRQFDYH��WKXV�

� ������ ����

/HW� XV� UHWXUQ� WR� UHDO�ZRUOG� IRUPXODV� OLNH� WKRVH� RI�
(TXDWLRQV� �� DQG� ��� 7KH� LPSDFW� RI� -HQVHQ¶V�
LQHTXDOLW\� LV� FRPSOH[�DQG� UDWKHU�KDUG� WR� JXHVV� IRU�
WZR�UHDVRQV��

)LUVW�� WKH� TP0� IRUPXOD� LQYROYHV� QRW� RQH�� EXW� ILYH�
FDOFXODWLRQ� VWHSV�� 6LQFH� FRPSXWLQJ� WKH� TP0�
LQYROYHV�D�IXQFWLRQ�RI�WKH�IRUP�

                                                          
��$�IXQFWLRQ�LV�VDLG�WR�EH�FRQYH[��FRQFDYH��LI�
LWV�JUDSK�OLHV�DERYH��UHVS��EHORZ��DQ\�WDQJHQW�OLQH���
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WKH� FRPSXWDWLRQ� RI� WKH� TP0� UHTXLUHV� ILYH�
FRPSXWDWLRQ�VWHSV��UHSUHVHQWHG�IURP�OHIW�WR�ULJKW� LQ�
)LJXUH������
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Figure 3. The statistical-aggregation and calculation 
steps involved in the computation of a TP0. One example 
path is highlighted, which delivers the TP0 value of one 

particular participant for one particular condition. 

6HFRQG�� DV� LOOXVWUDWHG� LQ� )LJXUH� ��� D� GDWD� VHW�
QRUPDOO\�LQYROYHV�PRUH�WKDQ�WZR�OHYHOV�RI�VWDWLVWLFDO�
DJJUHJDWLRQ�� ,Q� IDFW� WKH� FDOFXODWLRQ� RI� D� TP0�PD\�
UHTXLUH� XS� WR� IRXU� DJJUHJDWLRQ� VWHSV� LQ� D� W\SLFDO�
)LWWV
� ODZ� H[SHULPHQW� �DOORZLQJ� IRU� DYHUDJLQJ� RYHU�
SDUWLFLSDQWV��� 6WDUWLQJ� IURP� WKH� LQGLYLGXDO�PHDVXUH�
RI� MT²WKH� DWRPV�� VR� WR� VSHDN²IRXU� VXFFHVVLYH�
DJJUHJDWLRQ� VWHSV�� UHSUHVHQWHG� LQ� WKH� ILJXUH� IURP�
ERWWRP�WR�WRS��FDQ�WDNH�SODFH�LQ�D�W\SLFDO�)LWWV
� ODZ�
H[SHULPHQW���

D�� WKH� movement-block� DYHUDJHV�� HDFK� RI�
ZKLFK� VXPPDUL]HV� D� QXPEHU� RI�
LQGLYLGXDO�PHDVXUHV��

E�� WKH� condition� DYHUDJHV�� HDFK� RI� ZKLFK�
VXPPDUL]HV� SHUIRUPDQFH� RYHU� D�
QXPEHU�RI�WULDO�EORFNV��

F�� WKH� participant� DYHUDJHV�� HDFK� RI� ZKLFK�
VXPPDUL]HV� SHUIRUPDQFH� RYHU� D�
QXPEHU�RI�FRQGLWLRQV��DQG�

G�� WKH� experiment� DYHUDJHV�� HDFK� RI� ZKLFK�
VXPPDUL]HV� SHUIRUPDQFH� RYHU� D�
QXPEHU�RI�SDUWLFLSDQWV��

7KH� LPSRUWDQW� IDFW� LV� WKDW�� FRQWUDU\� WR� WKH� IHHOLQJ�
WKDW� PD\� DULVH� IURP� WKH� VLPSOH� FRPSDULVRQ� RI�
(TXDWLRQV���DQG���� WKHUH�DUH�PDQ\�PRUH� WKDQ� WZR�
ZD\V� RI� DUUDQJLQJ� WKH� YDULRXV� FRPSXWDWLRQ� DQG�
DJJUHJDWLRQ� VWHSV� LQYROYHG� LQ� WKH� HVWLPDWLRQ� RI�
TP0��7KH�QXPEHU�RI�SDWKV�ZH�DUH�ORRNLQJ�IRU�LV�WKH�
QXPEHU�RI�SRVVLEOH�ZD\V�RI�LQVHUWLQJ���REMHFWV�LQ���
SRVVLEOH�SODFHV�
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� � ���������������

7KXV�� ZLWK� ILYH� FRPSXWDWLRQ� VWHSV� DQG� IRXU�
DJJUHJDWLRQ� OHYHOV�� WKHUH� H[LVW� ��� SRVVLEOH� SDWKV��
ZKLFK� DOO� GHOLYHU� GLIIHUHQW� TP0� YDOXHV�

�� 7KXV� WKH�
-HQVHQ� LQHTXDOLW\� KDV� PDQ\� RSSRUWXQLWLHV� WR�
RSHUDWH�� OHDGLQJ� WR� D� WURXEOHVRPH� DPRXQW� RI�
XQFRQWUROOHG�YDULDELOLW\�LQ�GDWD�SURFHVVLQJ���

7KH�FRQFUHWH�H[DPSOH�RI�WKH�QH[W�VHFWLRQ�ZLOO�VKRZ�
WKDW� WKLV� ELDV�PD\� EH� TXLWH� GDPDJLQJ�� 'HSHQGLQJ�
RQ�WKH�&W$�YV��$W&�RUGHU��ZH�IRXQG�WKDW�RXU�OHQLHQW�
WHVW� HLWKHU� VXFFHHGHG� RU� IDLOHG� WR� UHSOLFDWH�
0DF.HQ]LH�DQG�,VRNRVNL¶V��������UHVXOW���

6. A RERUN OF MACKENZIE AND ISOKOSKI’S 
TEST  

7KLV�VHFWLRQ�UHSRUWV�WKH�UHVXOWV�RI�D�IUHVK�WHVW�RI�WKH�
TP�LQYDULDQFH�K\SRWKHVLV�EDVHG�RQ�D�UH�DQDO\VLV�RI�
UHFHQWO\� SXEOLVKHG� GDWD� RI� RXUV� �*XLDUG� HW� DO���
������� 2XU� H[SHULPHQWDO� WHVW� GLIIHUV� IURP�
0DF.HQ]LH� DQG� ,VRNRVNL¶V� ������²DQG� E\� WKH�
VDPH�WRNHQ�IURP�PRVW�VWDQGDUG�)LWWV
�ODZ�WHVWV²LQ�
WKUHH�QRWHZRUWK\�UHVSHFWV���

)LUVW�� ZH� XVHG� GLVFUHWH� UDWKHU� WKDQ� UHFLSURFDO�
PRYHPHQWV� WR� REWDLQ� PRUH� UHOLDEOH� HVWLPDWHV� RI�
MT�� $V� QRWLFHG� E\� )LWWV� DQG� 3HWHUVRQ� �������� WKH�
GLVFUHWH�SURWRFRO�DOORZV�PRUH�ULJRURXV�FRQWURO�RYHU�
WKH� YDULDEOHV� RI� LQWHUHVW� WKDQ� LV� SRVVLEOH� ZLWK� WKH�
UHFLSURFDO� SURWRFRO�� ,Q� WKH� UHFLSURFDO� SURWRFRO�
PRYHPHQW� WLPH� LV� WKH� WLPH� LW� WDNHV� WR� FDUU\� RXW� D�
PRYHPHQW�and� WR�HYDOXDWH�WKH�HUURU� LQKHULWHG�IURP�
WKH� SUHYLRXV� PRYHPHQW� and� WR� SUHSDUH� WKH� QH[W�
PRYHPHQW�� 7KH� GLVFUHWH� SURWRFRO�� LQ� FRQWUDVW��
PHDVXUHV� WKH� GXUDWLRQ� RI� D� SXUH� PRYHPHQW�
H[HFXWLRQ�SURFHVV���

6HFRQG�� WKH� WDUJHW� ZDV� GLVSOD\HG� DV� D� RQH�SL[HO�
OLQH��UDWKHU�WKDQ�DV�D�EDQG�RI�ZLGWK�W��7KLV�IHDWXUH�
GRHV� QRW� PHDQ� WKDW� WKH� H[SHULPHQW� XVHG� D� ]HUR�
ZLGWK�WDUJHW��EXW�UDWKHU�WKDW�W�ZDV�OHIW�XQVSHFLILHG��
WKH� RQH�SL[HO� WDUJHW� VHUYLQJ� WR� MXVW� LQGLFDWH� WR�
SDUWLFLSDQWV�ZKDW�WKH�DPSOLWXGH�RI�WKHLU�PRYHPHQWV�
VKRXOG� EH� RQ� DYHUDJH� $FFRUGLQJO\�� LQ� RXU�
FDOFXODWLRQV�WKH� ID�ZDV�FRPSXWHG�IURP�WKH�UDWLR�RI�
PHDQ�PRYHPHQW�DPSOLWXGH��LQ�IDFW�DOZD\V�YLUWXDOO\�
HTXDO� WR� WDUJHW� GLVWDQFH� D�� WR� WKH� VWDQGDUG�
GHYLDWLRQ�RI�WKH�DPSOLWXGH��UDWKHU�WKDQ�WDUJHW�ZLGWK�
W���:KLOH� WKH� XVXDO� PHWKRGRORJ\� XVHV� D� DQG�W�
ZLWK� D� SRVW�KRF� DGMXVWPHQW� IRU� HUURU� EHFDXVH� W�
SURYLGHV�D�QRWRULRXVO\�SRRU�FRQWURO�RYHU� WKH�DFWXDO�

                                                          
��7KLV�FDOFXODWLRQ�WDNHV�DFFRXQW�RI�WKH�IDFW�WKDW�WKH�
YHU\� ILUVW� RSHUDWLRQ� FDQ� RQO\� FRQVLVW� RI� DQ�
DJJUHJDWLRQ�� EHFDXVH� WKH� VWDQGDUG� GHYLDWLRQ� RI�
PRYHPHQW� DPSOLWXGH� LV� XQGHILQHG� EHORZ� WKH� OHYHO�
RI�WKH�EORFN�RI�PRYHPHQWV���

VSUHDG� RI� PRYHPHQW� HQGSRLQWV� �H�J��� 6RXNRUHII� 	�
0DF.HQ]LH�� ������� RXU� VWUDWHJ\� LV� WR� IRUJHW� RQFH�
DQG�IRU�DOO�DERXW�DQ\�WROHUDQFH�VSHFLILFDWLRQ�DQG�WR�
VLPSO\� FRQVLGHU� DFWXDO� VSUHDGV� RI� PRYHPHQW�
HQGSRLQWV��

7KLUG�� DQG� SHUKDSV� PRVW� LPSRUWDQWO\�� RXU�
PDQLSXODWLRQ� FRYHUHG� WKH� FRPSOHWH� UDQJH� RI�
VSHHG�DFFXUDF\�VWUDWHJLHV��DOORZLQJ�D� WRXJKHU�DQG�
KHQFH� PRUH� LQIRUPDWLYH� HPSLULFDO� WHVW� RI� WKH�
6KDQQRQ�PRGHO�RI�)LWWV
�ODZ���

6.1. Method 3

6L[WHHQ� SDUWLFLSDQWV� ZHUH� SUHVHQWHG�ZLWK� ILYH� VHWV�
RI� LQVWUXFWLRQV�� ZKLFK� IRUPHG� DQ� RUGLQDO�
LQGHSHQGHQW�YDULDEOH���

x� PD[�VSHHG�
x� VSHHG�HPSKDVLV�
x� VSHHG�DFFXUDF\�EDODQFH�
x� DFFXUDF\�HPSKDVLV��
x� PD[�DFFXUDF\���

,Q� WKH� PD[�VSHHG� FRQGLWLRQ� WKH� RQO\� DFFXUDF\�
UHTXLUHPHQW� ZDV� WR� WHUPLQDWH� WKH� PRYHPHQWV� RQ�
DYHUDJH�LQ�WKH�YLFLQLW\�RI�WKH�WDUJHW��$W�WKH�RSSRVLWH�
HQG� RI� WKH� LQVWUXFWLRQV� FRQWLQXXP�� LQ� WKH� PD[�
DFFXUDF\� FRQGLWLRQ� SDUWLFLSDQWV� ZHUH� WR� EULQJ� WKH�
FXUVRU� H[DFWO\� WR� WKH� WDUJHW� �]HUR� SL[HO� HUURU��� WKH�
RQO\� WLPH� FRQVWUDLQW� EHLQJ� WR� QRW� ZDVWH� DQ\� WLPH��
7KH� WKUHH� FHQWUDO� OHYHOV� RI� LQVWUXFWLRQV�� RQH�
XQELDVHG��VSHHG�DFFXUDF\�EDODQFH��DQG�WZR�ELDVHG�
�VSHHG� HPSKDVLV� DQG� DFFXUDF\� HPSKDVLV�� ZHUH�
VLPLODU�WR�WKRVH�RI�0DF.HQ]LH�DQG�,VRNRVNL���

7KH� H[SHULPHQW� XVHG� D� FRPSXWHU� VFUHHQ� DQG� D�
:DFRP�� WDEOHW� VHW� WR� WKH� DEVROXWH� PRGH� ZLWK� D�
RQH�WR�RQH� PDSSLQJ�� 7KH� VFUHHQ� GLVSOD\HG� WZR�
IL[HG� YHUWLFDO� OLQHV�� ���� PP� DSDUW�� LQGLFDWLQJ�
PRYHPHQW� VWDUW� DQG� PRYHPHQW� WDUJHW�� DQG� D�
PRYDEOH� FURVVKDLU� ZKRVH� KRUL]RQWDO� PRWLRQ� ZDV�
FRQWUROOHG� E\� WKH� :DFRP�� VW\OXV�� $Q� /�VKDSHG�
UXOHU�ZDV�DWWDFKHG�WR�WKH�WDEOHW� WR�JXLGH�WKH�VW\OXV�
PRYHPHQW� DORQJ� WKH� KRUL]RQWDO� GLPHQVLRQ�� WKH�
VKRUWHU��YHUWLFDO��OHJ�RI�WKH�/�EHLQJ�DOLJQHG�ZLWK�WKH�
VFUHHQ¶V� VWDUW� OLQH�� WKXV� HOLPLQDWLQJ� VWDUW� SRLQW�
YDULDELOLW\��

(DFK� RI� WKH� ��� SDUWLFLSDQWV� UDQ� ILYH� ���PRYHPHQW�
EORFNV�LQ�HDFK�RI�WKH�ILYH�LQVWUXFWLRQDO�FRQGLWLRQ�����
EORFNV�RYHUDOO���,Q�VXP�WKLV�H[SHULPHQW�LQYROYHG����
PRYHPHQWV� [� ��� EORFNV� [� ��� SDUWLFLSDQWV�  � ������
PRYHPHQWV��

6.2.  Data Analysis 

:H�UDQ�WZR�ZLWKLQ�SDUWLFLSDQW�RQH�ZD\�$129$V�RQ�
TP0��,Q�RQH�RI�WKHP��DLPHG�WR�UHSOLFDWH�WKH� OHQLHQW�

                                                          
�� )RU� D� GHWDLOHG� GHVFULSWLRQ� RI� WKH� PHWKRG�� VHH�
*XLDUG�HW�DO�����������
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WHVW� RI� 0DF.HQ]LH� DQG� ,VRNRVNL�� WKH� LQVWUXFWLRQV�
IDFWRU� ZDV� UHVWULFWHG� WR� LWV� WKUHH� FHQWUDO� OHYHOV��
QDPHO\�VSHHG�HPSKDVLV��VSHHG�DFFXUDF\�EDODQFH��
DQG� DFFXUDF\� HPSKDVLV�� 7KH� RWKHU� $129$�
FRQVLGHUHG�DOO�ILYH�OHYHOV��SURYLGLQJ�D�PXFK�WRXJKHU�
WHVW�RI�WKH�TP�LQYDULDQFH�K\SRWKHVLV��

,QGLYLGXDO�PRYHPHQW� PHDVXUHV� ZHUH� MT� �V�� DQG�
DPSOLWXGH� �PP��� )RU� HDFK� RU� WKH� ��� EORFNV� ZH�
FRPSXWHG�WKH�WKUHH�LQJUHGLHQWV�QHHGHG�WR�FDOFXODWH�
DQ\� TP�� QDPHO\�� PHGLDQ� MT DQG� WKH� PHDQ� DQG�
VWDQGDUG� GHYLDWLRQ� RI� DPSOLWXGH��� :H� WKHQ�
FRPSXWHG� WKH� FRQGLWLRQ�OHYHO� HVWLPDWHV� RI� TP0�
XVLQJ� ERWK� WKH�&W$� DQG� WKH� $W&� RUGHU�� HQGLQJ� XS�
ZLWK� WZR� FDQGLGDWH� GHSHQGHQW� YDULDEOHV� IRU� WKH�
$129$� WHVW�� TP0�� &W$� DQG� TP0�� $W&�� 7KH� ILJXUHV�
EHORZ� VKRZ� DYHUDJHV� FRPSXWHG� RYHU� DOO� ���
SDUWLFLSDQWV��

6.3.  Results and Discussion 

0HDQ�$PSOLWXGH
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0D[�VSHHG 6SHHG
HPSKDVLV
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Figure 4. Mean amplitude vs. instructional condition. 

$V�VKRZQ�LQ��)LJXUH����PHDQ�PRYHPHQW�DPSOLWXGH�
�P$�� ZDV� YHU\� QHDUO\� D� FRQVWDQW� ���PP�� DV�
UHTXLUHG�� 7KH� SDUWLFLSDQWV� ZHUH� DEOH� WR� SURGXFH�
HVVHQWLDOO\� XQELDVHG� DLPLQJ� PRYHPHQWV�� WKH� RQO\�
H[FHSWLRQ� EHLQJ� D� ���PP� RYHUVKRRW� HUURU� LQ� WKH�
PD[�VSHHG� FRQGLWLRQ�� DOWKRXJK� D� VWDWLVWLFDOO\�
VLJQLILFDQW� HIIHFW� �t�� ������ p������� WKLV� LV� D�
UHPDUNDEO\�VPDOO�ELDV�RI��������ZKLFK�ZH�VKDOO�QRW�
GLVFXVV�KHUH��

5DWKHU� WKDQ� PRYHPHQW� DPSOLWXGH�� ZKDW� RXU�
LQVWUXFWLRQDO� PDQLSXODWLRQ� GLG� LQIOXHQFH� ZHUH��
XQVXUSULVLQJO\�� WKH� VSHHG� DQG� DFFXUDF\� RI�
SHUIRUPDQFH�� WZR� YHU\� VWURQJ� HIIHFWV� MXVW� DV� WKH\�
ZHUH� LQ� WKH�0DF.HQ]LH�DQG� ,VRNRVNL� �������VWXG\���
)LJXUH� �� VKRZV� WKH� JUDGXDO� LQFUHDVH� RI� PHGLDQ�
PRYHPHQW� WLPH��P7�� IURP�WKH�PD[�VSHHG�FRQGLWLRQ�
�DERXW� ���PV�� WR� WKH� PD[�DFFXUDF\� FRQGLWLRQ�
�PRUH� WKDQ� D� VHFRQG��� D� FRQVLGHUDEOH� ILYH�IROG�
                                                          
�� 7KH� GLVWULEXWLRQV� RI� PRYHPHQW� WLPH� VKRZLQJ�
VRPH� SRVLWLYH� VNHZQHVV�� ZH� XVHG� WKH� PHGLDQ��
UDWKHU�WKDQ�WKH�PHDQ��IRU�WKDW�GHSHQGHQW�PHDVXUH��

LQFUHDVH�� 2EYLRXVO\� D� PRQRWRQLF� OHQJWKHQLQJ� RI�
PRYHPHQW� WLPH� DW� D� FRQVWDQW� OHYHO� RI� DPSOLWXGH�
PHDQV� D� PRQRWRQLF� GURS� RI� DYHUDJH� PRYHPHQW�
VSHHG��VKRZQ�LQ��)LJXUH����
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Figure 5. Median movement time as a function of 
instructional condition. 
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Figure 6. Average movement speed as a function of 
instructional condition.
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Figure 7. Endpoint spread as a function of instructional
condition 

7KH�RWKHU�VLGH�RI�WKH�HYLGHQFH�WKDW�RXU�LQVWUXFWLRQV�
ZHUH� LQVWUXPHQWDO� LQ� PRGXODWLQJ� WKH� SDUWLFLSDQWV¶�
VWUDWHJ\� LV� YLVLEOH� LQ� � )LJXUH� ��� ZKLFK� VKRZV� KRZ�
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WKH� VSUHDG� RI� PRYHPHQW� HQGSRLQW�� PHDVXUHG� DV�
WKH� VWDQGDUG� GHYLDWLRQ� RI� DPSOLWXGH� V$�� GHFOLQHG�
JUDGXDOO\� IURP� WKH� PD[�VSHHG� FRQGLWLRQ� �ZLWK� D�
VWDQGDUG�GHYLDWLRQ�RI�DPSOLWXGH�V$�RI���PP��RU����
RI� WKH� PHDQ�� WR� WKH� PD[�DFFXUDF\� FRQGLWLRQ�
����PP��RU������RI�PHDQ�DPSOLWXGH���

7KH� FUXFLDO� UHVXOW� RI� WKLV� H[SHULPHQW� LV� VKRZQ� LQ��
)LJXUH����ZKLFK�SORWV�TP0��&W$�DQG�TP0��$W&��WKH�WZR�
YDULDQWV� RI� WKH� ,62� HVWLPDWH� RI� TP�� DJDLQVW� WKH�
LQVWUXFWLRQDO�IDFWRU���
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Figure 8. TP0 vs. instructional condition. Error bars 
show 95% confidence intervals based on between-

participant standard deviations.  

5HFDOO�WKDW�DFFRUGLQJ�WR�0DF.HQ]LH�DQG�FROOHDJXHV�
WKH� TP0� VKRXOG� not� YDU\� DFURVV� YDULDWLRQV� RI� WKH�
VSHHG�DFFXUDF\�VWUDWHJ\��7HVWHG�RYHU�RXU�FRPSOHWH�
VHW� RI� LQVWUXFWLRQV� IURP� PD[LPXP� VSHHG� WR�
PD[LPXP�DFFXUDF\��WKH�TP0�LQYDULDQFH�K\SRWKHVLV�
PDUNHGO\�IDLOHG��:KHWKHU�FRPSXWHG�ZLWK�WKH�&W$�RU�
WKH� $W&� RUGHU�� WKH� TP0� GHFOLQHG� PRQRWRQLFDOO\��
IURP� DERXW� ��ELWV�V� GRZQ� WR� DERXW� �ELWV�V�� DV� WKH�
LQVWUXFWLRQV�ZHUH�VKLIWHG�IURP�WKH�PD[�VSHHG�WR�WKH�
PD[�DFFXUDF\�FRQGLWLRQ��7KLV�LV�D�VXEVWDQWLDO�HIIHFW��
D� ���� UHGXFWLRQ� RI� WKH� TP�� DQG� LW� LV� KLJKO\�
VLJQLILFDQW VWDWLVWLFDOO\��7DEOH������

Table 1. Results of the tough and lenient ANOVAs 
conducted on the CtA and the AtC estimate of TP0. 

Tough 5 level Lenient 3 level
F df p F df p

CtA ������ �� ������ ����� �� �����

AtC ������ �� ������ ����� �� �����
�

7XUQLQJ� WR� WKH� OHQLHQW� ��OHYHO� WHVW�� WKH� RXWFRPH�
WXUQHG�RXW� WR�EH�HTXLYRFDO��:LWK�WKH�$W&�RUGHU�RXU�
OHQLHQW� WHVW� UHSOLFDWHG� 0DF.HQ]LH� DQG� ,VRNRVNL¶V�
QRQ�UHMHFWLRQ� RI� +�� �p!������ :LWK� WKH� &W$� RUGHU��
KRZHYHU�� LW� GLG� QRW� �p������� 7KLV� LUUHVROXWLRQ� LV� D�
WURXEOHVRPH�FRPSOLFDWLRQ� LQGXFHG��ZH�VXJJHVW��E\�
-HQVHQ¶V�LQHTXDOLW\���

,Q�RXU�YLHZ�LW�LV�QRW�QHFHVVDULO\�WKH�6KDQQRQ�PRGHO�
RI�(TXDWLRQ��� WKDW�VKRXOG�EH�TXHVWLRQHG� LQ� OLJKW�RI�

WKH� SUHVHQW� UHVXOWV�� EXW� UDWKHU� (TXDWLRQ� ��� ZKLFK�
UHTXLUHV� WKH� DVVXPSWLRQ� WKDW� WKH� LQWHUFHSW� RI� )LWWV
�
ODZ� LV� ]HUR²DFWXDOO\� DQ� XQWHQDEOH� DVVXPSWLRQ�
JLYHQ� WKH� QRQ�UDWLR� OHYHO� RI� PHDVXUHPHQW� RQ� WKH�
FRQWLQXXP� RI� P$�V$� RU� D/W� �*XLDUG� 	� 2ODIVGRWWLU��
���������

:RXOG�WKH�WHVW�KDYH�EHHQ�VXFFHVVIXO�LI�WKH�TP=�KDG�
EHHQ�XVHG�LQVWHDG"�:H�IRXQG�ZLWK�D�VLPXODWLRQ�RQ�
RXU� GDWD� VHW� WKDW� WKH� HIIHFW� RI� LQVWUXFWLRQV� RQ� TP�
ZRXOG� KDYH� EHHQ� VPDOO� DQG�PDUJLQDOO\� VLJQLILFDQW��
KDG� WKH� TP=� EHHQ� XVHG� LQVWHDG� RI� WKH� TP0�� 7KLV�
UHVXOW� LV� GRXEWIXO�� KRZHYHU�� EHFDXVH� D� WHVW� RI� WKH�
LQYDULDQFH� RI� TP=�  � ��b� DFURVV� YDULDWLRQV� RI� WKH�
VSHHG�DFFXUDF\� VWUDWHJ\� UHTXLUHV� WKH� RWKHU�
FRHIILFLHQW�� WKH� LQWHUFHSW� a�� WR� EH� XVHG� LQ� WKH�
FDOFXODWLRQ�� 7KLV� UHTXLUHV� WKDW� WKH� 6KDQQRQ�
HTXDWLRQ�EH�FDOFXODWHG�EHIRUHKDQG��DQG�VR�WKH�WHVW�
EHJV� WKH� TXHVWLRQ�� $QRWKHU� VRUW� RI� H[SHULPHQWDO�
WHVW� LV� QHHGHG� WR� HYDOXDWH� WKH� LQYDULDQFH� RI� WKH�
TP=���

7. CONCLUSION AND PERSPECTIVES 

5RXWLQH�TP0�PHDVXUHPHQW� LV�DQ�HVWDEOLVKHG�QRUP�
RI� +&,�� IXUWKHU� VWUHQJWKHQHG� VLQFH� ����� E\� DQ�
RIILFLDO� ,62� VWDQGDUG�� 7KHUH� LV� QR� TXHVWLRQ� WKDW�
VWDQGDUGL]DWLRQ�� ZKLFK� IDFLOLWDWHV� FRPSDULVRQV�� LV�
XVHIXO� �6RXNRUHII� 	� 0DF.HQ]LH�� ������� 7ZHQW\�
\HDUV� RI� FRQVHQVXV� DERXW� WKH� 6KDQQRQ� PRGHO� RI�
)LWWV
� ODZ� KDYH� FHUWDLQO\� EHHQ� DQ� DVVHW� IRU� LQSXW�
UHVHDUFK� LQ�+&,��+RZHYHU�� IDLOXUH� WR� DFNQRZOHGJH�
=KDL¶V� ������� GHPRQVWUDWLRQ� WKDW� WKH� VWDQGDUG�
PHWKRG� RI� PHDVXULQJ� WKH� TP� �(TXDWLRQ� ��� LV�
LQFRQVLVWHQW�ZLWK� WKH�6KDQQRQ�PRGHO� �(TXDWLRQ� ���
KDV� EHHQ� D� KDQGLFDS�� 2XU� GDWD�� ZKLFK� VKRZ� WKDW�
WKH�TP0�QRW�VLPSO\�IDLOV�D�WRXJK�LQYDULDQFH�WHVW�EXW�
KDUGO\� SDVVHV� D� UDWKHU� OHQLHQW� WHVW�� VXSSRUW� =KDL¶V�
�������VXJJHVWLRQ�WKDW�UHVHDUFKHUV�VKRXOG�UHWXUQ�WR�
WKH� PDWKHPDWLFDOO\� FRUUHFW� GHILQLWLRQ� RI� WKH� TP�
VKRZQ�LQ�(TXDWLRQ����

$QRWKHU�� QR� OHVV� LPSRUWDQW� OHVVRQ� WR� EH� OHDUQHG�
IURP�WKLV�VWXG\�LV�WKDW�VHULRXV�PHWKRGRORJLFDO�ZRUN�
LV�QHHGHG�WR�WU\�WR�PDVWHU�WKH�KLGGHQ�YDULDELOLW\�WKDW�
DULVHV� LQDGYHUWHQWO\� LQ� )LWWV
� ODZ� GDWD� GXH� WR�
-HQVHQ¶V� LQHTXDOLW\�� 7R� RXU� NQRZOHGJH� WKH� LPSDFW�
RI� WKLV�PHWKRGRORJLFDO�GLIILFXOW\�RQ�GDWD�SURFHVVLQJ�
KDV� QRW� EHHQ� \HW� FRUUHFWO\� XQGHUVWRRG� DQG� ZH�
EHOLHYH� WKLV�JHQHUDO�SUREOHP� LV�ZRUWK�D�V\VWHPDWLF�
LQYHVWLJDWLRQ��7KHUH�LV�UHDVRQ�WR�EHOLHYH�WKDW�WKLV�LV�
D� JHQHUDO� PHWKRGRORJLFDO� SUREOHP� ZKRVH� VFRSH�
SUHVXPDEO\� H[WHQGV� IDU� EH\RQG� WKH� VWXG\� RI� )LWWV
�
ODZ�� :KHWKHU� WKH� VROXWLRQ� UHVWV� RQ� VRPH�
PDWKHPDWLFDO�RU�VWDWLVWLFDO�SULQFLSOHV�RU�SHUKDSV�RQ�
VRPH� DUELWUDU\� FRQYHQWLRQV� LV� DQ� RSHQ� TXHVWLRQ�
ZKLFK�ZH�DUH�FXUUHQWO\�LQYHVWLJDWLQJ��
�
�
�
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