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Statistical wave field theory: Anisotropic wave fields under
Neumann’s boundary condition

Roland Badeau®
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Paris, Palaiseau 91120, France

Abstract

The statistical wave field theory mathematically establishes the statistical laws of the solu-
tions to the wave equation in a bounded domain. It provides the closed-form expressions
of the power distribution and the correlations of the wave field jointly over time, frequency,
and space, which hold at high frequency and after many reflections, in terms of the geometry
and the specific admittance of the boundary surface. This theory was originally developed
in the particular case of mixing rooms, which are characterized by a diffuse wave field, based
on the theory of dynamical billiards and on Weyl-like asymptotic laws. Then it was ex-
tended to the finite family of special polyhedra, where the wave field is anisotropic, based
on a simpler geometric approach related to mathematical crystallography. In this paper, we
introduce a unified version of the theory dedicated to a class of semi-mixing billiards. In the
case of Neumann’s boundary condition, we show that the wave field is stationary, but it is
generally anisotropic. In particular, the correlation between two spatial positions at a given
frequency is different from the well-known cardinal sine formula that characterizes diffuse
acoustic fields.
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Nomenclature
Acronyms

ACF Auto-covariance function
PDE Partial differential equation
RIR Room impulse response

WSS Wide-sense stationary

Mathematical notations

Be careful: in this paper, we use the Greek letter @ to denote any function of any
variables (we do not use the notation f that is usual in mathematics, because here f denotes
the frequency). Therefore, the same letter ¢ may denote different functions of different
variables in different places of the paper, and it is not supposed to have any special physical
meaning.

e £: equal by definition to

e N: set of whole numbers



R, C: sets of real and complex numbers, respectively

1 = v/—1: imaginary unit

x (bold font), z (regular): vector and scalar, respectively
A\B: relative complement (set difference) of set B in set A
A C B: A is a subset of B, possibly equal to B

V: closure of a subset V of R3

|V]: Lebesgue measure (volume) of a subset V' of R?

A= |—‘1/|: mean density of image sources over space

0V: boundary of a subset V of R?

n(x) where € JV: outward normal to the boundary surface of subset V'

S(A): surface area of a 2-dimensional sub-manifold A of R3

L(C): line length of a 1-dimensional sub-manifold C' of R?

II|l2: Euclidean/Hermitian norm of a vector or a function

Z: complex conjugate of z € C

x': transpose of vector @

I: identity matrix

At orthogonal complement of set A

S(0, k): sphere centered at the origin and of radius k: S(0,k) = {k € R?; ||k||» = k}
L*(V) where V is a Borel subset of R®: Hilbert space of measurable functions f

supported in V, such that ||f|la = 1/ [, | f(x)[?dx < +o0

S(R™): Schwartz space of smooth functions on R", whose derivatives of all orders are
rapidly decreasing

(T'|¢): value of the tempered distribution 7" on the test function ¢ € S(R")

0: Dirac delta function

H(t): Heaviside function: H(t) =1Vt >0and H(t) =0Vt <0

sign(t): sign function: sign(t) =1 V¢ > 0 and sign(t) = —1 V£ <0

A¢(x): Laplacian of function ¢(x)

Yim(u) forl € Nym e {—I,...,l}, and u € S(0,1): real spherical harmonic of degree
and order m;

1D direct and inverse Fourier transforms of a function ¢ : R — C:

U(f) = [y (827 dL
and () = [y V(f)et I df

3D direct and inverse Fourier transform of a function v : R?* — C:

V(k) = [oeps V(@)e ™ 2da
and () = [, g V(k)et 2™ = dk

e E[X]: expected value of a random variable X
e Covariance of two complex random variables X and Y':

cov[ X, Y] = E[(X — E[X])(Y — E[Y])]
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1. Introduction

In room acoustics, under mild physical assumptions, the propagation of waves in a
bounded volume V' is characterized by the Helmholtz equation under Robin’s boundary
condition, which is expressed in terms of the specific admittance 5 € C with Re(8) > 0 on
the boundary surface 9V. This boundary value problem admits a discrete set of solutions
called eigenmodes (Kuttruff, 2014, Chap. 3). When f is purely imaginary, which includes
the case of rigid surfaces (Neumann’s boundary condition, i.e., B = 0), there is no energy
absorption. Then the Laplace operator is self-adjoint, the eigenmodes are real-valued, and
they form an orthonormal basis of eigenfunctions of the Laplacian on the Hilbert space of
square-integrable functions L?(V). When on the contrary Re(3) > 0, there is energy ab-
sorption, the Laplace operator is no longer self-adjoint, its eigenfunctions and generalized
eigenfunctions are complex-valued, and it was recently proved that they form an Abel basis
with brackets of L?(V) (Badeau, 2025a).

However, in most practical cases, calculating the eigenmodes, given the room geometry
and the values of the specific admittance on the boundary, can only be performed numerically
and requires extensive computational power. Nevertheless, at high frequency, it is well
known that wave propagation can be approximated in the classical limit by considering
the trajectory of rays that undergo successive specular reflections on the domain’s boundary,
similarly to optical rays (Kuttruff, 2014, Chap. 4). The ray trajectory can then be interpreted
as a dynamical billiard that, depending on the boundary geometry, may follow different
statistical properties (Tabachnikov, 1995). For instance, a classical billiard is ergodic when
over time ¢, the position x(t) € V and the unit direction vector v(t) € §(0,1) of almost
every ray trajectory are jointly uniformly distributed in the phase space V' x S(0, 1), where
the configuration space (or position space) V is the bounded volume of the billiard, and the
momentum space S(0, 1) is the unit sphere. In other respects, mizing billiards, in addition to
being ergodic, are such that two different rays that are arbitrarily close in the phase space at
t = 0 diverge completely after an asymptotically long elapsed time. Under this assumption
and when there is no energy absorption at the boundary, the wave field is diffuse (Polackl,
1992), which means that its statistics are invariant over space under any translation (it
is stationary), and any rotation (it is isotropic). When on the contrary there is energy
absorption at the room boundary, then the sound power decreases exponentially over time,
at a rate that is uniform in the room and depends on the frequency. The reverberation time,
often denoted Tgg, is then defined as the time it takes for the sound pressure level to reduce
by 60 dB. In the room acoustics literature, various expressions of the reverberation time in
ergodic rooms have been obtained, based on the statistics of the reflections and the mean
free path (Joyce, [1978; Polackl, 1992; Kuttruff, 2014; |Polack, 2025)).

In quantum physics, the mathematical framework of quantum billiards (Grebenkov and
Nguyen, 2013, Sec. 7.7.4) is the same as that in room acoustics, because the solutions of the
Schrodinger equation are also characterized by the eigenfunctions of the Laplace operator
under Robin’s boundary condition. The main difference is that the specific admittance is
restricted to purely imaginary values, so the Laplacian is always real, self-adjoint, and its
eigenfunctions and eigenvalues are real-valued. In several dimensions of space, it is well



known that the density of discrete eigenmodes increases with the frequency, in a way that
has been investigated mathematically for the first time by |Weyl (1911). Since then, a rich
literature has been devoted to the study of asymptotic expansions of the modal density as a
function of frequency f when f — 400, in various space dimensions and various boundary
conditions (Arendt et all [2009). The case of a three-dimensional (3D) space, which is
of special interest to us, was addressed by the physicists [Balian and Bloch| (1970). Their
approach was based on the semiclassical approximation of quantum physics (Sieber et al.,
1995, Brack and Bhaduri, |1997)), which also approximates wave propagation by considering
the trajectory of rays undergoing specular reflections, as in classical billiards. However,
the mathematical treatment of these reflections explicitly depends on Robin’s boundary
condition, through the multiple reflection expansion of the Green’s function, used by |[Balian
and Bloch (1970) and Sieber et al| (1995). In addition, such rays can pass through the
boundary and re-enter the billiard, as illustrated in Balian and Bloch (1972, Fig. 12).
Consequently, the semiclassical approximation is able to account for the curvature of the
boundary, through the two-reflection term of the series expansion of the Green’s function,
which allowed [Balian and Bloch| (1970) to pursue the asymptotic expansion of the modal
density up to the second order. Later, the periodic orbit theory showed that each periodic
orbit (also called "closed path" by Balian and Bloch| (1972))), of length L in the classical
billiard, produces a fluctuation of period ¢/L in the modal density, which is expressed by
the Gutzwiller trace formula (Gutzwiller, 1971)).

The literature on quantum billiards is actually very rich. Most theorems were established
by considering the Dirichlet boundary condition (Im(f8) — —o0), or the Neumann boundary
condition (B = 0), but their conclusions still hold for any purely imaginary value of B\ , because
their proofs are based on the self-adjoint operator property. The quantum ergodicity theorem,
established by |Zelditch and Zworski| (1996)), shows that when a classical billiard is ergodic,
then asymptotically at high frequency, almost all the eigenfunctions of the Laplacian tend
to be uniformly distributed in the phase space V' x §(0,1). In the language of statistical
signal processing, that means that almost all the eigenfunctions of the Laplacian behave
asymptotically like isotropically distributed wide sense stationary (WSS) random processes,
as initially conjectured (in different terms) by Berry (1977). Moreover, the quantum weak
mixing theorem (Zelditchl, 2006) shows that when a classical billiard is weak mixing, then
asymptotically at high frequency, in addition to being uniformly distributed in the phase
space, almost all the eigenfunctions of the Laplacian tend to be pairwise decorrelated. When
this property holds for all eigenfunctions, the billiard is said quantum unique ergodic (QUE).
Then the whole wave field, which is made of a superposition of these eigenfunctions, tends
to behave like an isotropic WSS process at high frequency, which means that it is diffuse.
This result is remarkable, because it suggests that the mixing assumption usually considered
in the room acoustics literature is insufficient to guarantee a truly diffuse wave field: the
more constraining QUE property is required. Indeed, there exist ergodic, and even mixing,
billiards that are not QUE (Hassell and Hillairet, 2010). In such billiards, there may be a
sparse subsequence of localized eigenfunctions that are characterized by scars, which means
that their energy is essentially concentrated around some classical periodic orbits (Lu et al.,



2025)). Scarred eigenfunctions are thus non-stationary. However, the eigenstate stacking
theorem (Lu et al., [2025) shows that, at high frequency, all the eigenfunctions that lie in
any spectral band collectively tend to produce a uniform power distribution in the phase
space. This uniform distribution is guaranteed under a condition of minimal bandwidth: the
min 1s the fundamental period of the shortest
classical periodic orbit. Therefore, thle eigenstate stacking theorem confirms that the mixing
assumption is sufficient to get a dlffuse wave ﬁeld, provided that the discrete spectrum
is smoothed by . Note that this filtering eliminates the
previously-mentioned fluctuations in the modal densfcy, whose periods are smaller than me
This was expected, since the non-stationary quantum scars and the fluctuations in the modal
density are both related to classical periodic orbits.

In Badeau| (2024), for the first time in room acoustics, a theory of reverberation was
introduced, which inherits the power of the semiclassical approximation, while complying
with the previously-mentioned theorems on quantum billiards. This statistical wave field
theory holds at high frequency and after many reflections on the room boundary. InBadeau
(2024)), we addressed the case of mixing billiards. Indeed, in mixing billiards, the wave
field behaves like an isotropic WSS random process when there is no energy absorption at
the boundary, i.e., when [ is purely imaginary, so it is diffuse, provided that the discrete
spectrum is sufficiently smoothed, as previously explained. Then we showed in Badeau| (2024,
Sec. IIT E 2) that the asymptotic expansion of the smoothed modal density directly provides
us with a closed-form expression of the power spectrum of the WSS wave field. Indeed,
because the eigenmodes are uncorrelated and carry on average the same quantity of power,
the power spectrum is proportional to the smoothed modal density. If on the contrary there
is energy absorption, i.e., if Re(3) > 0, then the wave field is non-stationary, and the theory
shows that its statistics are actually related to the analytic continuation of the smoothed
modal density to the domain of complex frequencies. This approach permitted us to obtain
the accurate closed-form expression of the reverberation time in mixing rooms (Badeaul,
2024, Sec. VI F). Then, in Badeau (2025b)), the accuracy of the theory predictions was
further improved at lower frequencies, by exploiting the second order curvature term of the
asymptotic expansion calculated by Balian and Bloch| (1970).

So, in both Badeau| (2024) and Badeau (2025b), we focused on mixing rooms, in which
the reverberation time is independent of the receiver’s position and orientation. However,
it is well known that in certain non-ergodic room geometries, the reverberation time is still
independent of the receiver’s position, but it does depend on its orientation (Alary,[2021). In
this case, it is sometimes referred to as the directional reverberation time (Bilbao and Alary),
2024). The characterization (Nolan et al), 2018; Xu et al. [2022)), analysis (Berzborn and
Vorlander, |2021};|Gotz et al.,[2023) and synthesis (Alary et al., 2019, [2024) of such anisotropic
wave fields have recently received much attention in the room acoustics community, but
curiously, few works have been devoted to the physical modeling of anisotropic reverberation
(Meyer-Kahlen and Schlecht) 2024; Drechsler, |2012; |Drechsler and Stephenson) 2012).

In room acoustics, the most famous anisotropic room is the shoebox room, whose geomet-
ric shape is that of a rectangular cuboid. The directional reverberation time in this shoebox




room has been investigated in Bilbao and Alary| (2024). Then in Badeau| (2025¢), we have
shown the existence of a few other polyhedra whose properties are similar to those of the
rectangular cuboid. These so-called special polyhedra are neither mixing nor ergodic, but
rather integrable in the sense of Arnold’s theorem (Arnold and Avez, 1989). This means that
the Helmholtz equation can be solved in closed-form subject to various boundary conditions
(Dirichlet, Neumann, and even Robin in certain cases). Moreover, all the eigenfunctions are
trigonometric polynomials. Based on these closed-form solutions, deriving the equations of
the statistical wave field theory proved to be much easier than in the mixing case (Badeaul,
2025¢)). This study of the special polyhedra permitted us to take a very important turn in
the development of the statistical wave field theory: we have shown that neither the mixing,
nor even the ergodic assumptions were actually necessary to get stationary statistics inde-
pendent of the source position, provided that the discrete spectra of these special polyhedra
are sufficiently smoothed in the wave vector space.

The special polyhedra belong to the larger class of rational polyhedra, which have only
rational dihedral angles, i.e., angles that are rational multiples of m. Such polyhedra are not
classically ergodic, unlike irrational polyhedra, which are known to be ergodic. Similarly, in
two space dimensions (2D), rational polygons are not classically ergodic in the phase space,
but |Kerckhoff et al|(1986) showed that they are ergodic in the configuration space, and that
every ray trajectory uniformly spans a finite set of directions in the momentum space. In ad-
dition, the quantum ergodicity theorem in configuration space for rational polygons (Marklof]
and Rudnick,, 2012)) shows that, when 3 is purely imaginary, then asymptotically at high
frequency, almost all the eigenfunctions of the Laplacian tend to be uniformly distributed
in the configuration space, but not in the momentum space. Finally, |Arana-Herrera et al.
(2025) have recently shown that not every, but almost every rational polygon is not only
classically ergodic, but also weak mixing in the configuration space. The rare exceptions in-
clude the set of almost integrable polygons, which includes the four integrable ones that are
related to the special polyhedra. Therefore, we expect the special polyhedra to be quantum
ergodic, but not quantum weak mixing, in the configuration space.

Following these results on rational polygons, we introduce in this paper three classes
of classical billiards that will be referred to as semi-ergodic, weak semi-mizring, and strong
semi-mixing, respectively, as these billiards are ergodic, weak mixing, and strong mixing,
respectively, in the configuration space, but not necessarily in the momentum space. The
general class of 3D semi-ergodic billiards is actually very large: it is not restricted to 3D
ergodic billiards and rational polyhedra. For instance, it includes all prisms whose basis is a
2D ergodic billiard (possibly including curved boundaries). It also includes all (possibly non-
convex) polyhedra, whether their dihedral angles are rational or irrational. We will show that
these billiards are characterized by a directional measure o defined on the momentum space
S§(0,1), which depends on the particular billiard geometry, and whose closed-form expres-
sion involves a series expansion over a basis of real spherical harmonics. Then, based on the
quantum ergodicity theorem in configuration space for rational polygons (Marklof and Rud-
nick, 2012), we will assume that asymptotically at high frequency in semi-ergodic billiards,
almost all the eigenfunctions of the Laplacian tend to be uniformly distributed in the con-



figuration space. In addition, based on the quantum weak mixing theorem (Zelditch| 2006))
that holds in weak mixing billiards, we will also assume that similarly in weak semi-mixing
billiards, almost all the eigenfunctions of the Laplacian tend to be pairwise decorrelated in
the configuration space. Finally, based on the eigenstate stacking theorem (Lu et al.l 2025)),
we will assume that in semi-mixing billiards, the wave field behaves like a WSS random
process, provided that the spectral measure is sufficiently smoothed in the 3D wave vector
space. Consequently, the class of semi-mixing billiards corresponds to rooms where, through
spectral smoothing and at high frequency, the wave field is WSS but generally anisotropic
when there is no energy absorption[], and where the reverberation time is independent of the
receiver’s position but may depend on its orientation when there is energy absorption. The
closed-form expressions of the resulting statistics of the anisotropic wave field will naturally
involve the directional measure o.

In this paper, we will focus on the particular case of Neumann’s boundary condition.
Then in our next paper on anisotropic wave fields, we will address the general case of Robin’s
boundary condition, which will allow us to provide, for the first time, the general closed-
form expression of the directional reverberation time in semi-mixing rooms. The reader
may notice that, similarly to Badeau| (2025c) and contrary to Badeau| (2024, 2025b), the
mathematical approach that we will develop here is not explicitly related to the asymptotic
expansion of the smoothed modal density; yet the relationship with the modal density still
implicitly exists in the particular case of mixing billiards.

This paper is structured as follows. In Sec. [2] we summarize a few fundamental notions
regarding wave propagation that are needed to develop the statistical wave field theory. In
Sec. |3, we define the three classes of semi-ergodic, weak and strong semi-mixing billiards,
and we provide the closed-form expression of their directional measure. In Sec. [d, we briefly
present the Wigner time-frequency distribution that will be used to characterize the second-
order properties of random processes, and we list the three mathematical assumptions on
which the statistical wave field theory relies. Then in Sec. [5| we present the special theory
dedicated to Neumann’s boundary condition. The main results are summarized in Sec. 5.4
Finally, in Sec. [6] we summarize the main contributions of this paper, and we present a few
perspectives for future work.

2. Fundamentals of waves revisited

This section summarizes a few fundamental notions regarding wave propagation that are
needed in the rest of the paper. Most of these notions are well-known and are described for

L As mentioned previously, there is no energy absorption when E is purely imaginary. Actually, in semi-
mixing billiards, it is necessary to also assume that Im(5) < 0 in order to guarantee that the wave field is
WSS. Indeed, contrary to the case of mixing billiards, where smoothing the discrete spectrum was sufficient
to enforce stationarity due to the eigenstate stacking theorem, in semi-mixing billiards, spectral smoothing
is only performed locally in the wave vector space, as illustrated in (Badeau, 2025¢, Fig. 3). If Im(8) > 0,
depending on the room geometry, this weaker form of spectral smoothing does not prevent the possible
localization of a part of the wave field energy in the vicinity of the boundary, as we will show in our next
paper on anisotropic wave fields.



instance in [Morse and Ingard| (1968). These and other notions were already presented in
more details in Badeau| (2024, Sec. III).

2.1. Main definitions
In a connected open domain V' C R3, the homogeneous wave equation states that
1 0*p(x,t)
2 ot?
where p(x,t) is the wave amplitude at position € V and time ¢t € R, A is the Laplacian,

and c is the propagation speed of the wave. Applying the 1D Fourier transform w.r.t. time
to Eq. yields the Helmholtz equation:

A¢(x) + 4m*k*p(x) = 0, (2)

Ap(x,t) — 0, (1)

where the scalar k = % is the wave number and f denotes the frequency. We note that any
solution ¢ to Eq. is an eigenfunction of the Laplace operator, of eigenvalue —4m2k2.
Given a punctual source position &y € V and a space position & € V', we define the source
response p as the unique causal solution to the following inhomogeneous wave equation:
vVt € R, )
1 )
SIPE 0N i 2yt ®)
Note that the right member of Eq. involves the derivative of a Dirac delta function over
time, in order to account for the fact that the response of a physical source is always zero at
the zero frequency (Morse and Ingard, (1968, Chap. 7). Replacing the derivative §(t) with &(t)
in Eq. (3)) would lead to the usual definition of the room impulse response (RIR) h(x, xo,t) in
room acoustics, which is the causal Green’s function of the wave equation [Eq. (I])]. Therefore
the RIR A is the unique causal primitive of the source response p defined in Eq. .
In the free field (i.e., when V = R3), the source response p is expressed as

(1 le—aollz
5(t : ) "

47T||JI — 330”2 '

Ap(x, g, t) —

p(maw(]?t) =

2.2. Green’s function

Given a punctual source position &g € V and a space position € V', a Green’s function G
of the Helmholtz equation is a particular solution to the following inhomogeneous Helmholtz
equation:

AG(x, xo, k) + 47°k*G(x, 2o, k) = —6(x — x0). (5)

The inverse 1D Fourier transform of G w.r.t. frequency f = ck,
g(x, xg, t) = / G(x, xo, %) eIy, (6)
feR

is such that its time derivative g(x,xo,t) is a solution to Eq. . However, depending on
the choice of a particular solution G to Eq. , the function (@, xg,t) may not be causal,

9



so in general g(x, xo, t) differs from the causal source response p(x, xy,t) by a function that
is a solution to the homogeneous wave equation [Eq. ]

In the free field (V = R?), any Green’s function G solution to Eq. can be written as
the translation over space of some Green’s function GGy for a source located at xy = O:

G(.’B7 Lo, k) = Go(w — Lo, k)
In this paper, we will consider the real Green’s function

cos(2mk| z]|2)
Go(z, k) = ———
=0 =
which is such that function ¢ is an odd function of time. In the free field, the relationship
between ¢ and the source response p in Eq. can be expressed as

p(x, xo,t) = 2H(t) g(x, xo, ), (7)

where H (t) denotes the Heaviside function, which is such that H(t) = 1Vt > 0and H(t) =0
Vt < 0. The 3D Fourier transform (see Nomenclature) of Gy(z, k) w.r.t. space is
-~ 1

Gl ) = S el — oy ®

where vector k is called the wave vector.

2.3. B-function

In the case of a connected domain V C R?® with boundaries, any Green’s function
G(x,xp, k) can generally be analytically continued in a mathematical vicinity D of V' that

depends on the domain’s geometry and the boundary condition. In some cases, this extension
holds in the full space D = R3. The B-function on D C R? is then defined as:

B(y, o, k) = — (AG(y, o, k) + 47°K*G(y, @0, k)) - (9)

By definition of the Green’s function G in Eq. , the restriction of the B-function to V' is
d(y — p). Reciprocally, when D = R3, a particular Green’s function G is obtained as:

G(CU,.’B(),IC) = GO(w _yuk) B<y>m07k)dy7 (10>

yEeR3

where (G is a free-field Green’s function. Equation permits us to interpret the B-function
as a spatial distribution of image sources in the free field, which collectively generate inside V'
the same response as that of the single original source within the bounded domain V. In
this paper, we focus on Neumann’s boundary condition, in which case the B-function is
real-valued and does not depend on k, so it will be simply denoted B(y, x).

10



2.4. Neumann’s boundary condition

Let us consider a connected domain V' C R3, whose boundary 0V is a Lipschitz continuous
2D manifold (i.e., 9V is locally the graph of a Lipschitz function). Then Neumann’s boundary
condition of the Helmholtz equation [Eq. (2)] states that

0¢(x)

where OV denotes the boundary surface of V', and %(w) denotes partial differentiation in the

direction of the outward normal n(x) to this surface at . When the domain V' is bounded,
the Laplace operator is self-adjoint, and the set of its eigenfunctions, which are the solutions
to the Helmholtz equation [Eq. (2))] under the boundary condition in Eq. (11]), is discrete and
forms an orthonormal basis of the Hilbert space L*(V'). In room acoustics, Eq. models
the reflection of sound waves by hard (or rigid) surfaces, which reflect the wave without
absorbing any energy (Kuttruff, 2014, Chap. 3).

3. Semi-ergodic billiards

In this section, the three classes of semi-ergodic billiards mentioned in Sec. [1| are char-
acterized mathematically. In the definitions that follow, (x(t), v(t)) € V x §(0, 1) denotes
the value in the phase space, at time t > 0, of the ray trajectory that starts at initial po-
sition (0) = & € V and initial direction v(0) = v € §(0,1). In addition, o(.|]v) denotes a
probability measure over §(0, 1), which will be referred to as the directional measure.

Definition 1 (Semi-ergodic billiards). A classical billiard is semi-ergodic if and only if, for

almost every ray trajectory and for any continuous function v defined on the phase space
V xS8(0,1),

limy oo+ fy (@1, 0(0) dt = [, 501 fyer (¥ w) % do(ulv). (12)

Definition 2 (Weak semi-mixing billiards). A classical billiard is weak semi-mixing if and
only if, for any continuous function v and measurable function ¢ defined on the phase space
V x8(0,1),

. T
limp_, o % fo erS(O,l) f:ceV

(9@ 0(0) = [yesion Jyer ¥y w) fdo(ulv) ) o, v) 4 512t = 0.

(13)

Definition 3 (Strong semi-mixing billiards). A classical billiard is strong semi-mixing (or
semi-mixing) if and only if, for any continuous function 1 and measurable function ¢ defined
on the phase space V x §(0,1),

e ooy Jucy (@ (1), v()b(2, v) 22 550
X dS(v
= vaS(O,l) (quS(O,l) fyev U(y,u) %da(uh})) waV ¢(z,v) % 4; g
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Note that all strong semi-mixing billiards are weak semi-mixing, and all weak semi-
mixing billiards are semi-ergodic. When the directional measure is isotropic (i.e., do(u|v) =
= dS(u) Vv € §(0,1)), we retrieve the usual definitions of ergodic, weak mixing, and strong
mixing billiards, respectively. Let us now investigate the classical properties of semi-ergodic
billiards introduced in Definition . Equation shows that the configuration space V'
and the momentum space S(0, 1) are explored independently by almost every ray trajectory.
Moreover, V' is explored uniformly over time, and S§(0, 1) is explored according to the prob-
ability measure o. More precisely, if v = v(0) is the initial direction of the ray trajectory,
then over time t the ray explores the directions u € S(0,1) according to the probability
measure do(u|v). As previously mentioned, ergodic billiards correspond to the particular
case do(u|v) = 1=dS(u) Vv € §(0,1) (see Remark , whereas special polyhedra are charac-
terized by a discrete directional measure do(u|v) on S(0, 1), whose support contains v (the
example of the 2D rectangular billiard is illustrated in Fig. ; see Remark . The aim of
the following developments is to express the directional measure ¢ in closed form, based on

Eq. (12).

Figure 1: Example of ray trajectory in the classical rectangular billiard. The discrete directional measure o
assigns the same weight to the four directions taken by the ray trajectory, including v(0). The trajectory is
interrupted after six reflections to avoid overloading the figure, but after that it will explore space uniformly
over time.

First, if we focus on the direction set S(0,1) independently of the physical space V,
Eq. implies that for almost every ray trajectory (x(t), v(t)) € V x §(0,1), for any
continuous function ¢ defined on S(0, 1),

1 T
lim — v(t))dt = u) do(ulv),
F o= [ dotuly (15)

T—+oco

where v = v(0) is the initial direction of the ray trajectory. Let us now focus on the particular
case of special polyhedra. In |[Badeaul (2025c, Sec. IT), we introduced these polyhedra, which
include the rectangular cuboid, as a particular class of billiards that are integrable in the
sense of Arnold’s theorem (Arnold and Avez|, [1989). More precisely, in Badeaul (2025c, Sec.
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IT), these billiards were characterized as the finite set of polyhedra V' that strictly tessellate
space, which means that R® = U;czV;, where all V} are isometric to V, and are obtained by
reflecting V' across its boundary faces. Furthermore, the planes that contain the boundary
faces of each V; have empty intersection with the interior of Vj, for all j and k. To get a clear
view of this geometric property of the special polyhedra, which is related to mathematical
crystallography, we refer the reader to [Badeau (2025c, Fig. 2). In two dimensions, the
particular case of the hemiequilateral triangle is illustrated in Fig. [2| where the original
polygon V' is painted green, and its reflections V; are left empty. Then, considering the strict
tessellation of R? by the infinitely many images of V' through successive reflections, it is
clear that any ray trajectory that undergoes successive specular reflections over the billiard’s
boundary can equivalently be represented by considering a straight half-line crossing R? (red
arrow in Fig . Therefore, the average of function ¢ that is expressed in the left member
of Eq. is equivalently obtained as the average of the various images of i) under the
finite point group of isometries generated by the reflections through all faces of V', which
is expressed by the integral w.r.t. a discrete directional measure ¢ in the right member of
Eq. (17]), whose support contains the initial direction v = v(0) (small black arrow in Fig. 2)).
This average, as a function of v, is thus invariant under this finite point group of isometries.

N\

N\

VNN
ALY
LA
</

Wl
</

I\l\

Figure 2: Strict space tessellation by the hemiequilateral triangle. The original polygon V is painted green,
and its reflections V; are left empty. The original position x(0) [resp. direction v(0)] of the ray trajectory
is represented by the small black disk (resp. small black arrow). The meanings of the blue disk and blue
arrow, as well as the red arrow, are explained in Remark [6]

Actually, the same process occurs in all ergodic billiards: the average of function v that is
expressed in the left member of Eq. is equivalently obtained as the average of the various
images of ¢) under all isometries, which is characterized by the uniform measure do(u|v) =
+dS(u) Vv € §(0,1) in the right member of this equation (see Remark . This average is
thus isotropic, i.e., completely independent of the initial direction v = v(0).
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Since the special polyhedra on the first hand, and the ergodic billiards on the other hand,
form two extreme cases in the class of semi-ergodic billiards (the former produce the most
anisotropic wave fields, while the latter result in complete isotropy), we will admit that in the
general case, the average of function ¢ in the left member of Eq. can still be equivalently
obtained by averaging iteratively reflected versions of v, making this average, as a function
of v, invariant under the reflections through all 2D subspaces tangent to V.

In Appendix the directional measure o is characterized as follows. For
all [ € N, let Y; denote the (2] + 1)-dimensional column vector of coefficients Y ,,,, where
Vm e {—1l,...,1}, Y, denotes the real spherical harmonic of degree [ and order m (Courant
and Hilbert| 2004)P] Then VI € N, let A; be the (21 + 1) x (2] + 1) real symmetric positive
semidefinite matrix

A= o (T (fucson YY1 (u = 2(n(s)Tuin(s) " dS(u)) )as(s),  (16)

where I denotes the identity matrix. Then Vo € §(0, 1), the directional measure o(S|v) of
any measurable subset S of the unit sphere S§(0, 1) is expressed as

o(Sjv) = lim or(u,v)dS(u), (17)

where VL € N,
L
UL(ua ’U) = Z Yl(v)TProjKer(Al)Yl (’Ll,) (18)
=0

Since the series expansion over spherical harmonics in Eq. is truncated to degree L,
u — o (u,v) can be interpreted as a smooth density function over S(0,1), which can be
equivalently obtained by smoothing the (possibly discrete) directional measure o defined in
Eq. , over the set of unit direction vectors u € §(0,1).

It is important to note that the density function o (u,v) in Eq. explicitly depends
on the room geometry through the projections Projk4,), since the definition of matrix A;
in Eq. involves an integral over the boundary surface 9V and its outward normal vectors.
Consequently, the directional measure o in Eq. also depends on the room geometry.

Remark 1 (Properties of function o and measure o). Let us first investigate a few properties
of the bivariate function op(w,v) introduced in Eq. (18). First, op(u,v) is a real-valued ana-
lytic function of w and v, since the spherical harmonics are analytic functions. Moreover, it is
symmetric (i.e., op(v,u) = or(u,v)), and such that op(u,w) > 0. In addition, the parity of
the spherical harmonics implies that o (—u, —v) = or(u,v). When L — +o00, o introduced
in Eq. is indeed a measure, i.e., o(S|lv) >0 VS C §(0, 1)E| Finally, note that for 1 =0,
the 1x1 matriz Ay is zero, therefore Projye,a,) = 1, whereas VI > 0, quS(O,I) Y (u)dS(u) =

0. This implies that Vv € §(0,1), o (S(0,1)|v) = fueS(O,l) Y3 dS(u) = 1, and in the same

2Note that all formulas in Sec. [3{are independent of the choice of a particular spherical coordinate system.
l-

3This is a consequence of Egs. (A.6) and (A.15) in Appendix [Appendix Al
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way, YL € N, [, es(0.1) L (u,v) dS(u) = 1. Therefore, the directional measure o and the

smooth density function or, sum to one on §(0, 1), like a probability measure and a probability
density function, respectively.

Remark 2 (Ergodic billiards). In the particular case of ergodic billiards, matriz A; is non-
singular ¥l > 0, therefore Ker(A;) = {0}. Then Egs. and yield Yu,v € §(0,1),

do(ulv) = Y5, dS(u) = 1= dS(u). (19)

Remark 3 (Special polyhedra). In the case of special polyhedra, Egs. and are
equivalent to
o(ulv) = 5 > dson(u.Qu),
QeDnh

where 0s(o,1) denotes the Dirac distribution on the unit sphere, and Dy, is the finite dihedral
point group of isometries Q generated by all the reflections through the polyhedron’s facefﬂ

In particular, we note that, depending on the domain’s geometry, the directional mea-
sure ¢ introduced in Eq. may or may not admit a continuous density w.r.t. the spherical
measure.

The following remark is proved in Appendix [Appendix Al

Remark 4 (Parity of function o). For almost every s € OV, for any function ¢ defined
on §(0,1), we can write

Jueson V(@) or (u,n(s) dS(w) = [, 501 L5 01 (u,n(s)) dS(w). (20)

This property will allow us, everywhere in Appendix to replace any function
Y that is integrated w.r.t. the measure or (u,n(s))dS(uw) by the symmetrized function

Y(w)+y(—u) . oo .
===, without modifying the value of the integral.

Remark 5 (Restriction to spherical harmonics of even degree). Following Remark|4, every-

where in Sec. we will consider v = n(s) and symmetrized functions M, which
are even. Consequently, the spherical harmonics Y, ,(u) of odd degree I, which are odd func-
tions of w, vanish in the last integral of Eq. . This property makes it possible to consider
only the spherical harmonics of even degree when computing such integrals numerically.

4. Fundamentals of the statistical wave field theory

4.1. Wigner distribution

In Sec. |5, we will consider a random process q(x, o, t) that is equal to the causal source
response p(x, T, t) introduced in Sec. for t > 0 [see Eq. ] In signal processing, the

4In Badeau (2025c), we were able to reduce the average over the dihedral point group D, to a simpler
average over the cyclic crystallographic point group C,,, because the underlying vector v was an outward
normal to the boundary surface, which implies additional symmetries, as explained in Remark @

15



standard tool for characterizing the second-order statistics of a random process is the Wigner
distribution (Cohen) 1989)), also known as the Wigner-Ville distribution, which describes how
the power of this random process is distributed in the time-frequency plane. Let

Fq(mla o, Lo, tl; t2) - COV[Q(mla o, tl)? Q($27 Zo, t2)]7 (21)

which denotes the auto-covariance function (ACF) of the random process q(x,xo,t). Its
cross- Wigner distribution Wy is then defined as follows: Va, s, 2o € V, Vf, 1 € R,

Wq<m1aw27m0a f7 t) = / Fq(w17m25m07t + %7t - %) e_QZWdeT' (22)
R

The cross-Wigner distribution W, (1, 2, o, f,t) in Eq. can be interpreted as the co-
variance of the random process ¢ between two positions @, and xs, at fixed frequency f and
time ¢, when the source is located at x.

Note that the definition of the cross-Wigner distribution in Eq. can equivalently be
written as an integral over frequency instead of an integral over time:

Wq(wla L2, Lo, f7 t) = fR COV[Z]\($1, Lo, f + g)a Z_Z\(m27 Lo, f - g)] 6+2m€td€a (23)

where q(x, xo, f) is the 1D Fourier transform of ¢(x, xo, t).

In applications, it may be more convenient to consider the cross-Wigner distribution of
the RIR h(x, xo, t) rather than that of the random process ¢(x, xo, t). Since h(x, xo,t) is the
unique causal primitive of p(x, o, t) as explained in Sec. 2.1 and since g(x, zo,t) is equal
to p(x, o, t) for all t > 0, we get

t
Wt > 0, h(z, zo,t) _/ o, o, 7)dr. (24)
0

From now on, the support of h(x,xq,t) will be extended to negative times by applying
Eq. to all ¢ € R. Then, since ¢(x,xo, ) is the time derivative of h(x,xo,t), we get

q(x, o, f) = zwaﬁ(w,a:o, f), thus Eq. yields

52 ~ ~

Wq(wb L2, Lo, fv t) = 47T2 fR(f2 - Z) COV[h(CUl, Lo, f + g), h(.’BQ, Lo, f — %)] 6+2m—§td§.

By applying the definition of the cross-Wigner distribution in Eq. to h(x, xo,t) instead
of q(x,xo,t), we thus finally get the general relationship between W,(x1, z2, o, f,t) and
Wh(xla T2, L, f7 t)a

Wq(wl,wg,wo,f, t) = <47T2f2 -+ ig—;) Wh(w17w2>w07f7 t) (25)

4.2. Mathematical assumptions

The statistical wave field theory relies on three mathematical assumptions:
e Assumption 1: the source’s position is a random variable uniformly distributed in V;
e Assumption 2: the frequency f (or equivalently the wave number k) is large;
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e Assumption 3: the mean and covariances of the B-function are stationary (in the

particular case of Neumann’s boundary condition).

The first assumption turns the source response p(x, &g, t) introduced in Eq. and the B-
function B(y, o) introduced in Eq. (9)) into random processes. InBadeau/ (2024) and Badeau
(2025Db)), this assumption was presented as a consequence of the mixing property. Yet, in
the case of special polyhedra, which are neither mixing nor ergodic, we showed in |Badeau
(2025¢) that sticking to this assumption just results in smoothing the spectral measure of
the stationary B-function in the wave vector space, which is consistent with the second
and third assumptions. In other respects, assuming that the B-function is stationary (third
assumption) amounts to assuming that the receiver’s position is uniformly distributed in
the room. Then, due to the acoustic reciprocity principle, this assumption also amounts to
assuming that the source’s position is uniformly distributed in the room.

The second assumption makes it possible to approximate wave propagation by considering
the trajectory of rays, and thus to use the mathematical framework of the dynamical billiard
theory, as already explained in Sec. [I More precisely, we consider the same semiclassical
approximation as in Balian and Bloch| (1970)) and [Sieber et al.| (1995). In |Badeau| (2024))
and |Badeau (2025b)), this assumption permitted us to apply spectral smoothing, i.e., to
approximate the discrete modal distribution by a smooth modal density, and to consider
asymptotic expansions of various functions of the frequency, including the modal density.
In addition, this assumption permits us to locally approximate a possibly curved boundary
surface by its tangent plane, as we already did in Badeau| (2024]).

Last, the third assumption implies that the wave field statistics are independent of the
receiver’s position. As explained in Sec. [1} this assumption is consistent with the semi-
mixing property introduced in Definition [3] provided that the spectral measure is sufficiently
smoothed in the wave vector space. Mathematically, in the case of Neumann’s boundary
condition, we will thus assume that the B-function is a real WSS random process, which
means that both its mean pup = E[B(y, x¢)] and its covariances cov|[B(y + z, o), B(y, )]
are well-defined and do not depend on y. Its stationary first and second order statistics are

then characterized by the mean up = A = ﬁ (as proved in Badeau| (2024, Sec. IV D 1)),
the ACF I'p(z) = cov[B(y + 2z, %), B(y, xo)], and its 3D Fourier transform, the anisotropic

spectral measure fB(IC), whose closed-form expression will be established in Appendix

5. Special statistical wave field theory

In the case of Neumann’s boundary condition, the B-function is WSS, as explained in
Sec. [1.2] so the room response p(x, o, t) to a punctual source is WSS over both space and
time, and it can be decomposed onto the set of plane waves 2™ '@ cos(2mc||k||ot) for all
wave vectors k € R? [Egs. and ] Then the purpose of the special statistical wave
field theory is to calculate the spectral measure I'p(K) [Eq. ([29)], which can be interpreted
as the power distribution of the plane waves in this decomposition.
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5.1. Asymptotic expansion of the spectral measure

Based on the mathematical developments in Appendix at finite degree L of
the series expansion over spherical harmonics, the B-function is a WSS random process of
mean g = A and of power spectrum

Pok) = A1+ 3 [ocor (Sucson 0 (uTh) o1(w,n(s)) dS(u) )dS(s) ). (26)

where o (u, v) was defined in Eq. . In Appendix [Appendix B| it is shown that T L(k) is

an analytic function of k on R*\{0}.
Then the spectral representation theorem (Theorem 8.4.IV in [Daley and Vere-Jones
(2003, Chap. 8)) shows that the random process B(y, ) can be represented asﬂ:

By, zo) = A+ / Ak W20 (K), (27)

keR3

where By is a centered complex random measure with uncorrelated increments dB (k) on R3,
which is Hermitian symmetric w.r.t. k, such that for any Borel set K C R3,

E {(EL(IC)>T — 0andE UéL(/C) 1 _ /kEICfL(kz)dk. (28)

Finally, when L — 400, the sequence of analytic functions fL(k:) defined in Eq.

converges in the sense of distributions to a spectral measure r 5 on R3, which is defined as
VK C R3,

T500) = fuae N1+ 2 Jacov (fucsion 0 (k) do(uln(s)))dS(s))ak, — (29)

where the directional measure o was expressed in Eq. . As explained in Remarks [2|and ,
Eq. encompasses both particular cases of mixing billiards and of special polyhedra since
it generalizes the closed-form expressions of the spectral measure in Badeau| (2025¢, Secs. V B
and VII).

5.2. Green’s function

Substituting Eqgs. and into Eq. leads to the following spectral representation
of the Green’s function:

2rk " (@—wxo)

dBy(k), (30)

(&
G(x,xg, k) = pa(k +/
@@o, k) =)+ | e RE =)

where

(31)

T ArkY

5Note that the source position xg is subtracted from y in Eq. . This adjustment makes this equation
independent of the choice of the origin of space, and respects the acoustic reciprocity principle: Eq.
would be unchange