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Abstract—Constant Modulus Algorithm (CMA) in dual-
polarization optical coherent transmission is revisited for optical
access. We introduce a refined CMA, exhibit singularity-free
operation up to 5 ps/km’® polarization mode dispersion in
32GBaud-QPSK system and suggest new ideas.

Index Terms—Constant modulus algorithm, coherent detec-
tion, polarization mode dispersion, polarization division multi-
plexing, optical access

[. INTRODUCTION

The use of multi-dimensional modulation formats such
as Quadrature Phase Shift Keying (QPSK) exploiting the
possible degrees of freedom of a light wave (i.e. in-phase
and quadrature components along two polarization tributaries)
and coherent detection optimizes the capacity of optical trans-
mission systems [1]. Recently, this has attracted attention for
optical access networks [2], [3]. Moreover, the use of digital
signal processing (DSP) alongside coherent detection enables
digital equalization of static and dynamic impairments such as
chromatic dispersion (CD) and polarization mode dispersion
(PMD) respectively by means of digital filters [4]. Dynamic
impairments require the use of adaptive equalizers that track
the time variation of the channel and update the equalizers’ fil-
ter coefficients accordingly. A well-known adaptive equalizer
is the multiple input multiple output CMA equalizer [S]-[7].
Dealing with optical fibre transmission, the CMA performs
polarization demultiplexing while also compensating for PMD
[8]-[11]. However, the polarization demultiplexing capability
of the CMA is not perfect and the two polarization outputs of
the equalizer sometimes converge toward the same input po-
larization signal, missing the second one. This is the so-called
singularity issue of the CMA [8]. Various techniques have
been proposed to mitigate this issue as in [12] or specifically
in [9] where a constraint against multi-user (MU) correlation

is added to the CMA. However, the relationships between
the MU-CMA and the channel parameters for singularity
avoidance have not been explicitly provided while degrees
of freedom that MU-CMA parameters offer have not been
fully investigated neither, which we also propose to exploit by
introducing amended algorithm: Correlation Avoidance (CA)-
CMA. Then, the objective of this paper is to derive and
establish these relationships and also analyse the robustness
of the algorithms to varying polarization states over a wide
PMD range.

In the following, Section II describes the system and the
methodology we adopted, Section III introduces the channel
model focusing on the PMD and the equalizer. At last,
simulations results are presented and discussed in Section IV.

II. SYSTEM DESCRIPTION AND METHODOLOGY

Focusing on the polarization tributaries, the system block
diagram that represents the optical coherent system is shown in
Fig. 1. A laser in C-band (1550 nm) is split by the polarization
beam splitter (PBS) into two orthogonal signals x; and xo
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Fig. 1. Block diagram of Dual-polarization optical coherent system



cach being modulated by two independent randomly generated
data sequences through an in-phase/quadrature (I/Q) modula-
tor. Then, x; and x5 are polarization multiplexed back by the
polarization beam combiner (PBC) and propagated through a
standard single mode fibre of 20 km length, typical of optical
access. The impairments taken into account are the attenu-
ation (0.2 dB/km), the chromatic dispersion (17 ps/nm/km)
and PMD. Differently from core or metropolitan networks,
optical access networks can suffer from high environmental
constraints (e.g. aerial fibres) and ageing so the mean PMD
can vary over a wide range from link to link and for a given
link from time to time. Values ranging from 0.05 ps/v/km up
to 1.45 ps/v/km have been reported [13]. Given a Maxwellian
probability distribution function for the PMD, an outage
probability of 10~7 which corresponds to an outage of 3s per
year, it leads to realizations of the PMD that can be as high
as 8.7 ps/v/km. We apply the effects due to attenuation and
chromatic dispersion to the polarization division multiplexed
(PDM) signal. Then the polarization rotation mixing effects
due to birefringent phase shift, and differential group delay are
applied to the orthogonal signals after which they are again
multiplexed by another PBC. A single birefringent element is
considered. This permits analysis of specific polarization states
and corner cases that lead to singularities. At the receiver,
two PBSs split the PDM received signal and a local oscillator
(LO) signal at the same wavelength. These split signals are
respectively mixed in two 90° optical hybrids to recover the in-
phase and quadrature on both polarization axes. The recovered
in-phase and quadrature are then passed on to the digital signal
processing (DSP) block. Then, a group velocity dispersion
compensation stage mitigates chromatic dispersion. Next, the
adaptive fractionally spaced equalizer compensates for the
PMD and performs polarization de-multiplexing. Follows car-
rier phase estimation to mitigate both transmitter and LO phase
noise. At last, hard-decision on the transmitted symbols and
bit error rate (BER) calculation are performed.

The I/Q transmitted sequences are generated using over-
sampling ratio of 8, and electronically filtered using Raised
Cosine filter balanced at the transmitter and the receiver sides.
The 1/Q sequences are downsampled to 2 samples per symbol
before DSP at the receiver. Additive White Gaussian noise is
introduced to achieve typical BER of 1074,

III. CHANNEL MODEL
A. PMD Channel Model

With CD already compensated, the remaining PMD is mod-
elled by a unique birefringence element i.e., in the frequency
domain as a product of a rotation matrix R(6), a differential
group delay (DGD) matrix DGD(7), a birefringent phase
shift matrix B(¢), and an inverse rotation matrix R(—0):

R = [l 0T B =
DGD(r) — {ejmm

0 S
0 e‘j“’T/Q} ,with j = v —1.

The combined channel cffect Hppnip can be written as
Hpmp = R(0)B(¢)DGD(7)R(—6) 1)
and the matrix multiplication (1) can be simplified to

Jsin() sin(26)
cos(x) — 7 sin(x) cos(20)
2

cos(x) + J sin(x) cos(20)
j sin(x) sin(26)

with x = (w7 + ¢)/2.
The signal received into the equalizer is impaired by Hpnp
and noise N(w) and given, in frequency domain, as

Y(w) = HPMDX(LU) + N((JJ) 3)

with Y (w) = [Y1(w), Y2(w)]", X(w) = [X1(w), X2 (w)]"
and N(w) = [Ny (w), Na(w)]%.
Resulting time domain expression for the received signal is:

yi(t) = x1(t + g)ef%cos2(9)+xl(t - g)e—a‘%sm?(e)
+ [(xa(t + g)ej% — Xa(t — g)e—i%')/z] sin(20) + n1 (t)
ya(t) = x2(t + g)en‘%sm?(e)ﬂz(t - g)e—j%cos%e)

)e™9%) /2] 5in(26) + na(t)
)

+ [(x1(t + %)ej% —xq(t — z

[\V]

B. CMA, MU-CMA and CA-CMA Equalizers

Focusing on the polarization degree of freedom of the
signal, the butterfly structure of the CMA equalizer can be
represented as shown in Fig. 2. The vectors y; and y» denote
the fractionally-spaced polarization discrete signals impaired
by PMD and noise. They are filtered by four finite impulse
response filters (FIR) f,4, p,¢ € {1,2} corresponding to
four channels resulting from the different polarisation mix-
ing combinations. f,, FIR are of length L cach including
fractional spacing. z; and 2 corresponds to the two output
polarization signals. Packing the polarization tributaries into
vectors and the f,, into matrix f, one can write at symbol
period k, z(k) = fT(k)y(k), its complex conjugate being
2(k) = ET(k)y ().

CMA pertains to gradient descent algorithms that aims at
minimizing a cost function J(f) according to f. Denoting
J(f(k)) as J(f, k), the update equation for the FIR coefficients
f is:

£k + 1) = £(k) — uVy 1T (£, ), 5)

where p is the step-size and V3 is the operator whose
coefficients can be expressed as 29/0f.

n[ 5, -o—n

Fig. 2. CMA butterfly equalizer structure



The CMA as proposed by [5] utilizes a cost function .J(f)
given by (6), which aims at minimizing the expectation of the
deviation of the squared modulus of the signal from unity.

Jowa(®) =E[(:7 -] =E[z-1"]  ©

However, in a PDM context, the polarization impairments
as PMD induce correlations between the input signals which
lcads to CMA singularitics [8]—[11]. Hence, if these correla-
tions are penalized, the equalizer can be made more robust
against singularities. This is the reasoning followed by [9]
adding a cross-correlations constraint to J(f) that becomes:

Jvu-cma (f) = Jema (f) + Jea(f)

with Jca f)

> thq(é ¢

P,q;p7#q 6=01

where 7,4(0) = E[2,(k)Zq(k — )] is the expectation of the
cross-correlations between equalizer polarization outputs p
and ¢ (p, ¢ € {1,2}) at k, § being the correlation lag that
permits to embrace the maximum DGD. The constraint on the
cross-correlations is introduced by their square modulus since
otherwise, being either positive or negative they could cancel
out each other, thus reducing the strength of the constraint.
The update equations (5) now becomes:

0.Jq f k)  OJcalf,k
R e
pq Pq

with

M =2E [(\Zp(k?)|2 — 1)zp(k)yq(k)] )
Of g

and

dJea(f Z Z ron(8) E [20(k — ) ¥,(k)] . (10)
aqu n¢15 51
n#p

Plugging (9) and (10) into (8) provides the individual filter
tap update equations with both CMA and CA contributions:

fpq (K + 1) = fyq () — 2042 [ (12 (k)" = 1)z ()7, (K)
2 6
+ D Elz(k)Z(k —6)] E [za(k —6) 7,(k)]}. (1)
n=14§=46
n#p
Often, E[.] that applies to the CMA contribution is omitted
in the literature. One reason might be that it is not implemented
since, as the iteration process progresses, the information from
the past samples are propagated into the update equations
which mimic an averaging over a sliding window. Thus,
without additional complexity, random fluctuations of the
channel as the alphabet modulation or the intensity noise
are sufficiently filtered out. We have tested this assumption
by comparing results obtained with and without an explicit
averaging over sliding windows and we have been able to
confirm this inference. Hence, we do not account for it either.

Conversely, considering the cross-correlation contribution that
is PMD dependent, the averaging operation has a deep impact
on the proper convergence of the algorithm as shown and
discussed in the following of the paper. Thus, here, E[.] is
implemented using a uniform averaging over the most recent
w symbols as introduced in (12).

Dealing with the correlation lag J, the symmetric interplay
of the polarizations suggests considering values centered at
zero. In that case, the property of the discrete cross-correlation
Tpg(0) = rgp(—0) allows to reduce the summation over ¢ to
the positive integers while doubling related cross-correlation
contributions. Then, also doubling the contribution at § = 0
and making ¢/ = 4 leads to update equations similar to [9].
This is not the way we have followed, implementing strictly
the cross-correlation over [—ds, d2].

Finally, comes an original set of coefficients update equa-
tions used in the remaining of the paper referred as CA-CMA:

£oq(k+1) = fpq (k) —2p{2(|2, (K | _1)Zp(k)yq(k)+ !

2 8y k—wHl k—w+1

Z Yo D @z =) Y [eali—0) ¥,
=16=—6y i=k i=k

#p 12)

IV. SIMULATION RESULTS
A. Simulation parameters and results

The aim of the simulation is to verify through the analysis
of the number of singularities n,, the capabilities of the CA-
CMA algorithm against PMD according to the parameters of
the CA-CMA: the number of taps L, the correlation lag Jo,
and the window size, w. To that turn, we subject the CA-
CMA algorithm to polarization states and PMD variations
as listed in table I. We considered 2000 polarization states
uniformly distributed over the Poincaré sphere. Deterministic
PMD values range over 0 to 10 ps/ vkm. In total, this gives
2420 possible combinations of variables. We have considered
proper convergence of the algorithms toward the steady state
once the relative change in the values of the equalizer tap
weights falls down to a given mean absolute error threshold
value th.

Fig. 3 shows the singularity signature m; as a function
of the parameter combinations for CA-CMA with th equals
3x107* and 1072, and for conventional CMA with th equals
to 107°. The periodic pattern is due to the repeated ordering
of the other paramecters for the different PMD values which
make up the parameter combinations. These combinations are
described by the parameter combination index on the X-axis.
Related values of the parameters are displayed in the bottom.
We observe an overall ng variation that remains relatively
consistent across all parameter combinations up to 4 ps/v/km
PMD. Then, it increases to a maximum between parameter
combination indices 1500 and 2000 corresponding to 7 and 8
ps/\/k_m respectively before decreasing toward an average of
50 after 8 ps/v/km. Whereas CMA equalizer never achieves
singularity-free operation, up to 4 ps/\/ﬁ PMD, there are



TABLE I
SIMULATION PARAMETERS

Parameter Value
Modulation format QPSK
Baud rate Rg 32 GBd
Oversampling 2 at the equalizer inputs
Fibre length [ 20 km

Dispersion parameter
PMD realizations

17 ps/nm/km (C-band)
[0: 10] ps/vkm

Theta, 6 [—7/2 : ©/2]
Phi, ¢ [0: 7]
Bit Error Ratio (BER) 10~%

Number of taps of equalizer L
Iterations Stopping criterion th
Step-size p
Correlation lag 02
Correlation window size w

[5,9, 13, 17, 21]
[3x10-%,1077]
0.001
[0: 10]

[10, 20, 30, 40]
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Fig. 3. Singularity signature for CMA, CA-CMA

sets of parameters that guarantee zero singularities using CA-
CMA.

Fig. 4 is a zoom on one spike of Fig. 3, near the parameter
combination index 1000 (ie. 4 ps/vkm PMD) and also
retaining only the combination corresponding to L = 5. The
regions over which the window size w is constant are along the
horizontal dashed lines. CA-CMA with th of 3 x 10~* doesn’t
achieve zero singularity whereas CA-CMA for th equals to
10~° does. While not shown here, lower th have been tested
over the combinations set for both CMA and CA-CMA. It
did not provide any further reduction of ng. Thus, 10~ can
be seen as the optimal threshold. Otherwise, Fig. 4 shows
that n, decrcases as w increases. However, at cach w, two
regions can be identified: a dip at the smallest d5 (0,1), with
few singularities that increasing w can reduce down lo zero
and another region with high ng levels on which, increasing
w has a stronger quenching impact than increasing Js.

So, focusing on &2 lowest values, the impact of d, according
to PMD and the number of taps is shown Fig. 5, for a given
w. For 3 = 0, as already underlined, CA-CMA can ensure
zero singularity up to 4 ps/\/lal at some L. Afterwards, ng
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Fig. 4. Singularity signature of CMA and CA-CMA according to w and 62
at 4 ps/v/km PMD for 5 filter taps.
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Fig. 5. Dependence of singularities on d2 at w = 20 for CA-CMA

increases sharply. For do = 1, although robust against singu-
larities at low PMD, from 0 up to 3 ps/vkm, zero singularity
is not achieved, contrary to the range 3 to 5 ps/vkm. After
5 ps/\/El, ns increases sharply . For 65 = 2, over 0-2 ps/\/ﬁ
the curve levels off before decreasing down to a minimum
shifted by about 2 ps/v/km as compared to the case d; = 1.
Then, it increases again sharply. However, in any case n
is always significantly higher than what is obtained with dy
equals 0 or 1. The curve for do = 3 has similar behaviour but
shifted even further toward the highest PMD values.

Fig. 6 plots the set of parameters leading to zero singularity
i.e. the operating points of CA-CMA. From 0 to 5 ps/x/l?n
PMD, the number of taps 13 allows to cover the overall PMD
range. Here, can also be found the highest density of working
{PMD,w} couples. L equals to 9 and 21 allows to cover PMD
up to 4 ps/ Vvkm, while with L = 5, the algorithm shows
weaker avoidance capability. One can view also that as the
PMD increases the window size should be increased to get at
least one working point. Particularly, a window size of 10 can
only achieve zero singularity in the range of O-1 ps/\/la.
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B. Discussion

Considering PMD mitigation, as seen in Fig. 3 and Fig. 4,
CA-CMA clearly outperforms conventional CMA with respect
to the singularity avoidance capability, enabling singularity-
free operation. A value of d = O allows zero singularities
over 0 to 5 ps/v/km PMD. While in our analysis the PMD
is significantly worse than what is usually considered, and al-
though PMD range explored in [9] is not explicitly mentioned,
our finding gives a value significantly lower than d; = 18
mentioned in [9]. This lower value would enable a significant
reduction of complexity and computation efforts.

Otherwise, as we go deeper into the details, according to
Fig. 5, the dips of the singularity signature corresponding to
the lowest singularity locations, are dependent on both the
value of d; and the PMD. The higher the PMD, the higher the
cross-correlation lag should be: 8y set to 0 up to 5 ps/v/km
PMD, 6, set to 1 over the 5 to 6 ps/\/lal PMD region, etc.
5 ps/\/la PMD corresponds to 22.36 ps time spreading or
71.5% of the symbol time Ty, 5 to 6 ps/v/km corresponds to
71.5% to 86% of T, etc. Further, Fig. 4, shows that beyond
d2 = 2 the increase of do has no impact any more. This is
consistent with the fact that at PMD corresponding to DGD
less than T}, the synchronous samples are sufficient to get
the cross-correlation and build the constraint. Afterwards, do
equals 1 or 2 is necessary but beyond, since even for a PMD
value of 10 ps/v/km the DGD (44.72 ps) is less than 2 symbols,
capturing cross-correlation beyond do = 2 is not relevant.

The issue is that the proper tuning of J, with the PMD does
not work as efficiently as the PMD increases: as observed in
Fig. 5, even at the minimum of the curves, beyond d, = 2, n
never reaches the zero-singularity floor any more. However,
Fig. 4 reveals that the increase of w is able to quench this
increase of ng, including at its minimum. This gives insight
about a relationship between the noise level and the increase
of ns. An interpretation is that increasing the correlation lag o
permits to capture cross-correlations induced with higher DGD
but, still, it captures the contributions at lower o where there
is no signal any more. In this context, a refined scheme can be
envisioned to extend the capability of CA-CMA by selecting
only the cross-correlation in coincidence with the DGD or, in
a more general way, giving higher weight to cross-correlations
that have higher signal-to-noise ratio (SNR).

V. CONCLUSION

Analysing the degrees of freedom CMA and MU-CMA
offer, we have introduced CA-CMA. Using a deterministic
approach, we have then studied the singularity avoidance
capability of CA-CMA according to its parameters over a
wide PMD realization range. In that respect, more explicitly
than what can be found in the literature, we have been
able to exhibit the working points that leads to singularity-
free operation up to 5 ps/vkm PMD corresponding to DGD
up to 22.36 ps in the optical access context. Moreover, the
weaknesses of MU-CMA and CA-CMA that prevent covering
even wider ranges of PMD have been identified and new
ideas have been suggested. Otherwise, as CMA is well suited
for constant envelope modulation, we have studied QPSK
modulation. Of key interest would be to further consider
more advanced modulation formats as Quadrature Amplitude
Modulation.
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