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ABSTRACT

In this paper, we introduce a novel iterative algorithm which carries out a-divergence
minimisation by ensuring a systematic decrease in the a-divergence at each step.
In its most general form, our framework allows us to simultaneously optimise
the weights and components parameters of a given mixture model. Notably, our
approach permits to build on various methods previously proposed for a-divergence
minimisation such as gradient or power descent schemes. Furthermore, we shed
a new light on an integrated Expectation Maximization algorithm. We provide
empirical evidence that our methodology yields improved results, all the while
illustrating the numerical benefits of having introduced some flexibility through the
parameter « of the a-divergence.

1 Introduction

Bayesian inference tasks often induce intractable and hard-to-compute posterior densities which need
to be approximated. Among the class of approximating methods, Variational inference methods (e.g
Variational Bayes [1, 2]) have attracted a lot of attention as they have empirically been shown to be
widely applicable to many high-dimensional machine-learning problems ([3, 4, 5]).

These optimisation-based methods introduce a simpler density family Q and find the best approximation
to the unknown posterior density among this family in terms of a certain divergence, the most common
choice of divergence being the forward Kullback-Leibler divergence ([6, 7]).

However, the forward Kullback-Leibler is known to have some drawbacks: its zero-forcing behavior
typically results in light tails and covariance underestimation ([8]), which could be especially inconve-
nient for multimodal posterior densities in high-dimensional settings when the approximating family O
does not exactly match the posterior density ([9, 10]).

To avoid this hurdle, advances in Variational Inference seeked to employ more general classes of
divergences such as the a-divergence ([11, 12]) and Renyi’s a-divergence ([13, 14]), which have
been used in [15, 16, 17, 18] and [19, 20]. Indeed, thanks to the hyperparameter « these families of
divergences interpolate between the forward (o« — 1) and the reverse (o« — 0) Kullback-Leibler, that
is, they provide a more flexible framework between the zero-forcing property of the case o — 1 and
the mass-covering behavior of the case o — 0 ([8]).
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In the spirit of a-divergence-based methods, we propose in this paper to build a framework for a-
divergence minimisation. The particularity of our work will be that is it amenable to mixture models
optimisation and that it ensures a monotonic decrease in the a-divergence at each step. The paper is
then organised as follows:

e In Section 2, we introduce some notation and we state the optimisation problem we aim at solving in
terms of the targeted density, the approximating density ¢ € Q and the a-divergence.

e In Section 3, we consider the typical Variational Inference case where ¢ belongs to a parametric
family. In this particular case, we state in Theorem 1 conditions which ensure a systematic decrease in
the a-divergence at each step for all « € [0, 1). We then show in Corollary 2 that these conditions are
satisfied for a well-chosen iterative scheme. The formulation of this iterative scheme is particularly
convenient, a fact that we illustrate over several examples. Furthermore, we derive in Corollary 3
additional iterative schemes satisfying the conditions of Theorem 1, which we then use to underline the
links between our approach and gradient descent schemes for a-divergence and Renyi’s a-divergence
minimisation.

e In Section 4, we further extend the results from Section 3 to the more general case of mixture
models. We derive in Theorem 2 and 3 conditions to simultaneously optimise both the weights and the
component parameters of a given mixture model, all the while maintaining the systematic decrease in
the a-divergence initially enjoyed in Theorem 1. These conditions are then met in Corollary 5 and 6, so
that we can derive algorithms that are applicable to a wide range of mixture models. Furthermore, we
connect our approach to the Power Descent algorithm from [20] and provide in Proposition 7 additional
monotonicity results which go beyond the case a € [0, 1). We also apply our results to the particular
case of Gaussian Mixture Models before recovering the Mixture Population Monte Carlo (M-PMC)
algorithm from [21] as a special case.

e Lastly, we show in Section 5 that having enhanced our framework beyond the particular example of
the M-PMC algorithm also has practical benefits when we consider multimodal targets and we provide
numerical experiments to compare our results to those obtained using a typical Adaptive Importance
Sampling algorithm.

2 Notation and optimisation problem

Let (Y, ), v) be a measured space, where v is a o-finite measure on (Y,)’). Assume that we have
access to some observed variables 2 generated from a probabilistic model p(Z2|y) parameterised by a
hidden random variable y € Y that is drawn from a certain prior py. The posterior density of the latent
variable y given the data & is then given by:

_p®,2) _ po(y)p(Z]y)

p(Z) 7))

where the normalisation constant p(2) = ||, po(y)p(2y)v(dy) is called the marginal likelihood or
model evidence and is oftentimes unknown or too costly to compute.

p(y|2)

We denote by P the probability measure on (Y, )) with corresponding density p(-|2) with respect to
v. As for the approximating family, we denote by Q the probability measure on (Y, ))) with associated
density ¢ € Q with respect to v.

We now specify the optimisation problem we consider in this paper in terms of the a-divergence.
We let f, be the convex function on (0, +00) defined by fo(u) = —log(u), f1(u) = ulogu and
falu) = ﬁ [u® — 1] for all @ € R\ {0, 1}. Then, the a-divergence between Q and P (extended

by continuity to the cases & = 0 and o = 1 as for example done in [22]) is given by

Du(@®) = [ gu (S22 ol wtan) <1>
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and the Variational Inference optimisation problem we aim at solving is
inf D P) .
inf D, (QI[P)
Notably, it can easily be proven that the optimisation problem above is equivalent to solving

igg Vo(g;p)  with p(y) =p(y,2) forallyeY, (2)
q

where, for all measurable positive function p on (Y, ) and for all ¢ € Q, we have set

Volg;p) = /Yfa (Zg;) p(y)v(dy) . 3)

As the normalisation constant does not appear anymore in the optimisation problem (2), this formulation
is often preferred in practice. Therefore, we consider the general optimisation problem

inf U.(q;p) , 4
Inf) (a;p) 4)

where p is any measurable positive function on (Y, ))). Note that we may drop the dependency on p in
U, for notational ease and when no ambiguity occurs.

At this stage, we are left with the choice of the approximating family Q appearing in the optimisation
problem (4). The natural idea in Variational Inference and the starting point of our approach is then to
work within a parametric family : letting (T,7") be a measurable space, K : (6, A) — [, k(0,y)v(dy)
be a Markov transition kernel on T x ) with kernel density & defined on T x Y, we consider a
parametric family of the form

O={q:y—k(0,y) : 0T} .

3 Aniterative algorithm for optimising ¥, (k(6,-))

In this section, our goal is to define iterative procedures which optimise ¥, (k(0, -)) with respect to ¢
and which are such that they ensure a systematic decrease in ¥, at each step. For this purpose, we start
by introducing some mild conditions on k, p and v that will be used throughout the paper.

(A1) The density kernel k£ on T x Y, the function p on Y and the o-finite measure v on
(Y,)) satisfy, for all (0,y) € T x Y, k(6,y) >0, p(y) = 0and [, p(y)r(dy) < co.

Let us now construct a sequence (6,,),>1 valued in T such that the sequence (¥, (k(6,,"))n>1 is
decreasing. The core idea of our approach will rely on the following proposition.

Proposition 1. Assume (A1). Forall a € [0,1) and all 0,0’ € T, it holds that

/ «a -«
R e <:((90/’3;))>u(dy)—HI/a(k(G/,-)). )

Proof. We treat the two cases « = 0 and « € (0, 1) separately.

(a) Case o = 0, with fo(u) = —log(u) for all u > 0. This case is immediate since

Walk6.) =~ [ po)ion (G5 ) vian) + Balk@',)
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(b) Case o € (0,1) with fo(u) = ———= [u® — 1] for all u > 0. We have that

ala—1)

() -1

v ala—1)
/ a |(EOy) “
N /y (kf(y)w) [(k:(i)z 1 1} p(y)v(dy) + Vo (k(0',))

Furthermore, the concavity of the log function gives log(u®) < u® — 1 for all w > 0 and since
a € (0,1), we can write

p(y)v(dy)

1
a—1

log(u) = ] log(u®) > fa(u) .

ala—1
Thus,

Y a—1

w0 < [ B0, y)°p(y) " 1og(,f”’yy))u<dy>+wa<kwc~>>

which is exactly (5).

This result then allows us to deduce Theorem 1 below.

Theorem 1. Assume (A1). Let o € [0,1) and starting from an initial 01 € T, let (0,,)n>1 be defined
iteratively such that for all n > 1,

k(0n,y)*p(y)' k(Oni1,y)

Further assume that U, (k(01,-)) < oo. Then, at time n, we have U o (k(0pn41,°)) < Yo (k(On,*)).

Proof. The results follows by setting 8 = 6,1 and 6’ = 6,, in (5) combined with (6). O

At this point, we seek to find iterative schemes satisfying (6). This leads us to our first corollary.

Corollary 2. Assume (A1). Let o« € [0, 1) and starting from an initial 01 € T, let (0,,)n>1 be defined
iteratively as follows

Ou = axgana / k(6 9)°p(y) Lo (k(0,y))w(dy) . n>1. )
€ Y

Then (6) holds and we can apply Theorem 1.

Proof. 'We have that (6) holds by definition of 6,,11 combined with the fact that « € [0, 1) and we can
thus apply Theorem 1. O

Let us comment on Corollary 2. A remarkable aspect is that (7) is written as a maximisation problem
involving the logarithm of the kernel k. This means that we can use (7) to derive simple update rules
for (6,,)n>1 for some notable choices of kernel k, as illustrated in the following examples.

Example 1 (Gaussian distribution). We consider the case of a d-dimensional Gaussian density with
k(0,y) = N(y;m,X) and where 8 = (m, %) € T denotes the mean and covariance matrix of the
Gaussian density. Then, starting from 01 = (mq,31) € T, solving (7) yields the following update
formulas:

m _ fY ki(@n, y)ap(y)liay V(dy)
T k(O y)op(y) o v(dy)

St = fY E(On, y)*p(y) = (y — my) (y — my) Tv(dy)
! Ry (O v)op(y) v (dy)

Vn>1,

4



K. Daudel, R. Douc, F. Roueff March 9, 2021

Example 2 (Student’s distribution). We consider the case of a d-dimensional Student’s density of the
form k(0,y) = T (y;m, %, v), where 0 = (m,X.) € T denotes the mean and covariance matrix of the
Student’s density. Then, starting from 01 = (mq1,%1) € T, solving (7) yields the following update
formulas:

n m fY y)l “ n() V( )

e e s fv P )0
ST O > ()( — ) (y — ma)Tr(dy)
" fy 2(9) =g () (dy) !

where we have set g"(y) = (v +d)/(v + (y — mn)T(Zn)_ (y —my)) forally € Y and alln > 1
Example 3 (Mean field approximation). A generic member of the mean-field variational family is

(8, He E©O OO yO) with g = (0, ..., 00)) € T. Then, starting from 6, € T, solving (7)
ylelds the followmg update formulas: for allm > 1

97(’L+1 = argmax/ E(0,,1)%p(y) = 1og(kD (09, 4O (dy), 1<L<L.
o Jy

Interestingly, while Corollary 2 has a convenient formulation and corresponds to the intuitive choice so
that (6) holds, it is also possible to derive alternative schemes satisfying (6) under additional smoothness
conditions (see Appendix A.1 for the definition of S-smoothness), as written in Corollary 3.

Corollary 3. Assume (A1). Let o € [0, 1), let (7yn)n>1 be valued in (0, 1] and let (¢, )n>1 be a positive
sequence. Starting from an initial 01 € T, let (Gn)n>1 be defined iteratively as follows

0n+1 = gn B vgn(gn) 5 n = 1 5 (8)
where (gn)n>1 is the sequence of functions defined by: foralln > 1 and all® € T
k(0n, y)*p(y)' " k(0,y)
n(0) = cp 1 dy) , 9
(0= o [ SRR s (5 ) v ®

and gy, is assumed to be (3,-smooth. Then (6) holds and we can apply Theorem 1.

Proof. Since 7, € (0,1] and g, is a 8,,-smooth function by assumption, we can apply Lemma 12 and
we obtain that for all n > 1,

4 (0) — gn (on nv9n<en>) > 2 [T )7

p

Thus, by definition of 6,,; in (8), we have
0= gn(en) 2 gn(9n+1) 5

which in turn implies (6) and the proof is concluded. O

Let us now reflect on the implications of Corollary 3. Under common differentiability assumptions, we

can write: forallm > 1andallf € T

Vou ) = 0 | LD G 100 k(0. ).

Then, considering the two cases where ¢, = 1 and ¢, = ([, k(6. %)*p(y)' ~*v(dy))~* at time n, (8)
becomes respectively

« 11—«
Onir =~ 22 | k(e”’i)_pf’) V(log k(0 y))(dy) , n>1 (10)
Yo 1 [ k( )1 "‘V(logk(é’n, ))V(dy)>
Ony1 =0 — o , >1 . 11
+ B, (al fy p(y) v (dy) g (n



K. Daudel, R. Douc, F. Roueff March 9, 2021

Here, letting p(y) = p(y, 2) for all y € Y, the iterative schemes (10) and (11) can both be seen as
usual gradient descent iterations used for a-divergence

Duk@NP) = [~ [(Re2) -] iz

and Renyi’s a-divergence

D0, )) = o [ 0.0)°5(012)"w(a))

ala

minimisation with a learning policy proportional to (7,3, *),>1. Notice that Renyi’s a-divergence is
defined following the convention from [22], alternative definitions may use a different scaling factor.

This establishes the link between our approach and typical gradient descent algorithms for a-divergence
and Renyi’s a-divergence optimisation. Lastly, we give an example where the conditions on (g, )n>1
from Corollary 3 are satisfied.

Example 4. We consider the case of a d-dimensional Gaussian density with k(0,y) = N (y;0,0%14)
where 0 € T = R? and 0% > 0 is assumed to be fixed. Then g, as defined in (9) with ¢, =
(S kO, y)py)~v(dy)) =" is convex and under usual differentiability assumptions

a2 [k y)1 *(y — 0)v(dy)
a—1 fY *p(y)t—ev(dy)

so that by setting 3, = 0~ 2(1 — a)~! and by denoting by ||.|| the Euclidean norm, we can write for
all0,0 € Tandalln > 1

Vgn(e) -

IV (0) = Vgn (0] < Ball0 — '] -
Hence, the conditions on (gp)n>1 from Corollary 3 are satisfied and we obtain the iterative scheme
given by: foralln > 1
fy na y y)l—a(y - en) (dy)
Sy K y)1 *v(dy)

o fy y y)1 * y v(dy)
=1 =)0+ fy 0, )P (y) v (dy)

9n+1 = en +

The examples we have provided throughout the section underline the benefits of the approach we
used in Theorem 1. However, the class of mixture models, which comes across as a very general and
flexible parametric family, has yet to be included in our framework. In the next section we extend the
monotonicity property to the case of mixture models.

4 Extension to mixture models

In order to generalise the approach of Section 3 to mixture models, let us first define the class of mixture
models we are going to be working with. Given J € N*, we introduce the simplex of R”:

J
Sy=4A=0,...., A0 eR) 1 Vje{l,....J}, \;>0and Y N=1p,

and we also define ST = {A €S, : Vj e {l,...,J}, A\; > 0}. The Dirac measure on (T, 7) is
denoted by J5 where § € T. Now using the notation © = (01,...,0;) € T/ and px o = Z}']:1 Ajdg,
for A € S; and for all © € T, we are interested in the mixture model approximating family given by

Q=1{q:y— pxek(y Z)\k iy) t A€S;,0eT/
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that is, we consider the optimisation problem

inf v, ok;p) ,
AES;,0€eTI (,u)\p p)

where p is any measurable positive function on (Y, ). Notice in particular that the framework from

Section 3 corresponds to having taken J = 1 in the optimisation problem above. Let us next denote

An = (Ajn)igics and ©,, = (6,.,)1<j<s for all n > 1. For convenience, we also introduce the
: J

shorthand notation p,, = > =1 Ajn9p;, and

AP ) = k(850 ) (’“‘pfy()y)) . (12)

fora € [0,1),allj=1...J,alln > 1andally € Y. The first step towards extending the approach of
Section 3 to the case of mixture models is to generalise Proposition 1, which brings us to Proposition 4
below.

Proposition 4. Assume (A1). For all o € [0,1) and all (X, ©), (X',0') € ST x T7, it holds that

J N K (07, px ok(y) ot A k(0;,y)
alirek) < / Ozfl ( p(y) ) log</\,’jk(9}7y) V(dy)

+ Valun k). (13)

Furthermore, equality holds in (13) if and only for all j = 1...J, X\;jk(0;,y) = N;k(0},y) for
v-almostall y €Y.

Proof. By convexity of f,, Jensen’s inequality implies

T Nk(0;,y
\I'a(/u,ek)=/yfa <Z()> p(y)v(dy)

(y)
/ - Zz 1)\1 02’ Zz/\/lkx(?;;(e) ") pidy)
3 /\/ / ) ( Y) B, ok(y)
/ 0% @fk < J( ﬁy) () )p(y)V(dy) . (14)

We now treat the two cases o« = 0 and @ € (0, 1) separately.

(a) Case o = 0, with fo(u) = —log(w) for all w > 0. In this case, (14) yields

J
Valpn.oh) < [ 320 x 0 (;’;gzg;) V()
= RN L

1 ok(y)
/ J ;;\; @,Ik d x {k’g <lw>]p(y)l/(dy)

which is exactly (13) since forall y € Y, ZJ L NSE(0,y) ar o k(y) =1
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(b) Case o € (0,1) with f,(u) = a(o}q) [u® — 1] for all w > 0. In this setting, (14) gives
Bar otk T k(0,5 \ "
o(x,ek) < / - Xk ) ( — ) {(ﬁk(eg’y)) - 1} p(y)v(dy)
e @,k ala—1)

p(y)v(dy)

5 e >[<L;x<y>>u]

1 HX, e/k ala—1)
"k / ’k - /\j k(ej’y)
/Z)‘ ( -8 ) Ja (A;k(@;,y)) v(dy)

+/Y (MA ?'/)f(y)> p(y)v(dy) | (15)

where we have used that forall y € Y, ijl N;k(05,y)/1ar o k(y) = 1. Furthermore, recall from

the proof of Proposition 4 that the concavity of the log function gives log(u®) < u® — 1 for all u > 0

and since « € (0, 1), we can write
1

a—1

log(u) = S ToB(u%) > o).

ala—1

Thus, combining with (15) we deduce

J / / a—1
Nk (0%, y) (i ok(y) Aj k(05,9)
=lmnok) < / a1 ( p(y) ) 8\ 3 k(@) ) V) Vel o)

which establishes (13) for « € (0, 1).

As for the case of equality, equality in (13) implies equality in (14) which in turn by strict convexity of
fo implies the desired result and concludes the proof of Proposition 4. O

We can then state our second main theorem.

Theorem 2. Assume (A1). Let o € [0,1) and starting from an initial parameter set (A1,01) €
S}r x T7, let (A, ©,)n>1 be defined iteratively such that for all n > 1,

J ’Ynoz(y) )\'nJrl
/Z)‘jv" ~ log < 2 ) v(dy) <0 (16)
Y =1 a—1 Ajm
J
rynoz(y) k(e'n+1 y)
Aip—L 10g< ST v(dy) <0. (17)
/Y; Ma—1 k(0j,nsy) ()

Further assume that U, (u1k) < oc. Then, at time n, we have Vo, (fin11k) < Vg (unk).

Proof. The results follows immediately by setting § = 6,,11 and ¢ = 0,, in (13) combined with (16)
and (17). O]

We now plan on finding iterative schemes which satisfy (16) and (17). Strikingly, (16) does not depend
on ©,,11 nor does (17) depend on A, ;1. This means that we can treat these two inequalities separately
and thus that the weights and component parameters of the mixture can be optimised simultaneously.

Observe also that the dependency in A ,, 41 appearing in (16) is simpler than the dependency in 6,1
appearing in (17) and that is expressed through the kernel k£ . For this reason, we will first study
(16). As we shall see, while the natural idea is to perform direct optimisation of the left-hand side of
(16), a more general expression for the mixture weights can be derived, which will lead to numerical
advantages later illustrated in Section 5.
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4.1 Choice of (A\;)n>1
In the following theorem, we identify an update formula which satisfies (16), regardless of the choice
of the kernel k.

Theorem 3. Assume (A1). Let o € [0,1), let (n,)n>1 be valued in (0,1] and let k be such that
(o — 1)k > 0. Starting from an initial parameter set (A1, 01) € ST x T7, let (X, ©,,)n>1 be defined
iteratively such that for alln > 1

N [y Ve @v(dy) + (@ — 1)s]™

J e J=1...J (18)
ST A [ M) (dy) + (o = 1)r]

/\j7n+1 =

and (17) is satisfied. Then (16) holds. Further assume that ¥, (u1k) < oo. Then, the two following
assertions hold at iteration n.

(i) We have ¥, (ttn+1k) < Vo (pnk).

(ii) Assuming that either {1, = 1 and k < 0} or {n,, € (0,1)}, we have Y, (fin41k) = Yo (unk)
ifand only if Apy1 = Ay and forall j =1...J, k(0;n+1,y) = k(0n,y) for v-almost all
yev.

Proof. Since (17) is assumed, it remains to show (16) so that we can apply Theorem 2, before
characterising the case of equality. To prove (16), we treat the cases 7, = 1 and 73,, € (0, 1) separately.

(a) Casen, = 1. Since (o — 1)x > 0 with « € (0, 1), we have that

J
KY  Ajnlog(Xj/Ajn) =0
j=1
where we have used that ijl Ajnlog(Ni/Ajn) < ijl Ajn(Aj/Ajn — 1) = 0. In other words, to
obtain (16) in the particular case 1, = 1, it is enough to show

J n J
VoY) Ajunt1 Ajnt1
/Z)\j’na—l log< v, V(dy)—i—fiZ)\jmbg v <0
Y =1 J» j=1 s
that is
! A fY;ﬁa (y) d 1 )\j,n+1 < 1
Zj,n yoz—ll/( y) + k| log Nom <0. 19)

i=1
Notice then that by definition of (\; »+1)1<j<s When 7, = 1, we can write
J

, VoY) by
Apt1 =argmin » A, [/ L7y (dy) + /@] log (j> .
)\ES}' ; J y & — 1 >\j7n

[Indeed, setting 3; = Ajn [ [y ViaW)v(dy) + (a — 1)k] and B; = B;/ ZeJ:1 Beforallj=1...J,
we have that E}'le B;jlog (B;/A;) > 0and that this quantity is minimal when \; = 3; forj =1....J.]
This implies (19) and settles the case 1, = 1.

(b) For the particular case 7, € (0, 1), we will use that for all ¢ > 0 and all u > 0,

log(u) = %log(ue) >1 (1 _ 1) .

€ uc
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Indeed, since fY A/i“_(ly) v(dy) + k <0forall j =1...J, we can then write that for all ¢ > 0,

> [ 2oty + ] (M)
12J:AJ’” [/ chx?”(dy)m} {1_ (/\/\Jn)} oo

j=1 j.n+1

Now notice that by definition of (\; »41)1<; <7 We can write

Ant1 = argmin — Z)‘j " |:/Y vfaif(yl)wdy) - 4 [1 - ()‘;]")6]

aest €=
1
when € satisfies 7,, = %_FE [Indeed setting 8; = Mjn [y ViaW)v(dy) + (o — 1)k] ™ and

= BJ/ZZ (Be forall j = 1...J, we have by convexity of the function u + u!'*¢ that
Z] 1 (Bi/ A )HE > (Zj L Bi)1te and that this quantity is minimal when \; = §; for
j = .J.] We then deduce that taking ¢ = 7,1 — 1 (it is always possible since 7, € (0,1)
by assumptlon) yields

S [ ] ()]

which in turn yields (16) [since combined with (20) it implies (19) which itself implies (16) as seen in
the case 7, = 1]. This settles the case 7,, € (0, 1).

We can thus apply Theorem 2 and we obtain (i). As for the case of equality, Theorem 2 implies that
forallj =1...J, Xjnt1k(0jnt1,Y) = Xjnk(8;.n,y) for v-almost all y € Y. Since ;1 > 0 for all
j=1...J,wealsohave \;, > Oforall j = 1...J under (A1). All that is left to do is thus to prove
that A, 41 = A, sothatforall j =1...J, k(0 nt1,y) = k(8;,,y) for v-almost all y € Y.

Under the assumption that {n,, = 1 and x < 0} equality in (19) implies that

J

£ Y Njnlog(ANjnt1/Ajn) =0
j=1

i.e that A,,11 = A, by strict concavity of the log function. As for the case 7, € (0, 1), equality in (20)
and the strict concavity of the log function implies that A, 1 = A,,, which concludes the proof. [
Notice that as a byproduct of the proof of Theorem 3, the mixture weights update given by (18) can be

rewritten under the form: forall n > 1

An41 = argmin b, (X)
xest

where, setting € = 7, L — 1, we have defined for all A € Sj,
by < oo [ vt o log (35). it =1,
T S e [ 2oy 6] - (32) T e 0.

J

More specifically, h,,(A) acts as an upper bound of the left-hand side of (18) and we recover exactly
the left-hand side of (18) in the particular case 7, = 1 and k = 0.

Now that we have established Theorem 3, we are interested in deriving update formulas for the sequence
(©1)n>1 satisfying (17).

10
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4.2 Choice of (0,,),>1

We investigate three different approaches for choosing (6,,),>1.

4.2.1 A minimisation approach

The first idea is to consider the update for (©,,),,>1 given by: forall n > 1,

©p41 = argmin g, (O)
0cT/

where for all © € S} x T7, g,(0) = [, Z;-]:1 Ajn wi(:(ly) log (klzéfj;y;)) v(dy). In this case, the

full update (A, +1, ©,+1) can be written as the following optimisation problem

(An11,0n41) = argmin  (hy(A) + g, (0))
AeSt,0eT?

and we obtain Corollary 5.

Corollary 5. Assume (A1). Let a € [0,1), let (,)n>1 be valued in (0,1] and let k be such that
(= 1)k > 0. Starting from an initial parameter set (A1, 01) € ST x T7, let (X, ©,,)n>1 be defined
iteratively for all n > 1 by (18) and

O0jn+1 = arengzm/ Via(y)log(k(0;,y))v(dy), j=1...J. (21)
;€ Y

Then (17) holds and we can apply Theorem 3.

Proof. The result follows from the definition of ©,,11 combined with the fact that o € [0,1) and
Ajmn > 0forall j =1...J,so that (17) holds and we can apply Theorem 3. O

Consequently, under the assumptions of Corollary 5 we can define Algorithm 1, which leads to a
systematic decrease in ¥, at each step and effectively generalises the monotonicity property from
Corollary 2 to the case of mixture models. In line with Corollary 3, we next present another possible
update formula for (A, ©p)n>1.

Algorithm 1: a-divergence minimisation for Mixture Models based on (21)

At iteration n,
Forall j =1...J,set

A [y 20 0)(dy) + (0 = 1)s]™
S M [y R0 @Iy + (0= D]

0j.ny1 = argmax / V5o (y)log(k(0;,y))v(dy) .
0;€T Y

)\j,n+1 ==

4.2.2 A Gradient Descent approach

We shall now resort to gradient descent steps to satisfy (16).

Corollary 6. Assume (A1). Let o € [0,1), let (n,)n>1 be valued in (0, 1] and let k be such that
(o — 1)k > 0. Furthermore, forall j = 1...J, let (jn)n>1 be valued in (0,1] and let (¢; ,)n>1 be

11
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a positive sequence. Starting from an initial parameter set (A1, 01) € ST x T7, let (A, ©,)n>1 be
defined iteratively for all n > 1 by (18) and

Yi,n

9j7n+1 = gj,n - ng_yn(ﬁj,n) s _] =1...J 5 (22)
ﬁj,n
where forall j =1...J, (gjn)n>1 is defined by: foralln > 1 and all§ € T,
Vo) k(6. y)
in(0 :c-n/ J: lo ( J v(dy) . 23)
9im(0) = ¢;, o1 5\ 5500 (dy) (

and g; r, is assumed to be (3; ,-smooth. Then (17) holds and we can apply Theorem 3.

Proof. Since v;, € (0,1] and g; ,, is a 3; ,-smooth function by assumption, we can apply Lemma 12
and we obtain that forallm > 1landall j =1...J,

Yin Yin
9in(Ojn) = gjmn <9j,n - ﬁj' V9j771(9j.,n)> > 25]‘ IV g5,n (05017 -
J,mn 7,n

Thus, by definition of 6, ,, 1 in (22), we have

0=gjn(n) = gjn(0n+1)-

which in turn implies (17) so that we can apply Theorem 3. O

This gives us the monotonicity property for Algorithm 2 by Corollary 6 and we are now interested
in possible choices for the constants c¢;,, appearing before g;,. Under common differentiability
assumptions we can write: foralln > landall € T

,y}ta(li)VIOg (k(0,y)v(dy), j=1...J.

Vgjn(0) = cjn /
Y

Algorithm 2: a-divergence minimisation for Mixture Models based on (23)

At iteration n,
Forallj =1...J,set

A [y 20 0)(dy) + (0 = 1)s]™
o M [y 0@y + (0= D]

Yin
Bj,n 93, ( )

)\j,n+1 =

Ojn+1 =050 —

As it turned out, the two most straightforward choices for ¢;,, correspond to taking c;,, = ;.
and ¢ = Njn(Jy tnk(y)*p(y)'~*v(dy))~! forall j = 1...J and all n > 1. Indeed, letting
Vim = Yn € (0,1] and assuming that 3, ,, only depends on n forall j = 1...J, thatis 3, ,, := 3,,
the following update formulas ensue for ©,,,1 at iteration n:

n VF oY) .
Oimir =05 — L2 \im / 20 G log (k(0;0, ) v(dy) , j=1...7, (24)
Bn Y o — 1

9 N [y 7 @) V1og (k(0)n, y) v(dy)
Bn (a=1) [y tak(y)p(y) —ov(dy)

Ojnt1=0jn j=1...J. (25)

12
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Letting p(y) = p(y, 2) for all y € Y, we recognise usual gradient descent steps on © for a-divergence

DatiroklP) = [ L [(2e) iy mnuian

and Renyi’s a-divergence

D((XAR)(M}\,@KHP)ZmIOg (/ paek(y) pyl2) (dy))

minimisation, with a learning policy proportional to (7,3, !)n>1. An important point to take into
consideration however is that by having performed a gradient step based on the a-divergence (resp.
Renyi’s a-divergence), ); , now appears as a multiplicative factor by design in both updates. This is
problematic since this could prevent learning in the algorithm for very small values of A; ,,. Thankfully,
we are able to circumvent this difficulty by choosing ¢;., = ([, 7} (y)v(dy)) ™" so that we consider
instead

Yo Jy % o (y)V1og (k(0;,0,)) v(dy)
Bn = 1) [y 7} a(y)v(dy) ’
In this case, we are still in the framework of Corollary 6 and A; ,, only appears through 1., k, a property

also shared with the update we introduced in Corollary 5. This further underlines the importance of
having worked under the general conditions on (A, ©,,),>1 stated in Theorem 2.

ej,nJrl = ej,n ] =1...J. (26)

Finally, notice that the case where ©,, is kept fixed at iteration n, that is, we solely optimise the mixture
weights of a given mixture model, also maintains the monotonicity property. In fact, this particular
case can be linked to the Power Descent update formula for mixture models from [20].

4.2.3 A Power Descent approach

The Power Descent algorithm introduced in [20] is a gradient-based algorithm which operates on
measures and performs a-divergence minimisation for all & € R\ {1}. More precisely, denoting by
M (T) the space of probability measures and letting u € M;(T), they seek to optimise

o (k) = /Y fa </”;k((;/))> p(y)v(dy)

with respect to p, where for all for all y € Y, we use the notation pk(y fT w(dO)k(0,y). The
optimisation is then done by applying several one-step transitions of the Power Descent algorithm:
given p1 € My (T), they consider

HUn+1 = Ia(,un) ) n 2 1 ) (27)

where, for all p € M;(T), forall§ € T,

D 6) = /Y k(0.1) ill(”’“((y))) 1] ()

Z.(0)(dg) = P49) (@ = D(bua® + 1) + 1T
(p)(do) p([(a = 1) (bpa + &) +1]77)

Observe then that by definition of 7 " in (12) and for u,, of the form pu,, = E}]:1 Am(s . with
0, = © and 1, = /(1 — «) at time n, (18) and (27) coincide.

Interestingly, a monotonicity property has already been proved for the Power Descent algorithm in [20],
which uses a different proof technique compared to the one used in the proof of Theorem 3. Indeed, as
a particular case of [20, Theorem 1] with T’ = [(a — 1)v + 1]7/(1=%) they are able to obtain that one

13
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transition of the Power Descent algorithm leads to a systematic decrease of ¥y, for all « € R\ {1}, for
all n € (0,1] and all & such that (aw — 1)x > 0.

This means that by maintaining ©,, fixed and equal to a certain © € T in Theorem 3, it is possible to
allow for a wider range of values of « and of 7, = 1/(1 — «) to be used while still preserving the
monotonic decrease. In fact, we show a more general result in Proposition 7 below, where the results
from [20, Theorem 1] are further extended beyond the case n > 1 when o < 0.

Proposition 7. Assume that p and k are as in (A1). Let (o, n) belong to any of the following cases.

(i) a < —landn € (0,(a—1)/al;
(ii) a € (=1,0) andn € (0,1 — a);
(iii) « € 10,1) ora > 1 andn € (0,1].

Moreover, let i € My (T) be such that ¥, (uk) < oo and let k be such that (o — 1)k > 0. Then, the
two following assertions hold.

(i) We have ¥, (Zo(n)k) < Wo(uk).
(ii) We have U, (Lo (pn)k) = Vo (pk) if and only if p = T ().

The proof of this result is deferred to Appendix A.2 and we now make two comments. Firstly, while
the results from [20] and Proposition 7 allow for a wider range of values for o and 7 to be used,
a strong improvement compared to [20] is that by Theorem 3 we do not need to keep ©,, constant
anymore at each step of the algorithm. From there, extending Theorem 3 beyond the case « € [0, 1)
and 7, € (0, 1] is an interesting direction of research, which is left for future work.

Secondly, by connecting the Power Descent to (18), we now have a better understanding of the role
of the parameter 7,, appearing in (18). Indeed, as underlined in [20], the Power Descent algorithm
belongs to a more general family of gradient-based algorithms which includes the Entropic Mirror
Descent algorithm, a typical optimisation algorithm for optimisation under simplex constraints. Viewed
from this angle, the parameter 7,, can be understood as a learning rate applied to b, ., the gradient of
W ,. This aspect will notably come in handy when interpreting our numerical experiments in Section 5.

We have derived several examples where the conditions of Theorem 3 are met and connected this
theorem to the Power Descent algorithm. We will conclude this section by presenting relevant particular
cases of Algorithm 1. We start by investigating the case where the kernel k£ belongs to the Gaussian
family.

4.3 Algorithm 1 within the Gaussian family

We consider the case of d-dimensional Gaussian mixture densities with k(6;,y) = N (y; m;, ;) and
where §; = (m;, ;) € T denotes the mean and covariance matrix of the j-th Gaussian component
density. Then, solving (21), that is

Oy = axgmax [ 37, () og(h(6,,0)w(dy) . j=1...]
GJET Y

yields the following update formulas at time n for the means (m; ,11)1<;<s and covariances matrices
(Cjn+1igi<o

K ja@y V(dy)

Vi=1...J, mjni1= 28

! Mn fYVJ «Wv(dy) @8
N rely )(y —mjn) (Y —mj)" v(dy)

Hint1 = Sy 7o (y)v(dy) ' 29

14
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Due to the intractable integrals appearing in (18), (28), and (29), we shall then use approximate update
rules in practice. Many choices are possible here and for simplicity we will restrict ourselves to using a
sequence of samplers (g, ),>1 and performing typical Adaptive Importance Sampling estimation in
order to approximate (18), (28), and (29). This leads to Algorithm 3 below, where based on (12) we
have defined forall j =1...J,ally € Yandalln > 1,

k(0. y) (unk(y) ) o

Valy) = qn(y) p(y)

Algorithm 3: a-divergence minimisation for Gaussian Mixture Models

At iteration n,

1. Draw independently M samples (Y, 5, )1<m< s from the proposal g,.

2. Forallj =1...J,set

~n Nn
Aj’n [Z%:l ’7j7a(ym,n) + (OZ — 1)K:|
ZZ:I )\57” {Z%:l ;}/Za (}/’m,n) + (04 - 1)/‘6:|

M n
o T o) Yo
n+l = M n
D om=1 V5,0 (Yo,n)
M n
64 S 3o - Vi = 7030) Yo = 13"

J M 4
Zm,:l ’yjrta(ym,n)

Ajnt1 = i

We have thus obtained a tractable version of Algorithm 1 which allows us to iteratively update both
the weights and component parameters of a Gaussian mixture model by optimising the a-divergence
between the mixture distribution and the targeted distribution. We now make two remarks.

Remark 8. A practical version of Algorithm I can be derived in the particular case of Student’s
distributions, which could be useful for robustification purposes (see Algorithm 4 in Appendix B).

Remark 9. We can obtain practical versions of Algorithm 2 by considering the case of d-dimensional
Gaussian mixture densities with k(0;,y) = N (y;0;,0%14) where © € T with T = R? and 0 > 0
is assumed to be fixed. In this case, g, ; is convex forall j = 1...J and alln > 1.

Following (25) and letting ¢; , = \j.n( [y pnk(y)p(y) = v (dy)) ! in the definition of g; ., permits

- - : a —a J n
to choose (3., = 0~ *(1—a) ™" [using that [, ik (y)*p(y)' ~*v(dy) = 22721 [4 NjnviaW)v(dy)].
This gives the update formula at iteration n below

Iy XY @) (y — 65,0 )v(dy)
K Iy k() op(y)t—ov(dy)

Ojn+1=0jn + j=1...J.

In addition, following (26) and letting c; , = (fv Vo (y)v(dy))~* in the definition of g;,n also permits
to choose B, = 07 2(1 — a)~! so that the update formula at iteration n is

NYjaW yv(dy)
01 = (1—7)6, + J: . j=1...J,
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which coincides with (28) when v = 1. Approximated versions of the two above iterative formulas are
then given respectively by

>‘J n Zm 1 /yj 04( m, Tl) ’ (Ym”ﬂ - ej,n)

v.] =1...J 3 ej,n—i-l = ej,n + (30)
Zj:l Zm:l )\j7n7;l,a(ym;n)
M 4
= na Ym nj)"* Ym n
9n+1:(1—7)9n+72m—1%’ Yn) : (31)

M,
Zm:l ’y]toz (Ym,n)

and tractable versions of Algorithm 2 for Gaussian mixture models can be deduced (see Algorithm 5
and 6 in Appendix C).

Lastly, we focus on the particular case o = 0 in Algorithm 1 (and its application to the particular case
of Gaussian Mixture Models as seen in Algorithm 3). As we shall see, this case can be linked to the
M-PMC algorithm and it will be used to drive our numerical experiments.

4.4 The M-PMC algorithm as a particular case of Algorithm 1

We are interested in interpreting the results we have obtained thus far in the light of the M-PMC
algorithm [21]. To do so, we first recall the basics of the M-PMC algorithm. For any measurable
positive function p on (Y, ), the M-PMC algorithm aims at solving the optimisation problem

J
sup / log | Y Aik(6,y) | p(y)v(dy) (32)
(AES;,0€TY) JY =1

or equivalently, using a Variational Inference formulation, at minimising the Reverse Kullback-Leibler

inf D o K||P
(AeSIJr,leeTJ) (ka0 KI[[P)

where for all A € Y, P(A) = [, p(y)v(dy)/ [, p(y)v(dy). This is done in [21, Section 2] by
introducing the following 1terat1ve update formulas forall j =1....J and foralln > 1
Aink(0;n,y
)\j,n+1 — J> ( J, ) p(y) I/(dy) (33)
Zz 1 Aenk(Orn,y) ) Jy p(y)v(dy)
0 _ >\],nk( jns Y )
jmt1 = argmax log(k(0;,))p(y)v(dy) - 34)

0;€T Y ZZ:I )\E,nk<9€,nay)

Observing then that the two update formulas above correspond to having considered the particular
case « = 0, 7, = 1 and k = 0 in Algorithm 1, it follows that the M-PMC algorithm can be seen as a
particular example of our framework.

Remark 10. Equations (33) and (34) are presented in [21] as integrated versions under the target
distribution of the update formulas for the Expectation-Maximisation (EM) algorithm applied to the
mixture-density parameter estimation problem

sup Z log Z/\ (05, Yom)

(AeS,;,0€TY) o

Hence, we can interpret Algorithm 1 as a generalisation of an integrated EM algorithm preserving the
monotonicity property and extending it to the case « € [0,1).

A practical version of the M-PMC algorithm has been introduced in [21, Section 3] for the particular
case of the Gaussian family, in which they use the sampler

J
G (y) = tnk(y) = D Xjnk(O5m:y) - (35)
=1
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Thus, comparing Algorithm 3 to the original M-PMC algorithm for Gaussian Mixture Models from [21,
Section 3], we do not yet specify the sequence of samplers (g, ),>1 and now include additional choices
for the sequence of learning rates (), ),>1, the parameter « and the constant . This has important
practical consequences which we illustrate in our following numerical experiments.

5 Numerical Experiments: Multimodal Target

In our numerical experiments, we are interested in seeing how the choice of the sequence of samplers
(gn)n>1, the sequence of learning rates (77, ),>1, the constant x and the choice of « influence the
convergence of Algorithm 3. We use a similar setting to the one considered in [21]. The target p is a
mixture density of two d-dimensional Gaussian distributions multiplied by a positive constant ¢ such
that

p(y) = ¢ x [0.5N (y; —sua, Iq) + 0.5N (y; sug, Ia))] ,

where ug is the d-dimensional vector whose coordinates are all equal to 1, s = 2, ¢ = 2 and I4 is the
identity matrix. For all A € Y, we also denote P(A) = ¢~ [, p(y)v(dy).

Numerical Experiment 1: study of the particular case = 0. We take J = 100, M = 200,
d =16, N = 100 such that the total computational budget is N x M = 20000 samples in Algorithm
3 with a = 0 and we will vary the sequence of learning rates (7,,)1<n<n, the constant £ < 0 as well
as the choice of the sampler.

We generate the initial parameter set for the means of the mixture distribution by sampling from a
centered normal distribution with covariance matrix 514 and we set their associated initial weights
to[1/J,...,1/J] G.e Ay = [1/J,...,1/J] at time n = 1). For simplicity, we chose to keep the
covariance matrices fixed equal to 02I4 with 02 = 1 and to only update the means and the mixture
weights. Furthermore, we consider a constant policy for the sequence of learning rates (1, )1<n<n
withn, :=nforalln=1...N.

As for the choice of sampler at time n, we are first interested in setting g,, as in (35), since this sampler
is the best approximation to the targeted density we know of at time n (in terms of Reverse Kullback-
Leibler) and it is also the one used in the M-PMC algorithm from [21]. We denote the resulting
algorithm M-PMC(n, k), the case (n, k) = (1,0) corresponding to the initial M-PMC algorithm of
[21].

We letn € {1,0.5,0.2,0.1}, —x € {0,0.1,1} and we replicate the experiment 200 times inde-
pendently for the M-PMC(#, x) algorithm. To assess the convergence, note that since we have
sampled M samples from ¢,, at time n, these samples can readily be used to obtain an estimate
e=M"N  p(Yinn)/@n(Ym.n) of the normalising constant ¢ = [, p(y)(dy) with no additional
computational cost.

Then, as we can see on Figure 1, the choice of 7 and of s does impact the convergence of the algorithm.
Notably, for a fixed x, choosing 1 < 1 results in improved numerical results in the estimation of the
normalising constant c.

This can be explained by the stochastic nature of the approximation that appears in the update formula
for the mixture weights of Algorithm 3. Recall from Section 4.2.3 that performing our mixture weights
update corresponds to applying one transition of the Power Descent algorithm: since this algorithm
is known to share similarities with gradient-based algorithms, choosing 7,, = 1 might not be the best
course of action in practice when we resort to approximations [much like choosing a learning rate equal
to 1 in a Stochastic Gradient Descent scheme might not be the best choice in general].

Similarly, for a fixed < 1, choosing —x > 0 leads to improved numerical results. The idea behind
this is that by adding a positive constant —x, we enforce the positivity of the mixture weights
throughout the algorithm. This is handy in practice to avoid setting some mixture weights to zero,
which could for example be an unfortunate consequence of having taken a learning large that is
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Dimension 16, a = 0.0, M = 200 and —« = 0.0 Dimension 16, a = 0.0, M = 200 and —« = 0.1

0 2500 5000 7500 10000 12500 15000 17500 20000 0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size Sample size

Dimension 16, a = 0.0, M = 200 and —x = 1.0

] 2500 5000 7500 10000 12500 15000 17500 20000
Sample size

Figure 1: Normalisation constant estimation by the M-PMC(, ) algorithm in dimension d = 16 for
n € {1,0.5,0.2,0.1} and —« € {0,0.1,1}.

too large or having used a sampler g,, which is very different from the targeted density in the early stages.

We have thus seen that by changing the values of 77 and of «, we are able to improve on the initial
M-PMC algorithm of [21] for which (n,x) = (1,0). Next, we are interested in using at time n a
uniform sampler of the form
J
(y) =T k(Bjny) -

Jj=1

This is motivated by the fact that based on the form of the integrals appearing in (18), (28), and (29),
we would like to sample according to k(6; ,,, y) when updating the parameters A;, m; and ;. This
could easily become computationally expensive as .J increases, which is why we consider a uniform
sampler as a cheaper alternative.

We call the resulting algorithm UM-PMC(n, k) and we now want to compare it to the M-PMC(, k).
To do so, we will use the Mean-Squared Error at time n for each algorithm denoted MSE, which is
computed as the average of ||Mapprox,n — Mtrue |2 over 200 independent runs of the algorithm.

Here, ||.|| stands for the Euclidian norm, my,,. = Ep[Y] for the mean of the targeted density and

Mapprox,n 10r the mean of the approximating density at time n (in our setting My = 0.uq and

Mapprox,n = Zj:l Ajnm;n). The logMSE (logarithm of the MSE) can be visualised on Figure 2

below.

Notice then that for a relatively small number of samples M at each time n (here M = 200),
the UM-PMC(n, k) algorithm generally outperforms the M-PMC(n, x) algorithm in terms of
Mean-Squared Error, the latter one being more prone to missing one of the two modes, especially for
larger values of 7. This means that the results of the M-PMC(n, ) algorithm are more sensitive to the
number of samples M used. As we increase the number of samples M, it can however be observed
that the performances of the M-PMC(n, k) algorithm in terms of Mean-Squared Error are improved
and become comparable to those of the UM-PMC(#, k) algorithm (see Appendix D for additional plots
when M = {500, 1000}).
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Dimension 16, @ = 0.0 M = 200 and —x = 0.0 Dimension 16, « = 0.0 M = 200 and —x = 0.1
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Figure 2: LogMSE comparison for the M-PMC(7, k) and the UM-PMC(n, k) algorithms in dimension
d =16 forn € {1.0,0.5,0.2,0.1} and —x = {0,0.1, 1}

We now move on to our second numerical experiment in which we are interested in varying the
parameter a.

Numerical Experiment 2: effect of . Welet o € {0,0.5} and our goal in this numerical experiment
will be to estimate my,,e = Ep[Y], which is a typical Bayesian Inference task.

We take J = 100, d = 16, M = {200,500} and N such that the total computational budget is
N x M = 20000 samples in Algorithm 3. The initial parameter set is generated exactly like in
Numerical Experiment 1. Based on our previous numerical results, we focus mainly on the UM-
PMC(n, ) algorithm, even though we will in addition run the experiment for the M-PMC(1.,0.)
algorithm, which corresponds to the M-PMC algorithm from [21].

As for the covariance matrices, they are kept fixed equal to 024 so that we only update the means
and the mixture weights and this time we let 02 € {1, 4} to investigate how the variance of the kernel
impacts the convergence according to the value of o. We consider yet again a constant policy for all
1 <n < N withn, :=n=0.1and we let —x = 0.1, as it appears to be a good tradeoff in terms of
hyperparameters.

Note that the results from Remark 9 apply for this choice of covariance matrices, that is it is also
possible to perform gradient-descent steps for Renyi’s « divergence minimisation when updating the
means, as defined in (30) (see Algorithm 5 for the description of the full algorithm). We will then run
the experiment with ~,, := y = 1 at iteration n. For a fair comparison, we will use a uniform sampler
and take the same hyperparameter as those used the UM-PMC(n, ) algorithm. The resulting algorithm
is denoted RGD(n, k).

We use the Parallel Interacting Markov AIS (PIMAIS) algorithm from [23] as a reference algorithm to
compare our results with. Indeed, this algorithm also approximate the targeted density by a mixture
model. More precisely, it alternates between two steps: (1) a parameter update step where the means of
each kernel is updated via several MH transitions (2) an Importance Sampling step providing weighted
particles which are then used to estimate the desired quantity (in our case Ep[Y]).
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In the PIMALIS algorithm, we then employ the MH algorithm with a Gaussian proposal with covariance
matrix o3y lg with o3y € {1,25} to construct the Markov chains. We consider a mixture of .J
Gaussians with covariance matrices 02 I4 and a deterministic number of samples M /.J is drawn from
each mixand at time n, so that this algorithm uses the same computational power as those we present.

Finally, M additional samples are generated at time n to estimate Ep[Y] following the PIMAIS method-

ology which gives the estimator 15 MAIS " (we refer to [23] for more details on how this estimator

approx,n
is obtained). As for the UM-PMC(7, k) algorithm (resp. the M-PMC(1., 0.) and the RGD(7, x) algo-
rithms), we too generate M additional samples and we consider at time n = 1... /N the Importance

Sampling estimator of Ep[Y] given by

n M
A~ /
Mapprox,n = E E wm,n/Ym,n’

n’=1m=1

where (Y’I’;7,7nl)1<m< a have been generated independently from p,,/k at time n’ = 1...n and where
foralln’ =1...nandallm = 1... M, we have defined

p(Y/n,n/) " M
Wm,n' X m such that Z Z Wi,/ = 1.

n’=1m=1

We replicate the experiment 200 times independently for all the algorithms. To assess the performance
of the different algorithms, we consider the Mean-Squared Error at time n denoted MSE, which is
computed as the average of Hmappmx,n — Mirue ||2 over 200 independent runs of our algorithms (resp.

nggﬁg{?‘n — Miruel|? for the PIMAIS algorithm). The LogMSE (logarithm of the MSE) can then be
visualised on Figure 3 below.

R Dimension 16, o> = 1.0, M = 200 and —x = 0.1 ) Dimension 16, o> = 1.0, M = 500 and —x = 0.1

— UM-PMC(0.1,0.1),a = 0.0 — UM-PMC(0.1,0.1),a = 0.0
1 — UM-PMC(0.1, 0.1),a = 0.5 1- — UM-PMC(0.1,0.1),a = 0.5
— RGD(0.1,0.1), a = 0.0 — RGD(0.1,01),
—— RGD(0.1,0.1), a =05 [ —— RGD(0.1,0.1), a =05
o, — M-PMC(1.0,0.0)
,~10 — PIMAIS, o, ~1.0

- —— PIMAIS, 03, =25.0

log MSE

0 2500 5000 7500 10000 12500 15000 17500 20000 0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size Sample size

o Dimension 16, o> = 4.0, M = 200 and —x = 0.1 o Dimension 16, o> = 4.0, M = 500 and —x = 0.1

— UM-PMC(0.1,0.1), & = 0.0 — UM-PMC(0.1,0.1), & = 0.0
15+ —— UM-PMC(0.1,0.1),a = 0.5 15~ —— UM-PMC(0.1,0.1),a = 0.5
— RGD(0.1,0.1),a =00 — RGD(0.1,0.1),a =00
— RGD(0.1,01),a =05 —— RGD(0.1,0.1),a =05
— MPMC(1.0,0.0) —— MPMC(1.0,0.0)

— PIMAIS, o, = 1.0 — PIMAIS, 03, =10

00- —— PIMAIS, %, = 25.0 00- —— PIMAIS, %, = 25.0

log MSE
log MSE

0 2500 5000 7500 10000 12500 15000 17500 20000 T#2 0 2500 5000 7500 10000 12500 15000 17500 20000
Sample size Sample size

Figure 3: LogMSE for the UM-PMC(), ) in dimension d = 16 for o € {0.,0.5}, 0 € {1,4},
n = 0.1 and —x = 0.1 compared with the PIMAIS algorithm and the M-PMC(1., 0.) algorithm.

Observe that for o2 = 1, all the versions of the UM-PMC(1), ) algorithm considered outperform the
PIMALIS algorithm in terms of LogMSE and that the case o = 0 yields the best result. Notice also
that since in this case the covariance matrix is well-tailored to the problem, increasing the number of
samples from M = 200 to M = 500 slows down the UM-PMC(7, ) algorithm.

As for the case 02 = 4, we obtain this time that the case & = 0.5 performs the best and that the
case o = 0 underperforms compared to the PIMAIS algorithm with 02;;; = 1 (even though it still
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outperforms the PIMAIS algorithm with 03;;; = 25). This underlines the importance of having
provided a framework which goes beyond the typical case of the reverse Kullback-Leibler with o = 0.
Unsurprisingly, since we have now considered a less favourable value for 02 with 02 = 4, increasing
the sample size results in improved results.

Moreover, observe that the RGD(7, k) algorithm underperforms in this numerical experiment. As
already mentioned in Section 4.2.2, this is due to the fact that \; ,, appears by design as a multiplicative
factor in the update formula for the means. This prevents learning when the algorithm produces small
values for \; ,,, a pitfall avoided by the UM-PMC(7, ) algorithm. Finally, note that the M-PMC(1.,0.)
algorithm performs poorly in all four cases considered in Figure 3, which further illustrates how we
were able to successfully improve on this algorithm introduced in [21] by including it into a wider
framework.

6 Conclusion

We introduced a novel methodology to carry out a-divergence minimisation via an iterative algorithm
ensuring a monotonic decrease in the a-divergence at each step. Notably, our framework allows us
to perform simultaneous updates for both the weights and component parameters of a given mixture
model for all @ € [0, 1).

We then underlined the links between our approach and gradient descent schemes for a-divergence
minimisation and connected our results to the Power Descent algorithm. We also presented practical
algorithms for Gaussian mixture models parameters optimisation and recovered the M-PMC algorithm
as a particular case of our framework. Finally, we provided empirical evidence that our methodology
can be used to enhance the M-PMC algorithm so that it achieves better performances compared to the
PIMALIS algorithm and shed light on the importance of having some flexibility in the choice of a.

To conclude, we state several directions to extend our work on both theoretical and practical levels.
First of all, now that we have established a systematic decrease for our iterative schemes, the next step
is to derive convergence rates and to compare them with those obtained using typical gradient descent
schemes. Based on the results from Proposition 7, another interesting direction consists in generalising
the monotonicity property from Theorem 3 beyond the case « € [0,1). Lastly, we also expect that
resorting to more advanced Monte Carlo methods in the estimation of the intractable integrals appearing
in (18), (28), and (29) will result in further improved numerical results.
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A Deferred results

A.1 Quantifying the improvement in one step of gradient descent

Here, (-, -) denotes an inner product defined on T x T with corresponding norm ||.||. Typically, we will
consider T = R¢ with d > 1, so that (-, -) is the standard inner product on R? and ||.|| is the Euclidian
norm.

Definition 11. A continuously differentiable function g defined on T is said to be B-smooth if for all
0,0 €T,

lg(0) — g(@")l < BlI6 — '] -
Lemma 12. Let v € (0, 1], let g be a 3-smooth function defined on T. Then, for all § € T it holds that

9(0) — g (e - gw(e)) > LIVaO)|

Proof. By assumption on g, we have that for all 6,6’ € T
B
9(0") = g(0) = (Vg(0),0" — 0) < S llo" = 0]* -

In particular, setting ¢" = 0 — 3V g() yields

4(0) g (9 - ”we)) > 21990)1? - LIvso)?

B
> 5 (1-3) 1v9@I?

Since v € (0, 1], we can deduce the desired result, that is

4(0) — g (e - gw(e)) > LIvs)IP.

A.2 Monotonicity property for the Power Descent

Preliminary remarks First note that for all > 0, the iteration p — Z,(p) is well-defined if we
have

0 < p(lbpa + K| T7) < 0. (36)

Furthermore, [20] already established that one transition of the Power Descent algorithm ensures a
monotonic decrease in the a-divergence at each step for all y € (0, 1] and all s such that (o — 1)k > 0
under the assumption of Proposition 7, which settles the case (iii).

Finally, while we establish our results for (i) and (ii) in the general case where € M;(T), the
particular case of mixture models follows immediately by choosing u as a weighted sum of dirac
measures.

Extending the monotonicity Let (¢, 1) be a couple of probability measures where ¢ is dominated by
1, which we denote by ¢ < p. A first lower-bound for the difference W, (uk) — ¥, (Ck) was derived
in [20] and was used to establish that the Power Descent algorithm diminishes ¥, for all € (0, 1].

We now prove a novel lower-bound for the difference ¥, (uk) — ¥, (Ck) which will allow us to extend
the monotonicity results from [20] beyond the case n € (0, 1] when « < 0. This result relies on the
existence of an exponent p satisfying condition (A2) below, which will later on be used to specify a
range of values for 1 ensuring that ¥, is decreasing after having applied one transition p — Z,, (1)
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(A2) We have ¢ € R\ [0,1] and the function f, , : u — f.(u'/?) is non-decreasing and
concave on Rs.

Proposition 13. Assume (A1). Let « € R\ {1}, assume that o satisfies (A2) and let k be such that
(= 1)k = 0. Then, for all i, € Mq(T) such that (b, |) < coand { < p,

ol {u((bu.a + 51) = 1 (1Ba + Kl9®)} < Walpk) = Va(Ch) 37)

where g is the density of ¢ wrt i, i.e. ((d6) = u(d0)g(0). Moreover, equality holds in (37) if and only
if¢=p.

Proof. First note that for all « € R\ {1}, we have by (A2) that f, ,(u) > 0 for all u > 0, and thus
that sg(0) = sg(aw— 1) where sg(v) = 1if v > 0 and —1 otherwise. Since sg(f/,(u)) = sg(a—1) =
sg(r) for all u > 0, this implies that o= f/ (u) = |o|7!|f,(u)|, 071k = |o~'x| and finally that
07 (bpa(0) + k) = |07 ||by,a(0) + K| for all @ € T, which will be used later in the proof.

Write by definition of f, , in (A2) and ¢,

vl = [ 1o (S2) sopvtan
= [ o ([292]) st
om0 s
¢ e [ rantl0s) (SO -

where the last inequality follows from Jensen’s inequality applied to the convex function u +— u¢ (since
0 € R\ [0,1]) and the fact that f, , is non-decreasing. Now set

e ()

iy

oo (B8 ([0 ) om

Since fa,, is concave, fo o(ty) < fa,o(vy) + i ,(vy)(uy — vy). Then, combining with (38), we get

and note that

W (Ch) < / Fao D (3) () (40)
< [ Saato o) + [ £ o0)(w, = 0)p(w)v(d)

Note that the first term of the rhs can be written as

B wk(y) B
| astoppiowten = [ 1. (py)) p(y)v(dy) = Wa(yik) 1)
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Using now f/, ,(vy) = o~ Loy 27 f7 (vL/9) and (39), the second term of the rhs of (40) may be
expressed as

/ £ ol0) (1t — v, )p(y)(dy)
Y

p(y) wk(y
o o (HEW)N 0
ot [ty ([ ko (B <dy>)g<e>
o (1Y,
0 /Y uk(y)fa<py)> (dy)

=0 " {ubpa-9?) — nbua)}
= lol " {1 (Ibpa + £19°) — p(lbp.o + £} + [0 6I(1 = p(g?))

where we have used that 0! (b, (0) + k) = |0 !{|b,a(0) + | forall @ € T and that o~ 'k = |0~k
In addition, Jensen’s inequality applied to the convex function u — u2 implies that ;1(g2) > 1 and thus

/vf&,g(vy)(uy —vy)p()v(dy) < lol ™" {1 (1o + £l9?) — plbua + KD} - 42)

Combining this inequality with (40) and (41) finishes the proof of the inequality. Furthermore, if the
equality holds in (37), then the equality in Jensen’s inequality (42) shows that g is constant p-a.e. so
that ¢ = pu, and the proof is completed. O

Remark 14. The proof of Proposition 13 relies on f!, being of constant sign. Notice however that
the definition of the a-divergence in (1) is invariant with respect to the transformation fa (u) =
fa(u) + &(u — 1) for any arbitrary constant k, that is f,, can be equivalently replaced by f; in (1).
This aspect is in fact expressed through the constant k appearing in the update formula.

We now plan on setting ( = Z,(x) in Proposition 13 and obtain that one iteration of the Power
Descent yields U (Z,(1)k) < ¥, (k). For this purpose and based on the upper bound obtained in
Proposition 13, we strengthen the condition (36) as follows to take into account the exponent o

0 < u(|by,a + ’f|ﬁ) < oo and pi(]by.o + k[9?) < p(|bpa + K|)

_n_
with g = —lbwa®rl 28 (43)
p(Jby 05| T=5)

This leads to the following result.
Proposition 15. Assume (A1). Let « € R\ {1}, assume that o satisfies (A2) and let k be such that
(= 1)k > 0. Let p € My (T) be such that pu(|b,,.|) < oo and assume that 1 satisfies (43). Then, the
two following assertions hold.

(i) We have W, (Z,(n)k) < Uqo(uk).

(ii) We have U, (Z,(pn)k) = Y, (uk) if and only if u = L, ().
Proof. We treat the case x = 0 in the proof below (the case x # 0 unfolds similarly). We apply
Proposition 13 with ¢ = Z,, (1) so that ¢(df) = u(d8)g(6) with g = [b,.o|" = /u(|by.o|" =),

Then,
Vo(Za(p)k) < Wolpk) + |Q|_l {(Ibpalg?) — n(|bp,a)} < Yaluk) (44)

where the last inequality follows from condition (43).
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Let us now show (ii). The if part is obvious. As for the only if part, ¥, (Z,(u)k) = ¥, (pk) combined
with (44) yields

Vo (Za(n)k) = Wa(uk) + lol =" {1 (bualg?) = p(lbual)}

which is the case of equality in Proposition 13. Therefore, Z,, (1) = p. O

While Proposition 15 resembles [20, Theorem 1] in its formulation and in the properties on the iteration
1 — T () it establishes, it is important to note that the proof techniques used, and thus the conditions
on 7 obtained, are different.

This brings us to the proof of Proposition 7. The proof of this theorem requires intermediate results,
which are derived in Appendix A.2 alongside with the proof of Proposition 7.

Proof of Proposition 7

For the sake of readability, we only treat the case x = 0 in the proofs below (and the case x # 0 unfolds
similarly). In Proposition 13, the difference ¥, (Ck) — ¥, (uk) is split into two terms

Vo (Ck) = Waluk) = A, Q) + o™ {1 (1bu.alg®) — m(lbual)}
where g = d¢/du. Moreover, Proposition 13 states that A(u, ¢) is always non-positive.

It turns out that the second term is minimal over all positive probability densities g when it is propor-
tional to b, o|*/ (179, as we show in Lemma 16 below.

Lemma 16. Ler o € R\ [0, 1]. Then, for any positive probability density g w.r.t u, we have
1-o
i balg®) > [ (bual/O2)] 7
with equality if and only if g o |b,, o]/ 179

Proof. The function x — x'~¢ is strictly convex for ¢ € R\ [0, 1]. Thus Jensen’s inequality yields,
for any positive probability density g w.r.t. u,

b, o (0)|1/ (=20 \ 72 1-
puale®) = [Latan) (P08 t0) = [ (an00)] 7 )

9(0)
which finishes the proof of the inequality. The next statement follows from the case of equality in
Jensen’s inequality: g must be proportional to |b“,a|1/ (1-0), O

The next lemma shows that this choice leads to a non-positive second term, thus implying that
Vo (Ck) < Wa(pk).

Lemma 17. Assume (A1). Let « € R\ {1} and assume that o satisfies (A2). Thenn = (1—a)/(1—p)
satisfies (43) for any p € My (T) such that ji(|by,«|) < oo.

Proof. We apply (45) with g = 1 and get that

1 (1000 < llal) < 00 6)

Then (43) can be readily checked with n = (1 — «)/(1 — g). Set ¢ = n/(1 — «). Using that
p(|byal) < 0o when ¢ < 0 and (A1) for ¢ > 0, we obtain (b, o|?) > 0, which concludes the
proof. O

While Lemma 17 seems to advocate for g = d{/du to be proportional to |b#’a|1/ (1=0) notice that
this choice of g might not be optimal to minimize ¥, (Ck) — ¥, (uk), as A(p, ¢) also depends on g
through (. In the next lemma, we thus propose another choice of the tuning parameter 7, which also
satisfies (43) for any p € M;(T) such that p(|b, o|) < o0.
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Lemma 18. Assume (A1). Let o« € R\ {1} and assume that g satisfies (A2). Let n € My (T) be such
that ;1(|b,,a|) < co. Assume in addition that |o| > 1, then n = (o — 1)/ o satisfies (43).

Proof. Setting g o< |b,,.o|~1/¢, we get

pllbualg?) = p(1byal ¢ ) (bual =178 = [1(bual =78 < ullbual)

where the last inequality follows from Jensen’s inequality applied to the convex function u +— u~¢
(since |g| > 1). Since p(|by.q|) < oo, the parameter = (a — 1)/ satisfies (43). Set ¢ = /(1 — ).
Using that 11(|b,,a|) < oo when ¢ < 0 and (A1) for ¢ > 0, we obtain 11(]b,,.|?) > 0, which concludes
the proof. O

Lemma 17 and Lemma 18 allow us to define a range of values for 7 that decreases ¥, after one
transition of the Power Descent, under the assumption that o satisfies (A2). Now, in order to prove
Proposition 7 and given o« € R\ {1}, we need to check which values of g satisfy the conditions
expressed in (A2).

Proof of Proposition 7. The proof consists in verifying that we can apply Proposition 15, that is, given
a € R\ {1}, we must find a range of constants ¢ which satisfy (A2). We then use Lemma 17 or
Lemma 18 to deduce that, for the provided constants 7, (43) holds.

(i) Assumption (A2) holds for all ¢ < 0, with fq ,(u) = —log(u)/o. Moreover, by definition of b,, ,,
we get foralln > 1,

_ PY) ) — , -
1([bal) f/Yuk(y) (dy) /Yp(y) (dy) < oo.

Combining with Lemma 17 and Lemma 18, (43) holds for all x € M;(T) and for any 7 € (0, 1].

(ii) Observing that for « ¢ {0, 1},

finolw) = s (w7 1)

ala—

we get that (A2) holds for p < «if @ < 0 Lemmas 17 and 18 provide the corresponding ranges for 1
in Cases (i) and (ii). To finish the proof, we now show that for all © € M1 (T), (|by,«]) is finite, so
that Lemmas 17 and 18 can indeed be applied.

Since uf),(u) = afo(u) +1/(a — 1), we have, forall n > 1,

1([by,al) =/Y (%) fa </;k((yz§)>’p(y)1/(dy) (47)
<la /Y

1k (y)
Jfa ()’py v(dy) +
o) (y)v(dy)
Using that ¥, (uk) > —oo (which is a consequence of (A1) and of Jensen’s inequality applied to the
convex function u — uf,(1/u)), the r.h.s is finite if and only if ¥, (uk) is finite, which is what we
have assumed and thus the proof is finished.

1
o —1]
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B Algorithm 1 within the Student’s family

We consider the case of d-dimensional Student’s mixture densities of the form k(6;,y) =
T (y;mj,%;,v;), where 8; = (m;,¥;) denotes the mean and covariance matrix of the j-th Stu-
dent’s component density. Then, based on Example 2, solving

Ojn+1 = arengaX/y AjnVja(y)log(k(0,y))v(dy) , j=1...J
i€

yields the following update formulas

RNt @)g) (v)y v(dy)

V=t My = K e W)gy (y)v(dy)
5 — NGaWF ) — mia)ly —mjn)Tr(dy)
e Ko w)gh (y)v(dy) ’

where forall y € Y and forall j = 1...J, we have set

l/j + d
vi+ (Y —min)T(Ej0) "y —mjn)

g7 (y) =

Based on Algorithm 1 and given a sequence of samplers (g, ),>1, one may consider in practice
Algorithm 4 below.

Algorithm 4: a-divergence minimisation for Student’s Mixture Models

At iteration n,

1. Draw independently M samples (Ymm)ng m from the proposal g, .

2. Forallj=1...J,set

Ao [0, 47 Vi) + (0= 1]

)\j n+1 — 7
' J M ., "
24:1 AL [Em:1 rY&Q(Ym,n) + (a— l)n}
M an n
_ Zm:l Pyj,oz(Ym,n)gj (Ym,n) : Ym,n
Mjnt+1 = M an -
Zm:l ’yj,a(Ym,n)gj (Ym,n)
M n n
E _ Zm:l ryj,a(Ym,n)g] (Ym,n) : (}/m.,n - mj,n)(Ym,n — mjvn)T
Jn+1 — .

M an n
Zm:l ’yj,a (Ym,n)g] (Ym,n)

C Practical versions of Algorithm 2 within the Gaussian family

Based on the updates (30) and (31) from Remark 9, we obtain below the two practical algorithms for
Gaussian Mixture Models (GMMs) optimisation.
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Algorithm 5: a-divergence minimisation for GMMs based on (30)

At iteration n,

1. Draw independently M samples (Y}, 5, )1<m< s from the proposal g¢,.

2. Forallj=1...J,set

Mo [Zots Ao ) + (= D]
Zz 1n [Zm 1 W tro(Ymn) + (a = I)H] "

M an
Ajn Z =175, oYm ) ) (Ym,n - 9.7',71)
Zj:l Zm:l Ajn Vo (Yonn)

)\j,nJrl

Ojnt1 =050+

Algorithm 6: o-divergence minimisation for GMMs based on (31)

At iteration n,

1. Draw independently M samples (Ym,n)1<m< m from the proposal q,.

2. Forallj=1...J,set
M n Nn
Ajn [Zmzl Y5 oY) + (a0 — 1)4

Y 1/\én|:2m 170 0 (Ym, )‘f’(a—l)f‘@rn

M n
Zm:l ’yj,(x(yma’ﬂ) Y, s
Ojmt1="0jn +7 YA
Zm:l ryj.,oz (meﬂ)

Ajnt1 =

D Additional numerical experiments
In this section we provide further plots based on the numerical experiments from Section 5.

Numerical Experiment 1 when M € {500,1000}. We work within the same framework as the one
from Numerical Experiment 1 except that we now take M € {500, 1000} samples at each step n while
keeping the total computational budget equal to N x M = 20000 samples. The experiment is repeated
200 times independently for each algorithm considered and the results are plotted on Figure 4 and
Figure 5 below.

Observe that as M increases, the performances of the UM-PMC(7, ) algorithm are improved and
become comparable to the one of the M-PMC(#, ) algorithm, especially for smaller values of 7.
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Dimension 16, a = 0.0, M = 500 and —« = 0.0

M-PMC(y, )

o-
-
w w
0 - )
= =
¥, UM-PMC(, ) -4
- _3- T = -
— =10
. ————— — =05
—~— — =02
5- .| 2=01
6-
0 2500 5000 7500 10000 12500 15000 17500 20000 0 2500 5000

Sample size

log MSE

Dimension 16, a = 0.0, M = 500 and —x = 1.0

7500 10000 12500 15000 17500 20000
Sample size

0 2500 5000

March 9, 2021

Dimension 16, a = 0.0, M = 500 and —x = 0.1
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Figure 4: M = 500. LogMSE comparison for the M-PMC(#, x) and the UM-PMC(n, ) algorithms

with d = 16,7 € {1.0,0.5,0.2,

R Dimension 16, a = 0.0, M = 1000 and — = 0.0

0.1} and —k = {0,0.1,1}.
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Figure 5: M = 1000. LogMSE comparison for the M-PMC(n, x) and the UM-PMC(7, ) algorithms

with d = 16, € {1.0,0.5,0.2,

0.1} and —x = {0,0.1,1}.

30



	Introduction
	Notation and optimisation problem
	An iterative algorithm for optimising (k(, ))
	Extension to mixture models
	Choice of (n)n 1
	Choice of (n)n 1
	A minimisation approach
	A Gradient Descent approach
	A Power Descent approach

	Algorithm 1 within the Gaussian family
	The M-PMC algorithm as a particular case of Algorithm 1

	Numerical Experiments: Multimodal Target
	Conclusion
	Deferred results
	Quantifying the improvement in one step of gradient descent
	Monotonicity property for the Power Descent

	Algorithm 1 within the Student's family
	Practical versions of Algorithm 2 within the Gaussian family
	Additional numerical experiments

