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OPTIMAL TRANSPORT BETWEEN DETERMINANTAL POINT
PROCESSES AND APPLICATION TO FAST SIMULATION

LAURENT DECREUSEFOND AND GUILLAUME MOROZ

ABSTRACT. We analyze several optimal transportation problems between de-
terminantal point processes. We show how to estimate some of the distances
between distributions of DPP they induce. We then apply these results to
evaluate the accuracy of a new and fast DPP simulation algorithm. We can
now simulate in a reasonable amount of time more than ten thousands points.

1. INTRODUCTION

Determinantal point processes (DPP) have been introduced in the seventies [21]
to model fermionic particles with repulsion like electrons. They recently regained
interest since they represent the locations of the eigenvalues of some random matri-
ces. A determinantal point process is characterized by an integral operator of kernel
K and a reference measure m. The integral operator is compact and symmetric
and is thus characterized by its eigenfunctions and its eigenvalues. Following [18],
the eigenvalues are not measurable functions of the realizations of the point process
so it is difficult to devise how a modification of the eigenfunctions, respectively of
the eigenvalues or of the reference measure, modifies the random configurations of
a DPP. Conversely, it is also puzzling to know how the usual transformations on
point processes like thinning, dilations, displacements, translate onto K and m.

A careful analysis of the simulation algorithm given in [I8] yields several answers
to these questions. For instance, it is clear that the eigenvalues control the distribu-
tion of the number of points and the eigenfunctions determine the positions of the
atoms once their number is known. The above mentioned algorithm is a beautiful
piece of work but requires to draw points according to distributions whose densi-
ties are not expressed as combinations of classical functions, hence the necessity
to use rejection sampling method. Unfortunately, as the number of drawn points
increases, the densities quickly present high peaks and deep valleys inducing a high
number of rejections, see Figure [T}

As a consequence, it is hardly feasible to simulate a DPP with more than one
thousand points in a reasonable amount of time. As a DPP appears as the locations
of the eigenvalues of some matrix ensembles, it may seem faster and simpler to draw
random matrices and compute the eigenvalues with the optimized libraries to do so.
There are several drawbacks to this approach: 1) we cannot control the domain into
which the points fall, for some applications it may be important to simulate DPP
restricted to some compact sets, 2) as eigenvalues belong to R or C, we cannot
imagine DPP in higher dimensions with this approach, 3) for stationary DPP, it
is often useful to simulate under the Palm measure (see below) which is known to
correspond to the distribution of the initial DPP with the first eigenvalue removed
so no longer corresponds to a random matrix ensemble.
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2 LAURENT DECREUSEFOND AND GUILLAUME MOROZ

FIGURE 1. Peaks and valleys of some densities.

Several refinements of the algorithm [I] have been proposed along the years but
the most advanced contributions have been made for DPP on lattices, which are
of a totally different nature than continuous DPPs. We here propose to fasten the
simulation of a DPP by reducing the number of eigenvalues considered and approx-
imating the eigenfunctions by functions whose quadrature can be easily inversed to
get rid of the rejection part.

We evaluate the impact of these approximations by bounding the distances be-
tween the original distribution of the DPP to be simulated and the real distribution
according to which the points are drawn.

Actually, there are several notions of distances between the distributions of point
processes (see [I0] and references therein). We focus here on the total variation dis-
tance and on the quadratic Wasserstein distance. The former counts the difference
of the number of points in an optimal coupling between two distributions. The lat-
ter evaluates the matching distance between two realizations of an optimal coupling
provided that it exists.

The paper is organized as follows. We first recall the definition and salient
properties of DPP. In Section [3] we briefly introduce the optimal transportation
problem in its full generality and give some elements dedicated to point processes.
In Section 4] we show how the eigenvalues and eigenfunctions do appear in the
evaluation of the distances under scrutiny. In Section [5] we apply these results to
the simulation of DPPs.

2. DETERMINANTAL POINT PROCESSES

Let E be a Polish space, O(F) the family of all non-empty open subsets of F
and B denotes the corresponding Borel o-algebra. In the sequel, m is a Radon
measure on (E, B). Let 91 be the space of locally finite subsets in E, also called the
configuration space:

N={(CE:|ANE& < oo for any compact set A C E},

equipped with the topology of the vague convergence. We call elements of 91 config-
urations and identify a locally finite configuration £ with the atomic Radon measure
>_yee Ey» Where we have written &, for the Dirac measure at y € E.

Next, let M/ = {&€ € N : |¢] < oo} the space of all finite configurations on E.
M/ is naturally equipped with the trace o-algebra F/ = F|y;.

A random point process is defined as a probability measure on (N, F). A random
point process u is characterized by its Laplace transform, which is defined for any
measurable non-negative function f on E as

Lu(f) = Ae‘zfeﬁf‘“du@.
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Our notations are inspired by those of [I4], where the reader can also find a brief
summary of many properties of Papangelou intensities.

Definition 1. We define the m-sample measure L on (M/, F¥) by the identity
[r@are = o [ fon o bim) . dm(z,).

n>0
for any measurable nonnegative function f on 0N/.
Point processes are often characterized via their correlation function defined as:

Definition 2 (Correlation function). A point process p is said to have a correlation
function p : M/ — R if p is measurable and

/ > fe)du©) = [ fe) pla)dia).

aCé, aenf
for all measurable nonnegative functions f on M/. For & = {zy,...,z,}, we will
write p(§) = pn(x1,...,2,) and call p, the n-th correlation function, where p,, is a

symmetrical function on E™.

It can be noted that correlation functions can also be defined by the follow-
ing property, both characterizations being equivalent in the case of simple point
processes.

Definition 3. A point process p is said to have correlation functions (p,, n > 0)
if for any Aq,..., A, disjoint bounded Borel subsets of F,

E|[]sA
=1

Recall that p; is the mean density of particles with respect to m, and

= / pn(1, .. xp)dm(zy) ... dm(x,).
A1><- An

on(x1, . xn)dm(zy) ... dm(z,)

is the probability of finding a particle in the vicinity of each z;, i =1,...,n
Note that

_ - (n)
ng = J NG
n=0
where
Ny = {€ € N, &(B) = n).
Since m(g) can be identified with E"/&,, where &,, is the group of permutations
over n elements, every function f : ‘ﬁé — R is in fact equivalent to a family of

symmetric functions (f,, n > 1) where f, goes from E™ to R. For the sake of
notations, we omit the index n of f,.

Definition 4. A measure p on ‘ﬁé is regular with respect to the reference measure
m when there exists

oo
iUy — Rt

{xlf" 7.17”} ’—>jn(.'1/'1,"' 75(:77,)

where j,, is symmetric on E™ such that for any measurable bounded f : M — R,

(1) E[f(&) (Z)—l—z /facl,..., n)J (@1, . xn)dm(zy) .. dm(zy,).

The function j, is called the n-th Janossy density. Intuitively, it can be viewed as
the probability to have exactly n points in the vicinity (x1,--- ,2,)
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For details about the relationships between correlation functions and Janossy
densities, see [7].

2.1. Determinantal point processes. For details, we mainly refer to [24]. A
determinantal point on X is characterized by a kernel K and a reference measure m.
The map K is supposed to be an Hilbert-Schmidt operator from L?(E, m) into
L?(E, m) which satisfies the following conditions:

(1) K is a bounded symmetric integral operator on L?(E, m), with kernel
K(.,.), ie., for any = € E,

Kf(x) = [E K (2, ) f(y)dm(y).

(2) The spectrum of K is included in [0, 1].
(3) The map K is locally of trace class, i.e., for all compact A C E, the restric-
tion Ky = PAK P, of K to L?(A, m) is of trace class.

Definition 5. The determinantal measure on 91 with characteristics X and m can
be defined through its correlation functions:

pn, k(T1,+, Tp) = det(K (xk, ml))lgk,lgn’
and for n =0, po x(0) = 1.

There is a particular class of DPP which is the basic blocks on which general
DDP are built upon.

Definition 6. A DPP whose spectrum is reduced to the singleton {1} is called a
projection DPP. Actually, its kernel is of the form

M
Ky(x,y) = ¢i(x)¢;(y)
=0

where M € N U {co} and (¢;, j =0,---, M) is a family of orthonormal functions
of L2(E,m).

If M is finite then almost-all configurations of such a point process have M
atoms.

Alternatively, when the spectrum of K does not contain 1, we can define a DPP
through its Janossy densities. In this situation, the properties of K ensure that
there exists a sequence (\;, 4 > 1) of elements of [0,1) with no accumulation point
but 0 and a complete orthonormal basis (¢;, @ > 1) of L?(m) such that

Ky(z,y) = Z Ai¢i(2) i (y).
i>1
Note that if LQ(E, m) is a C-vector space, we must modify this definition accord-
ingly:

Ky(a,y) =Y Nigi(2)ei(y).-

i>1
For a compact subset A C X, the map J, is defined by:
Ja = (Id—Ky) " Ky,
so that we have:
(Id—Kp) (Id+Jy) =1d.

For any compact A C E, the operator Jy is an Hilbert-Schmidt, trace class
operator, whose spectrum is included in [0, +00). We denote by Jj its kernel. For
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any n € N, any compact A C E, and any (z1, -, 2,) € A™, the n-th Janossy
density is given by:
(2) Ja (@1, -, xn) = det (Jp (v, xl))lgk,lgn :

We can now state how the characteristics of a DPP are modified by some usual
transformations on the configurations.

Theorem 1. Let i a DPP on R* with kernel K and reference measure m = hdzx.
Let (Ap, n > 0) be its eigenvalues counted with multiplicity and (¢, n > 0) the
corresponds eigenfunctions.

(1) A random thinning of probability p transforms u into a DPP of kernel pK.
(2) A dilation of ratio p transforms u into a DPP of kernel

1. ~
Kp(ﬂay):;K(p Vg, p=t/ky).

(3) If H is a C*-diffeomorphism on E, then
H ‘JIE — ‘JtE

ZEQJ —>ZEH(JC)

el el

transforms p into a DPP of kernel
Kp(zy) = K (H ' (z), H '(y))

and reference measure m o H—1, the image measure of m by H, see [6].

(4) If K(x,y) = k(x —y) then u is stationary [20] and thus admits a stationary
Palm measure u°. From [24], we know that u° is distributed as the DPP of
kernel

n=1

Remark 1. Tt is straightforward to see that the spectrum of Ky in L?(E, mo H™1)
is the same as the spectrum of K in L2(E, m). Actually, this transformation will
be a particular case of the optimal maps obtained in solving the MKP for the
Wassertein-2 distance (see Theorem .

Remark 2. Recall that for a Poisson process, we can obtain a realization of its Palm
measure by just adding an atom at 0 to any of its realization. Unfortunately, we
know from [I8] that the eigenvalues of a DPP cannot be obtained as measurable
functions of the configurations. Hence it is hopeless to construct a realization of u°
from a realization of p.

2.1.1. Simulation of DPP. The simulation algorithm introduced [I§] is up to now
the most efficient to produce random configurations distributed according to a
determinantal point process. It is based on the following lemma.

Lemma 2. Let ug o determinantal point process of a trace-class kernel K and
reference measure m. Let sp(K;L*(m)) = {\n,i > 0} and (¢, i > 0) a CONB
of L*>(E, m) composed of eigenfunctions of K. Let (B(\,),i > 0) a family of
independent Bernoulli random variables of respective parameter \,. Let
I={n>0,B(\) =1}
Since E[|I]] =307 g An < 00, I is a.s. a finite subset of N. Consider
Ki(z,y) = ZQZ)TL(I)%(ZJ)

nel
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and
1
p](l’l, s ,.’E|[|) = W det(KI(xk,le 1 § ]i?,l S ‘I‘)
Construct a random configuration & as follows: Given I, draw points (Wy,---,Wp)

with joint density pr. Then & is distributed according to (i m.

In the following, let ¢;(z) = (pn(x),n € I).
Data: R,
Result: Wy, W

Draw Wi from the distribution with density ||¢(x)||g, /|1];

er < o1 (Wh)/ller(Wh)llcims
for i < 2 to |I] do
Draw W; from the distribution with density

1 i—1
Pi) = ey <||¢1(x)||2cz X |ek.<m<x>|2>

ui = $1(W;) = 3525 en-dr(Wi) exs
€i ¢ ui/l|uillin;

end
Algorithm 1: Sampling of the locations of the points given the set I of active
Bernoulli random variables.

We have two kind of difficulties here: the drawing of W; according to a density
function with no particular feature so we usually have to resort to rejection sam-
pling; when || is large the computation of the density may be costly as it contains
a sum of |I] terms. Figure [I|also suggests that when the number of points becomes
high, the profile of the conditional density might be very chaotic with high peaks
and deep valleys, involving a large number of rejections in the sampling of this
density. These are the problems we intend to address in the following.

Remark 3. Note that this algorithm is fully applicable even if E is a discrete fi-
nite space. It has been improved in several ways [19, 25] but when it comes to
simulate a DPP with a large number of points as it is necessary in some applica-
tions [5], the best way remains to use MCMC methods [I]. Unfortunately, by its
very construction, this last approach is not feasible when the underlying space FE
is continuous.

3. DISTANCES DERIVED FROM OPTIMAL TRANSPORT

For details on optimal transport in R% and in general Polish spaces, we refer
to [27, 26]. For X and Y two Polish spaces, for p (respectively v) a probability
measure on X (respectively Y), X(u, v) is the set of probability measures on X xY’
whose first marginal is ¢ and second marginal is v. We also need to consider a lower
semi continuous function ¢ from X x Y to R*. The Monge-Kantorovitch problem
associated to p, v and ¢, denoted by MKP(u, v, ¢) for short, consists in finding

3) inf / o(,y)dy (2, 9).
’YEE(/L,D) XxXY

More precisely, since X and Y are Polish and c is 1.s.c., it is known from the general
theory of optimal transportation, that there exists an optimal measure v € X(u, v)
and that the minimum coincides with

sup (/ qu—i—/Gdu),
(F,G)ed. /X Y
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where (F, G) are such that F' € L'(du), G € L'(dv) and F(z) + G(y) < c(z, y).
We will denote by W,.(u, v) the value of the infimum in . In the sequel, we need
the following theorem of Brenier:

Theorem 3. Let c(z,y) = 27|z — y||? be the Buclidean distance on RF and
W, v two probability measures with finite second moment. If the measure u is abso-
lutely continuous with respect to the Lebesgue measure, there exists a unique optimal
measure Yopt Which realizes the minimum in . Moreover, there exists a unique
function ¢ : R¥ — R such that

y=x—VY(z), Yopt-a.s.

Then, we have

2

The square root of We(u,v) defines a distance on 91 (RF), the set of probability
measures on R, called the Wasserstein-2 distance.

1
Welov) = / V|2 d.
Rk‘

For c a distance on X =Y, W, also defines a distance on 90t; (R¥), often called
Kantorovitch-Rubinstein or Wasserstein-1 distance. It admits the alternative char-
acterization.

Theorem 4 (See [I1]). Let ¢ be a distance on the Polish space (X,dx). For j and
w two probability measures on X,

c\Hs = dp — d
We (s 1) fg%(/xfu /Xfu)

Lipy ={f : X = R, Va,y € X, |f(z) = f(y)| < dx(z,y)}.
Note that dx is the distance which defines the topology of the Polish space X, it
may not be identical to c.

where

The next result is found in [26, Chapter 7].

Theorem 5. The topologies induced by W, and W, on M1 (RF¥) are strictly stronger
than the topology of convergence in distribution.

4. DISTANCES BETWEEN POINT PROCESSES

There are several ways to define a distance between point processes. We here
focus on two of them. They are constructed similarly: Choose a cost function ¢ on
Mg and then consider W, defined by the solution of MKP(u, v, ¢) for u and v two
elements of My (Ng).

Definition 7. Consider disty; the distance in total variation between two config-
urations (viewed as discrete measures):

distry (&, ¢) = (EAQ)(E)

where £A( is the symmetric difference between the two sets £ and (, i.e. we count
the number of distinct atoms between ¢ and (. Then, for 4 and v belonging to
M1 (NE), their Kantorovitch-Rubinstein distance is defined by

WKR (1, V) = inf E[(€AQ(E)]

law (£)=p
law (¢)=v

(4) — s ( F(E)du(e) - f(<>du<<>).
) Ne NE

feLip, (Mg
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Remark 4. For any compact set A C F, the map

ZA Ny — N

§— &(A)

is Lipschitz. Let (un, n > 1) be a sequence of point processes and denote by &, an
N g-valued random variable whose distribution is p,,. Similarly, for another element
v € M (MNEg), let ¢ be an Ng-valued random variable whose distribution is v. In
view of and Theorem [} if WkR (tn, V) tends to zero then for any compact
set A, the sequence of random variables (£,(A), n > 1) converges in distribution

to C(A).

For the quadratic distance, we first consider, on E = RF, the cost function as
p(z,y) = 27|z —y||* and we define a cost between configurations (see also [4} 3] 2])
as the ’lifting’ of p on MNg:

ct616) =int { [ pte.y) a6, 5 e D6 |

where X(&1,&2) denotes the set of 8 € Mg« p having marginals & and &;. First
remark that when & (E) is finite, the cost is finite only if & (E) = &(E), otherwise
3(&1,&2) is empty and then, by convention, the cost is infinite. Moreover, the cost
is attained at the permutation of {1,---,&;(E)} which minimizes the sum of the
squared distances:

1 §1(E)
: 2
c(&1,&) == min Ti — Yoli
(€1,62) = 5 min ; e = yo o
where & = {z;,1 < j < &(E)} and & = {y;,1 < j < &(E)}. For infinite con-
figurations, it is not immediate that the cost function so defined has the minimum
regularity required to consider an optimal transport problem. According to [23],
this is indeed true as ¢ is lower semi continuous on Mg X Ng. We can then consider
the Monge-Kantorovitch problem MKP (1, v, ¢) on 9t (9Mg). The main theorem of
[8] is the following. For A a compact subset of F, by definition of locally finite
point process, the number of points of §|5 is finite hence we can write

n, = [J o}
n=0
where
N = {€ € Ny, E(A) =n}.

Definition 8. A probability measure p on g is said to be regular whenever it
admits Janossy densities of any order.

Theorem 6. Let A C E a compact set. Let p be a regular probability measure
on Np and v be a probability measure on Ng. The Monge-Kantorovitch distance,
associated to c, between p and v is finite if and only if the following two conditions
hold

(1) u(C(A) =n) =v(&(E) =n) :=c, for any integer n > 0,

(2) > > 0 We(pin, vn) is finite.
Then, the solution of MKP(u, v, ¢) is attained at a unique point y,p, and there exists
a unique map

Y DS’IE\”)%G‘)T%L)

n=0 n=0

f:{flf" axn}’—>{¢n(y7 (.%'17"' axn))a yef} EE”
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such that for &£ € ‘ﬁgn),
C = Z€Wn($,£)770pt—a.3,

el
Moreover,
(5) WC(/'L; V) = Z ane(,uvu Vn,)-
n>1
If v is regular, then for y € {zy, -+ ,z,},

@n(y’ (.131,"' ,l’n)) =Y - Vywn(xla axn)

where Id =V, is the optimal transportation map between the n-th Janossy nor-

malized densities ¢, j* and ¢, ! j%.

This means that whenever the distance between p and v is finite, there exists a
strong coupling which works as follows: 1) draw a discrete random variable with
the distribution of £(A), let ¢ the obtained value 2) draw the points of £ according
to p, and then 3) apply the map ¢,(., ) to each point of £&. The configuration
which is obtained is distributed according to v,.

It is shown in [8] that for two Poisson point processes of respective intensity o
and o9, the distance defined above is finite if and only if o1(E) = 02 and

C = Zé‘t(x), Yopt-a.S.

FASIS

where t is the optimal transport map between o, and o5 for the Euclidean cost
as defined in Theorem |3} Note that the optimal map is a transformation which is
applied to each atom irrespectively of the others. In full generality, for non Poisson
processes, the amount by which an atom is moved depends on the other locations.

4.1. Distances between DPP. For determinantal point processes, we can evalu-
ate the effect of a modification of the eigenvalues with the Kantorovitch-Rubinstein
distance and the effect of a modification of the eigenvectors with the Wasserstein-2
distance.

Lemma 7. Let p and v two determinantal point processes with respective kernels
K, and K,. Assume that K,, and K, are two projection kernels in some Hilbert
space L?(m) such that K, = K, + L where L is another projection kernel and L is
orthogonal to K,. Then,

(6) Wgkr(p, v) < range(L).

Proof. The hypothesis means that there exists (¢;, j = 1,---,l 4+ n) a family of
orthonormal functions in L?(m) such that

n l
Ky(z,y) = Z%(SE)@(?J) and L(z,y) = ) &;()e;(y)-

j=n+1

Since L is a positive symmetric operator, this exactly means that K, < K, in the
Loewner sense. According to [I5], there exists &', ¢’ of respective distribution u, v
and a point process w’ such that

=+ and N’ =0.
This implies that
FAJ(E) =w'(B) =1
According to the first definition of WiR, see (4]), this implies @ O
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Theorem 8. Let v (respectively v) be a determinantal point process of character-
istics K, and hy, (respectively K, and h,) on a compact set A C R*. Denote by
(A4, n > 0) (respectively (N, n > 0)) the eigenvalues of K,, in L*(E, h,dx) (re-
spectively of K,, in L*(E, h,dx)) counted with multiplicity and ranked in decreasing
order. Assume that

Ar <A Wn > 0.
Then,

(7) Wir(p, v <ZW‘ Al

Proof. We make a coupling of (B(A), n > 0) and (B(A), n > 0) by using the
same sequence of uniform random variables: Let (U,, n > 0) be a sequence of in-
dependent, identically uniformly distributed over [0, 1], random variables, consider

X = Ly, ony and X7 = Ly, <oy
Note that
@ P(X} # X1) = A = Al

Let I, ={n > 0,X# =1} and I, = {n > 0, X} = 1}. In view of the hypothesis,
X" < X* hence I, C I,. Otherwise stated, Kj, and Kj, are two projection kernels
which satisfy the hypothesis of Lemma |7l Hence, there exists a realization (¢, () of
Y(p,v) given I, and I,,, such that

dlStTV f C Zl{X”;ﬁX“}

Gluing these realizations together, we get a couphng (&, ¢) such that
E [diStTV(ga QO]=E[E [diStTV(§7 Ql I, L]]

o0
> 1{X;¢X¢:}]

n=0
&S]

=Y M=,
n=0

according to (§]). Since the Kantorovitch-Rubinstein distance is obtained as the
infimum over all couplings of the total variation distance between ¢ and (, this
particular construction shows that holds. O

=E

The next corollary is an immediate consequence of the alternative definition of
the KR distance on point processes, see Eqn. (4).

Corollary 9. With the hypothesis of Theorem [8, let & and ¢ be random point
process of respective distribution p and v. Then, we have that

sup dist py(€(A Z [AE—AY).
ACA 7=0
This means that the Kantorovitch-Rubinstein distance between point processes
focuses on the number of atoms in any compact. As we shall see now, the Wasserstein-
2 distance evaluates the matching distance between configurations when they have
the same cardinality.

Theorem 10. Let u (respectively v) be a determinantal point process of charac-
teristics K,, and h, (respectively K, and h,) on a compact set A C RF. The
Wasserstein-2 distance between p and v is finite if and only if

sp(K s LQ(thx)) = sp(K,; L*(h,dx)).
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Proof of Theorem[I0 According to point [I] of Theorem [6] we must first prove the
equality of the spectra. We already know that the eigenvalues of both kernels
are between 0 and 1, with no other accumulation point than 0. Furthermore, the
distribution of ¢(A) is that of the sum of independent Bernoulli random variables
of parameters given by the eigenvalues, hence

9) ®,(z) = B, [zm] = I a-r+xr2).
A€sp K,

The infinite product is convergent since trace K, = >\, K, is finite.
If the Wasserstein-2 distance between p and v is finite then ®, = ®,. The zeros
of these two holomorphic functions are all greater than 1 and are isolated. Let

m(®P,r) = number of zeros (counted with multiplicity) of ® in B(0, ).
By the properties of zeros of holomorphic functions we have
m(®,,r) = m(®,,r) for any r > 0.

Hence,

(52 rewn - {552 rewi)

and the two spectra must coincide. Now then, by the very definition of W,,
Welpas ) < [ lal(pn -+ dvn) < sup [ (1o (8) + 92(4)).
A fAS

Thus, we have

D Welpin, v0) p(G(A) =) < sup el 3 (1 (A) + v (A) ) (G A) = )

n>1 n>1

= 2sup ||z||? trace K ,.
rEA

This quantity is finite hence the Wasserstein-2 distance between p and v as soon

as the spectra are equal. O

The next lemma is a straightforward consequence of Lemma [2]

Lemma 11. Let p1 be a determinantal point process of characteristics K, and h,,.

For I a finite subset, let
cr= M JJa-x,
iel  jele
where the N'’s are the eigenvalues of K,. Then, its n-th Janossy density is given
by

jﬁ(gjlv"' azn) = Z CIPI(CUly"' ,In).
ICN
| I|=n
This means that given ((E) = n, the points are distributed according to the proba-
bility measure:

Pt (an, ) S erpr(@, oo xn) where e, = Y e,

ICN ICN
[|=n [|=n
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Proof. Consider that ¢ is constructed with Algorithm [Ijand denote by I the set of
indices of the Bernoulli random variables which are equal to 1 for the drawing of £.
For any bounded f : ‘J’(é — R,

E[f(©)] = f0) + > E[f(O)lem)=ny]

oo

=fO)+> D EBf©)Ie=J ¢y

n=1 JCN
|J|=n

@ +Z Z ¢J f xl’ 7$n)pJ(3317"' 7xn)d£l71d(En

n=1 JCN
|J|=n

F(0) + ch f T1, ) PE(z1, 0y xp)day .. day,.

The result follows by identification with . O

Then, Theorem [f] applies as follows.

Theorem 12. Suppose that the hypothesis of Theorem[I0 hold. Let 1d —V1,, be the
optimal transport map between p¥ and p¥. Then, the optimal coupling is given by
the following rule: For & such that §(E) = n, it is coupled with ( the configuration
with n atoms described by

(= o-vouno)
FASIS
Furthermore,

ch )
= 72/ (Vn (1, )| %n G (@1, an)dey .. . d2y,.

Theorems and |12 mean that two determinantal point processes are strongly
coupled when and only when their eigenvalues are identical. Moreover, the eigen-
values also control the convex combination of the densities of the projection DPP
which appear in the Janossy densities.

4.2. Determinantal projection processes. Recall from Definition [] that a pro-
jection DPP has a spectrum reduced to {1}. When it is of finite rank M, almost
all its configurations have M points distributed according to the density

1
Mdet([%(%, xj), 1 <i,5 < M)

Theorem cannot be used as is since projection DPPs do not possess Janossy
densities. However, the initial definition of W, can still be used.

(10) pe(T1, - TM) =

Theorem 13. Let ¢ = (¢, 1 <j < M) and ¢ = (¢, 1 < j < M) two orthonor-
mal families of L*(E;m). Let uy and pg the two projection DPP associated to
these families. Then,

M
Wiy, prg) < Ué%fM z;we(|¢j|2dm, b0 (jy|2dm).
iz
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Proof. We know that the points of p, (respectively uy) are distributed according
to py (respectively py) given by . Let v be a probability measure on EM x EM
whose marginals are pydm and pydm. We know that

M

WC(M’AZM ,LL¢) :/ inf ‘mJ - ya’(])|2E dW(iUl»' S TMLYL, ayM)
EMyxpM 0€G =
M
SZ/ |mj_yj‘2Ed’Y(x177$M7y177yM)
j:1 EMy pM

We know from Algorithm 1, that the marginal distribution a single atom of f,, has
distribution

M
1
dpy(z) = 37 >0 (@)[Pdm(x).
j=1
Since p, and pg are both invariant with respect to permutations, we obtain

WC(:U‘LZH .u’<15) < M |I1 - y1|2E‘d7(:C17 MYl 7y]W)
ExXE

< M We(pay, iy)-

If 7} is a coupling between [¢;|2dm and |¢;|2dm then M~1 3> 41 is a coupling
between ,u}/} and ué. Hence,

M
We(tiy, po) < Z/ |21 — yl|2d%1(l‘1,y1)
j=1 ExXE

M
<D We(9yPdm, 65 P dm).
j=1
Since we can order the elements of the family ¥ and ¢ in any order, the result
follows. 0

5. SIMULATION

As mentioned previously, implementing Algorithm [I] using rejection sampling
involves too many rejections which prevents the algorithm to work for more than
1000 points. In this section, we will show that we can generate 10000 points for
the Ginibre point process on a compact disc using inverse transform sampling and
approximation of the kernel.

In this section, we will consider Ginibre point processes but our reasoning could
be applied to any rotational invariant determinantal process like the polyanalytic
ensembles [16], 3] or the Bergman process [I7]. For these processes, it is relatively
easy to compute the eigenvalues and the eigenfunctions of the kernel of their re-
striction to a ball centered at the origin. For the Ginibre process, which will be our
toy model, its restriction to Br, denoted by &%, has a kernel of the form

ER(z,y) =Y Ao (2)oF(y)
n=0
where [9)]
)\R — V(n + 17 RQ)
" n!
R 1 —lz|?/2
Rlz) = ———_ grelel2,

my(n+ 1, R?)
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with 7(n,r) is the lower incomplete gamma function. We denote by the &£ the
process whose kernel is the truncation of K to its first N components:

N—1
Kfi(z,y) = > Aol (z)ok(y)
n=0

The strict application of Algorithm [1ffor the simulation of &%, requires to compute
all the quantities of the form

AT =)
k=n-+1

to determine which Bernoulli random variables are active. Strictly speaking, this
is unfeasible. However, it is a well known observation that the number of points
of 8% is about R?. So it is likely that &% and (’SﬁR should be close for Ng close

to R?. This is what proves the next theorem.

Theorem 14. Let ¢ >0 and Ng = (R+¢)?. For R > ¢, we have

2
WKR(QiR’ GSJ%R) < \/;Re—cz.

Actually, the proof says that with high probability, & and (’ﬁf\?',R do coincide.

Proof. First, using the integral expression y(j,z) = [;- t/~le~'dt, observe that

Py 719(]‘? = x. Then, using the formula y(n + 1,z) = ny(n,z) — x"e™%, we have
by induction:
S A _ ae nwhn),
2=, T0) T
For n = (R + ¢)? and = = R?, this implies:
2(R+c)2e—R2
Y M < (R4
jo= 2)
> (R+¢)?!
Using the bound n! > v/27n (%)n
Z AR < R + ¢ R2(B+0)? ((R+e)’—R?
= c 2
s J or (R + ¢)2(R+o)
< R+ Ce(R+c)2—R2—2(R+c)2 log(1+ %)
T V2w
< R+ Ce(R+c)27R272(R+c)2 lfﬁ
T V2w
R+c 2
< e ¢
T oV27
Since R > ¢, the proof is complete. O

As a corollary of the previous proof, we have
(11) P(In> (R+0%Ba(M)=1)< 3 M <kRe™
n>(R+c)?

for R large enough. This means that the number of active Bernoulli random vari-
ables in Algorithm is less than (R+c)? with high probability. We can also provide
a lower bound on the cardinality of I.
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Lemma 15. For any R > c¢ > 0,

P(card(I) < (R — ¢)?) < \/%Re%?.

Proof. As in the previous proof, we will reduce the problem to bound a sum of
reduced incomplete gamma functions.

P(card(I) < (R —¢)?) =1 —P(card(I) > (R — ¢)?)
<1- ][  PBer(H)=1)
0<j<[(R—c)?]

< Y a-P@BaOH=1)

0<j<[(R—0)?]
L'(j, R?)

< v,

- Zf . T0)
1<j<[(R—e)?]

Using the formula I'(n + 1, ) = nI'(n, z) + 2™e~", we have by induction:

n

Z L(j,z) a"e ™ —(x—n)T'(n,x)

= TU) a I'(n)

For n = | (R — ¢)?| and x = R?, this implies:

P(card(!) < (R—¢)

N
In
=
.

Using Stirling formula

R i
2

_ <
P(card(l) < (R—1¢)%) < Vo (R— c2(E—o?

— € (R—¢)*—R?—2(R—c)2log(1— %)

e
V2T

2

— 66762'

=

=

c
(R—c)*— R*+2(R—c)* i,
R

o
g

T

<

N

The proof is thus complete. O

The combination of Lemma (15| and shows that the cardinality of I is of the
order of R? with high probability.

5.1. Inverse transform sampling. The next step of the algorithm is to draw
the points according to a density given by a determinant. Since we do not have
explicit expression of the inverse cumulative function of these densities, we have
to resort to rejection sampling. Fortunately, even it has not been noticed to the
best of our knowledge, the particular form of the eigenfunctions of the Ginibre like
processes is prone to the simulation of modulus and arguments by inverting their
respective cumulative distribution function. This new approach is summarized in

Algorithm [2]
Lemma 16 (Simulation of the modules). Let p(z) = >, a:2™ fi(|z]) and

r 2
P(r) = / / 1p(pe®) 20 dp db
p=0 J60=0
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The following equality holds:

P(r) =Y la;*F;(r*)

iel

where
6P = [ w2
P

Given a sequence of complex numbers Wy for £ from 1 to |I|, we denote by ey the
orthonormal vectors obtained by Gram-Schmidt orthonormalization of the vectors
¢ (Wy). Let also M, C RHI be the vector (lee.i|?)ier where e, ; is the coordinate of
index ¢ of e;. Moreover, let Up(r) = (F;(r))icr. Finally, let U; be the sequence of
vectors defined by induction with Uy = (1);¢; and U1 = U; — M;. Then drawing
the module of W; in Algorithm [I|is reduced to sampling uniformly ¢; in [0, 1] and
solving the equation:

1

12 1
(12) =i+t

Ui . UF(T‘).

Knowing U;, we can compute U;+1 in O(|I|) arithmetic operations. Using a di-
chotomy approach, Equation can be solved with precision ¢ using O(|I]loge)
evaluation of the F;.

Given the moduli, we can now simulate the arguments.

Lemma 17 (Simulation of the arguments). Let p =, ; a;2" fi(|z]) and

Q(T,Q)Z/e Ip(re'®)|?r do

=0

Then Q can be rewritten as a sum of |I|? terms:

Q(r,a) = Z a;arGi (1, @)

ikel
elni—ng)e _ 1

where G i (r, ) = rgi(r)ge(r) jln; —ng) it and g;(r) = r™ fi(r).
rg2(r)a ifi=k

Similarly to the simulation of the modules, for ¢ from 1 to |I|, let A, ¢ CI* be
the vector (eg€rx)iker- Let Va(r,a) = (Gik(r,@)), ;- Let (Vi)i=1..5—1 be the
sequence of vectors defined by recurrence with Vi = (1;=¢); rer and Vi1 = Vi — A;.
Drawing the argument of W; in Algorithm [I]is now reduced to sampling uniformly
¢; in [0, 1] and solving the equation:

1

1 -
(13) ¢ Vi - Vi (r, 2m)

Vi - Va(r,a).

Computing V;y1 from V; requires O(|I]?) arithmetic operations. Then, for
fixed r, Equation can be solved up to precision ¢ in O(|I|?>+|I|log €) arithmetic
operations and evaluations of the f;, using a dichotomy approach.

The total cost of sampling the W; with this approach is O(|I|> + |I|? loge) op-
erations. We will see in the next section how we can reduce this complexity using
an approximation of the eigenfunctions.

Gathering the results of this section, we get in Algorithm [2| an efficient method
to sample points from a symmetric projection point process.
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Data: R,
Result: Wy, , Wy

Draw Wi from the distribution with density ||¢7(x)||g, /|1];
er < or(Wh)/|[é1(Wh)llcin;

Ur = (Vier;

Vi = (Li=k)iker;

for i + 2 to |I]| do

A. Update vectors U; and V; for next point simulation
M; < (leiel*|eers

Ai + (€ik€i0)k el

U, <~ U,_1— M,

Vi Vier — Ay

B. Draw point W;

Draw ¢; from the uniform distribution in the interval [0, 1];
r; < solution of ¢; = HE z+1U Up(r);

Draw d; from the uniform distribution in the interval [0, 1];
o, + solution of d; = Vi - Vg (rqi, a);

W; + riet®i;

1
VL'-VG(Ti727T)

C. Compute new wvector e;

u; < or(W;) — Z —er.dr (W) ex;
ei < ui/||uillcin;

end
Algorithm 2: Simulation of a compact symmetric projection point process
restricted to the disc Bgr

5.2. Compact Ginibre and approximation. Using Theorem with a well-
chosen approximation, we will show that we can reduce in Algorithm [2| the com-
plexity of steps A. and B. from O(|I]?) to O(|I|*:3) operations with high probability.

For a given constant ¢ > 0 and for an integer n, let R,, be the ring between the
circles of radii v, = min(R,+/n + ¢) and l,, = max(0, min(y/n, R) — ¢). Let

n+1u?)—~y(n+1,02
,Un:/ \d)f(z)\zdz:% ) ’Y( )

., v(n+1, R?)
1 _ 1212
n(|z]) = ———e" 2.
fnll2D) my(n+ 1, R?)

and define the following approximated functions :

7.(1el) = {fn<|z|>/m if 2 € Ry

otherwise
and let
O (2) = 2" fu(l2]).
We now show that replacing ¢F by ¢F does not cost much in terms of accuracy.
Theorem 18. For any I C {1,---,Ngr},

We(pig, pz) < log (:J) :

jel
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Proof. According to Theorem it is sufficient to evaluate
W, (10fdz, |6f%dx)
for any j € I. Denote the two measures involved in the previous OTP by
(j(dz) = |¢] (2)Pda, {;(dz) = |6f (z)[Pda.

These are two radially symmetric measures on R2. We still denote by ¢ and ¢ the
two measures they induce on the polar coordinates (r,6). Consider

1

. 2
¢j(dr]0) = ¢ r¥*te™ 1y gy(r) where ¢; = (G +1,R%)’

the distribution of r given 6 under ¢ and the same quantity for Q: . If we have a
coupling 3y between these two measures, then

(7‘7 9) — (29(7‘), 6‘)
is a coupling between (; and fj. It follows that
We (¢, é:]) < W, (cjr2j+1e_T21[O,R] (r)dr, éjr2j+1e_T21Rj (r)dr)

where

We have
d? e 2541
T dr2 log(r¥*le™) = r2

Hence the Bakry-Emery criterion [26] entails that the measure

+22>2.

pooldr) = e e 1y gy (r)dr

satisfies the Talagrand inequality: For any probability measure p

Welp, poe) < H(p| poc) = / p(r) log pif’("i)dr

Apply this identity to
dp;(r) = Ejr2j+1e_r2 1g,(r)dr

yields

i <n(il) (1)
O

N—

Finally, using the same techniques as above, we bound the sum of the log (i
in the following lemma.

Lemma 19. There exists a constant k such that for \/log R < ¢ < R:

> 1
Z log () < kR2e<.
n=0 Hn
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Proof. We split the sum in three parts:

1
0 "E ()
fin
R2—1
1
Sy = log ()
n_(R Hin
e
n:ZRQ Hn
We will first prove that the terms in S and Sy are O(e™ <* ) and the terms log(# 2en )
in S5 are O(Re=“" (1 — 5.
1, R?
For ¢ > 1 and n < (R—¢)?, we show that u,,~! is roughly equal to %!
y(n+1,u2) —~y(n+1,12)
= F(n + 1) — F(n + 17U721) - ’Y(n + 17l721)
2(n+1) ) 2(n+1) 2
ST 1) — — ™ emup Ml
>T(n+1) u%—nfle n+1fl%e
2 _c2 l2 —c?
> ]_"(n + 1) — Un® I‘(n + 1) - nc F(n + 1)

(u2 —n—1)v2mn
>T(n+1)(1-e)
This implies that

(n+1-12)vV2mn

1 < v(n+1, R?)

o = T+ D(L—e )

and ,
l08(=-) £ T (e )
Thus, for ¢ > 1, we have:
S < 2Re™ 4 2R% .
For Sy we have u, = R and [,, = v/n — ¢ such that
1 1
At 1LV o?)
v(n+1, R?)
Moreover, for n 4+ 1 < R?, we know that
I'(n+1)

’y(n+l,R2) > 5

and
Y(n+1,(vVn—c)?) < e T(n+1).

Combine these identities with the well known fact

1 €
> o <
- 1—¢ 1 — maxe;
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to obtain )
2cRe™¢
S =

Finally for Ss, we have u,, = R and [, = R — ¢, so that we have

1 1

1 Y+ 1L (R—c)?)

a1 = y(n+1,R?)

Then remark that :

v (R=¢’) _ (R=e)"e” " )(n— (R~ c)’)

N R¥e 2 Jn
(1 _ %)ZHeRZ—(R—c)z
1— (R—c)?
(1- %)2(77,—]{2)6—2R2%—R2%+QCR—CQ
= 1— (R—c)?
(1- %)2(n7R2)672c2
—c)2
1— (RR:)

R c 2 2
< 21— = 2(n—R*) ,—2c¢
< B Epoom,

Thus, summing from R? to co we get:

Sy < —€
1— —e—2¢

The proof is thus complete.

5.3.

O

Experimental results. An implementation in Python of this algorithm pub-

licly available [22] allowed us to sample 10000 points in 2128 seconds on a 8
core 3Ghz CPU. The same approach can be used for the DPP with the so-called
Bergmann kernel which represents the zeros of some Gaussian analytic functions [I7].
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