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Abstract

Amongst the very first variance reduced stochastic methods for solving the empiri-
cal risk minimization problem was the SVRG method [[11]. SVRG is an inner-outer
loop based method, where in the outer loop a reference full gradient is evaluated,
after which m € N steps of an inner loop are executed where the reference gradient
is used to build a variance reduced estimate of the current gradient. The simplicity
of the SVRG method and its analysis has lead to multiple extensions and variants
for even non-convex optimization. Yet there is a significant gap between the param-
eter settings that the analysis suggests and what is known to work well in practice.
Our first contribution is that we take several steps here towards closing this gap. In
particular, the current analysis shows that m should be of the order of the condition
number so that the resulting method has a favourable complexity. Yet in practice
m = n works well irregardless of the condition number, where n is the number of
data points. Furthermore, the current analysis shows that the inner iterates have to
be reset using averaging after every outer loop. Yet in practice SVRG works best
when the inner iterates are updated continuously and not reset. We provide an anal-
ysis of these aforementioned practical settings and show that they achieve the same
favourable complexity as the original analysis (with slightly better constants). Our
second contribution is to provide a more general analysis than had been previously
done by using arbitrary sampling, which allows us to analyse virtually all forms
of mini-batching through a single theorem. Since our setup and analysis reflects
what is done in practice, we are able to set the parameters such as the mini-batch
size and step size using our theory in such a way that produces a more efficient
algorithm in practice, as we show in extensive numerical experiments.

Preprint. Under review.



1 Introduction

Consider the problem of minimizing a p—strongly convex and L—smooth function f where

1 n
* 3 .
@” = arg min — Z filx) =: f(z), (D
i=1

and each f; is convex and L;—smooth. Several training problems in machine learning fit this format,
e.g. least-squares, logistic regressions and conditional random fields. Typically each f; represents a
regularized loss of an ith data point. When n is large, algorithms that rely on full passes over the
data, such as gradient descent, are no longer competitive. Instead, the stochastic version of gradient
descent SGD [22] is often used since it requires only a mini-batch of data to make progress towards
the solution. However, SGD suffers from high variance, which keeps the algorithm from converging
unless a carefully often hand-tuned decreasing sequence of stepsizes is chosen. This often results in a
cumbersome parameter tuning and a slow convergence.

To address this issue, many variance reduced methods have been designed in recent years including
SAG [23]], SAGA [5] and SDCA [24] that require only a constant stepsize to achieve linear conver-
gence. In this paper, we are interested in variance reduced methods with an inner-out loop structure,
such as S2GD [12], SARAH [[18]], L-SVRG [14] and the orignal SVRG []11] algorithm. Here we
present not only a more general analysis that allows for any mini-batching strategy, but also a more
practical analysis, by analysing methods that are based on what works in practice, and thus providing
an analysis that can inform practice.

2 Background and Contributions

Convergence under arbitrary samplings.

We give the first arbitrary sampling conver- =
gence results for SVRG type methods in
the convex settinéﬂ That is our analysis in-
cludes all forms of sampling including mini-
batching and importance sampling as a spe-
cial case. To better understand the signifi-
cance of this result, we use mini-batching b
elements without replacement as a running
example throughout the paper. With this sam-
pling the update step of SVRG, starting from
29 =w € R?, takes the form of

3107

step size

total complexity

150 31070
2 g 10 1 n=53500

i B
mini-batch size mini-batch size

Figure 1: Left: the total complexity (3) for random
Gaussian data, right: the step size @) as b increases.
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where o > 0 is the stepsize, B C [n] &f {1,...,n} and b = |B|. Here w,_ is the reference point
which is updated after m € N steps, the z'’s are the inner iterates and m is the loop length. As
a special case of our forthcoming analysis in Corollary we show that the rotal complexity of
the SVRG method based on (2)) to reach an € > 0 accurate solution has a simple expression which

depends on n, m, b, p, L and Ly ax def maX;e, Li:

def n 3n—bLpax nb—10L 1
= o942 2 i l 1 -
Cm(b) (m+ b>maX{bn1 W +bn1p’m} Og(e)’ )

so long as the stepsize is
1 b(n—1
o= = (n—1) . 4)
2 3(n —b)Lmax +n(b—1)L
By total complexity we mean the total number of individual V f; gradients evaluated. This shows that
the total complexity is a simple function of the loop length m and the mini-batch size b. See Figure
for an example for how total complexity evolves as we increase the mini-batch size.

'SVRG has very recently been analyzed under arbitrary samplings in the non-convex setting [|10.



Optimal mini-batch and step sizes for SVRG. The size of the mini-batch b is often left as a
parameter for the user to choose or set using a rule of thumb. The current analysis in the literature for
mini-batching shows that when increasing the mini-batch size b, while the iteration complexity can
decreas the total complexity increases or is invariate. See for instance results in the nonconvex
case [19,[21], and for the convex case [9], [13]], [[1]] and finally [15] where one can find the iteration
complexity of several variants of SVRG with mini-batching. However, in practice, mini-batching
can often lead to faster algorithms. In contrast our total complexity (3) clearly highlights that when
increasing the mini batch size, the total complexity can decrease and the stepsize increases, as can
be seen in our plot of (3)) and (@) in Figure|l} Furthermore C,,(b) is a convex function in b which
allows us to determine the optimal mini-batch a priori. For m = n, a widely used loop length
in practice, the optimal mini-batch size, depending on the problem setting, is given in Table
Moreover, we can also determine the optimal loop length The reason we were able to achieve these

<L L 3Lmax 3Lmax
n < m m <n< m n> Shmax
nL nL nL nL
Lmax Z 3 Lmax < 3 Lmax 2 3 Lrnax < 3

V’J [min{é, B}J 1

Table 1: Optimal mini-batch sizes for Algortithmwith m = n. The last line presents the optimal
mini-batch sizes depending on all the possible problem settings, which are presented in the first two

: : I n 3Lmax—L 7 __ (8Lmax—L)n
lines. Notations: b = 4/ 5 iy p— b= Y § ey s s

new tighter mini-batch complexity bounds was by using the recently introduced concept of expected
smoothness [8] alongside a new constant we introduce in this paper called the expected residual
constant. The expected smoothness and residual constants, which we present later in Lemmas
and[4.2] show how mini-batching (and arbitrary sampling in general) combined with the smoothness
of our data can determine how smooth in expectation our resulting mini-batched functions are. The
expected smoothness constant has been instrumental in providing a tight mini-batch analysis for
SGD [[7], SAGA [6] and now SVRG.

New practical variants. We took special care so that our analysis allows for practical parameter
settings. In particular, often the loop length is set to m = n or m = n/b in the case of mini—batchin
And yet, the classical SVRG analysis given in [[L1]] requires m > 20L,.x/p in order to ensure
a resulting iteration complexity of O((n 4+ Lmax/1t) log(1/€)). Furthermore, the standard SVRG
analysis relies on averaging the z' inner iterates after every m iterations of (2)), yet this too is not
what works well in practiceﬂ To remedy this, we propose Free-SVRG, a variant of SVRG where
the inner iterates are not averaged at any point. Furthermore, by developing a new Lyapunov style
convergence for Free-SVRG, our analysis holds for any choice of m, and in particular, for m = n we
show that the resulting complexity is also given by O((n + Lax /) log(1/¢)).

The only downside of Free-SVRG is that the reference point is set using a weighted averaging based
on the strong convexity parameter. To further fix this issue, we introduce L-SVRG-D, an improved
variant of Loopless-SVRG [[14] that has no explicit inner-loop structure and instead updates the
reference point based on a coin toss. L-SVRG-D requires no knowledge of the strong convexity

2Note that the total complexity is equal to the iteration complexity times the mini-batch size b.

3See for example the lightning package from scikit-learn [20]: http://contrib.scikit-learn.org/lightning/ and
[18] for examples where m = n. See [2]] for an example where m = 5n/b.

*Perhaps an exception to the above issues in the literature is the Katyusha method and its analysis [[1], which
is an accelerated variant of SVRG. In [1] the author shows that using a loop length m = 2n and by not averaging
the inner iterates, the Katyusha method achieves the accelerated complexity of O((n++/(nLmax)/u) log(1/€)).
Though a remarkable advance in the theory of accelerated methods, the analysis in [|1] does not hold for the
unaccelerated case. This is important since, contrary to the name, the accelerated variants of stochastic methods
are not always faster than their non-accelerated counterparts. Indeed, acceleration only helps in the stochastic
setting when Lmax /e > n, in other words for problems that are sufficiently ill-conditioned.


http://contrib.scikit-learn.org/lightning/

parameter and no averaging whatsoever, and achieves the same complexity as Free-SVRG, albeit at
the cost of introducing more variance into the procedure due to the coin toss.

3 Assumptions and Sampling

We collect all of the assumptions we use in the following.
Assumption 3.1. There exist L > 0 and p > 0 such that for all x,y € R?,
L
o llz =yl 5)

F@) +{VF),z —y) + 5
f@) < f@)+ (Vi@ —y)— G e =yl ©)

We say that f is L-smooth (3) and p—strongly convex (0)). Moreover, for all i € [n], f; is convex and
there exists L; > 0 such that f; is Li—smooth.

=
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So that we can analyse all forms of mini-batching simulanously through arbitrary sampling we make
use of a sampling vector.

Definition 3.1 (The sampling vector). We say that the random vector v = [v1,...,v,] € R™ with
distribution D is a sampling vector if Ep [v;] = 1 for all i € [n].

With a sampling vector we can compute an unbiased estimate of f(x) and V f(x) via
def 1 o def 1
v(2) = — ifi d Vi, iV fi 7
fol@) n;vf(x) and  Vf,(w Zv filz (7)

Indeed these are unbiased estimators since

Ep [fu(x Z%wﬁ Zﬂ = f(x). ®)

Likewise we can show that Ep [V f,(z)] = V f(z). Computing V f,, is cheaper than computing the
full gradient V f whenever v is a sparse vector. In particular, this is the case when the support of v is
based on a mini-batch sampling.

Definition 3.2 (Sampling). A sampling S C [n] is any random set-valued map which is uniquely
defined by the probabilities ZBCM pp = 1 where pp 4 P(S=B), VB C [n].A sampling S is
called proper if for every i € [n], we have that p; “'p [ieS]= > pc>0.

C:eC

We can build a sampling vector using sampling as follows.
Lemma 3.1 (Sampling vector). Let S be a proper sampling. Let p; = 'p [i € S] and P &
Diag (p1,...,pn). Let v = v(S) be a random vector defined by

de,
_ p-1 Z f 9)
€S
It follows that v is a sampling vector.
Proof. The i-th coordinate of v(.S) is v;(S) = 1(i € S)/p; and thus
E[l(z € S)] Pl eS|

E(S)] = =5 =2 = =S = O

Our forthcoming analysis holds for all samplings. However, we will pay particular attention to b-nice
sampling, otherwise known as mini-batching without replacement, since it is often used in practice.

Definition 3.3 (b-nice sampling). S is a b-nice sampling if it is sampling such that

P[S=B]= VB C [n], with |B|=b.

o
()



To construct such a sampling vector based on the b—nice sampling, note that p; = % foralli € [n] and
thus we have that v(S) = 7 >, g €; according to Lemma The resulting subsampled function is

then f,(x) = ﬁ > icg fi(x), which is simply the mini-batch average over S.

Using arbitrary sampling also allows us to consider non-uniform samplings, and for completeness,
we present this sampling and several others in Appendix [D]

4 Free-SVRG: freeing up the inner loop size

Similarly to SVRG, Free-SVRG is an inner-outer loop variance reduced algorithm. It differs from the
original SVRG [11]] on two major ponts: how the reference point is reset and how the first iterate of
the inner loop is defined, see Algorithm I

First, in SVRG, the reference point is the average of the iterates of the inner loop. Thus, old iterates
and recent iterates have equal weights in the average. This is counterintuitive as one would expect
that to reduce the variance of the gradient estimate used in (2), one needs a reference point which is
closer to the more recent iterates. This is why, inspired by [[17]], we use the weighted averaging in
Free-SVRG given in (I0), which gives more importance to recent iterates compared to old ones.

Second, in SVRG, the first iterate of the inner loop is reset to the reference point. Thus, the inner
iterates of the algorithm are not updated using a one step recurrence. In contrast, Free-SVRG defines
the first iterate of the inner loop as the last iterate of the previous inner loop, as is also done in practice.
These changes and a new Lyapunov function analysis is what allows us to freely choose the size of
the inner 100 To declutter the notation, we define for a given step size o > 0:

m—1
) 1— m—1—t
S & Z(l—au)m_l_l and p; déf%» fort =0,...,m—1. (10)
=0 Sm

Algorithm 1 Free-SVRG

Parameters inner-loop length m, step size «, a sampling vector v ~ D, and p; defined in (T0)
Initialization wy = z* € R?
fors=1,2,... do
a) =z
fort=0,1,...,m—1do
Sample v ~ D
gg = vatt (CUZ) - vat (wsfl) + Vf(wsfl)

+1 _ t
Ls = T ags

_ Ny m—1 t
Ws = tho Pt

4.1 Convergence analysis

Our analysis relies on two important constants called the expected smoothness constant and the
expected residual constant. Their existence is a result of the smoothness of the function f and that of
the individual function f;,4 € [n].

Lemma 4.1 (Expected smoothness. Theorem 3.6 in [[7]). Let v ~ D be a sampling vector and
assume that Assumptionholds. There exists L > 0 such that for all x € R4,

Ep [V /(@) = VA.)E| < 2L (F@) - @) (an

Lemma 4.2 (Expected residual. Lemma [FI). Let v ~ D be a sampling vector and assume that
Assumption|3.1| holds. There exists p > 0 such that for all x € R?,

Ep [V fulw) = VSule") = VI@)I3] < 20 (f(@) - Fa")). (12)

Hence the name of our method free-SVRG.




For completeness, the proof of Lemma.1]is given in Lemma [E.T]in the supplementary material. The
proof of Lemma [F]is also given in the supplementary material, in Lemma[FI} Indeed, all proofs are
deferred to the supplementary material.

Though Lemma4.T] establishes the existence of the expected smoothness £, it was only very recently
that a tight estimate of £ was conjectured in [6]] and proven in [7]]. In particular, for our working
example of b—nice sampling, we have that the constants £ and p have simple closed formulae that
depend on b.

Lemma 4.3 (£ and p for b-nice sampling). Let v be a sampling vector based on the b—nice sampling.
It follows that.

def 1n—2»5 nb—1

‘C:E(b) bn_leax‘an_l 3 (13)
df 1n—>
p= p(b) = b n— leax- (14)

The reason that the expected smoothness and expected residual constants are so useful in obtaining
a tight mini-batch analysis is because, as the mini-batch size b goes from n to 1, £(b) (resp. p(b))
gracefully interpolates between the smoothness of the full function £(n) = L (resp. p(n) = 0), and
the smoothness of the individual f; functions £(1) = Lyax (resp p(1) = Lax). Also, we can bound
the second moment of a variance reduced gradient estimate using £ and p as follows.

Lemma 4.4. Let Assumption hold. Let z,w € R% and v ~ D be sampling vector. Consider
g(z,w) d:erfv(x) — Vfo(w) + Vf(w). As a consequence of (1)) and (12)) we have that

Ep [llg(z, w)l3] < 4L(f(2) = f(a™)) + 4p(f(w) = f(z")). (15)

Next we present a new Lyaponuv style convergence analysis through which we will establish the
convergence of the iterates and the function values simultaneously.

Theorem 4.1. Consider the setting of Algorithm[l|and the following Lyapunov function

6o L ol — 2|3+ s where vy £ 802pSu(f(ws) — f()). (16)
IfAssumptionholds and if a < 5L +2p) then
Elps] < B°po, where ﬁzmax{(l—au)m,%}. a7

4.2 Total complexity for b—nice sampling

To gain better insight into the convergence rate stated in Theorem[4.1] we present the total complexity
of Algorithm[I]when v is defined via the b—nice sampling introduced in Definition [3.3]

Corollary 4 1. Consider the setting of Algorlthmland suppose that we use b—nice sampling. Let

a= W’ where L(b) and p(b) are given in (I3) and (I4). We have that the total complexity
of finding an € > 0 approximate solution that satisfies E {Hazf‘ —z* ||3} <egqis
e L(b) +2p(b 1
Cin(b) 4 2(£+2b) max{mp(),m}log (> . (18)
m 1 €

Now (@) results from plugging and into (T8). As an immediate sanity check, we check the
two extremes b = n and b = 1. When b = n we would expect to recover the iteration complexity of
gradient descent, as we do in the next corollaryﬂ

Corollary 4.2 Conszder the setting of Corollary [{.1] wzth b =mnandm = 1, thus a =
W 5-. Hence, the resulting total complexity (I8) is given by C1(n ) 6nL log ( )

In practice, the most common setting is choosing b = 1 and the size of the inner loop m = n. Here
we recover a complexity that is common to other non-accelerated algorithms [23]], 5], [12]], and for a
range of values of m including m = n.

Though the resulting complexity is 6 times the tightest gradient descent complexity, it is of the same order.



Corollary 4.3. Consider the setting ofCorollarywith b= 1andthus o = 2(£(1)1+2p(1) = GL;X.

Hence the resulting total complexity is given by C,,,(1) = 18 (n + %) log (1), so long as

m € |min(n, —L‘E*"‘ ), max(n, —L‘Ea" )]

Thus total complexity is essentially invariant for m = n, m = Lyax/p and everything inbetween.

5 L-SVRG-D: a decreasing step size approach

Although Free-SVRG solves multiple issues regarding the construction and analysis of SVRG, it still
suffers from an important issue: it requires the knowledge of the strong convexity constant, as is the
case for the original SVRG algorithm [[11]. One can of course use an explicit small regularization
parameter as a proxy, but this can result in a slower algorithm.

Recently a new loopless variant of SVRG was proposed and analysed in [[14]]. At each iteration, their
method makes a coin toss. With (a low) probability p, typically %, the reference point is reset to a
recent iterate, and with probability 1 — p, the reference point remains the same. This method does
not require knowledge of the strong convexity constant.

Our method, L-SVRG-D, uses the same loopless structure as in [[14] but introduces different step
sizes at each iteration, see Algorithm[2] We initialize the step size to a fixed value o > 0. At each
iteration we toss a coin, and if it lands heads (with probability 1 — p) the step size decreases by a
factor /1 — p. If it lands tails (with probability p) the reference point is reset to the most recent
iterate and the stepsize is reset to its initial value .

This allows us to take larger steps than L-SVRG when we update the reference point, i.e., when
the variance of the unbiased estimate of the gradient is low, and smaller steps when this variance
increases.

Algorithm 2 L-SVRG-D

Parameters step size «, p € (0, 1], and a sampling vector v ~ D
Initialization w° = 20 € R?, oy = «
fork=0,1,2,... do

Sample vy, ~ D

9" = Vo, (@) = Vo, (w*) + V f(w")

2Pt =2k — apg

(z%, ) with probability p

k+1 —
(W™ ak41) = )Wk T=p ax)  with probability 1 — p

Theorem 5.1. Consider the iterates of Algorithm 2 and the following Lyapunov function

2
¢kd=emek—a:* ;—l—wk where F ‘ﬁfmg(wk)—f(x*)), Vk € N. (19)
If Assumption 3.1) holds and
1 a (T—4p)(1—(1—p)?)
(6] S chﬁu where Cp - p(2 _p)(3 — 2p) 5 (20)
then
E [(bk'] < B%¢°,  where B = max{l — gau, 1-— 12)} . (21)

Remark 5.1. To get a sense for the size of the step size given in (20), it is easy to show that (, is an
increasing function of p such that 7/4 < ¢, < 3. Since typically p = 0, we often take a step which
is approximately o < 2/(7L).

Corollary 5.1. Consider the setting of Algorithm 2] and suppose that we use b—nice sampling. Let
o= m. We have that the total complexity of finding an € > 0 approximate solution that satisfies
p



E [[lo* —a|f3] < ea®is

dej

g

C,(b) 2(2b+pn)max{3gp£(b) 1}10g <1> (22)

up €
6 Optimal parameter settings: loop, mini-batch and step sizes

In this section, we restrict our analysis to b—nice sampling. First, we will determine the optimal loop
size for Algorithm [I| Then, we will examine the optimal mini-batch and step sizes for particular
choices of the inner loop size m for Algorithm[T]and of the probability of the reference point’s update
p in Algorithm 2] that play analogous roles. Note that the steps used in our algorithms depend on
b through the expected smoothness constant £(b) and the expected residual constant p(b). Hence,
optimizing the total complexity in the mini-batch size also determines the optimal step size.

Examining the complexities of Algorithms[I]and[2] given in and (22)), we can see that, setting
p=1/min Algorithm these complexities only differ by constants. Thus, to avoid redundancy, we
present the optimal mini-batch sizes for Algorithm [2]in Appendix [C|and we will only consider here
the complexity of Algorithm I given in (T8).

6.1 Optimal loop size for Algorithm (I]

Here we determine the optimal value of m for a fixed batch size b, denoted by m*(b), which minimizes
the total complexity (T8).

Proposition 6.1. The loop size that minimizes (I8) and the resulting total complexity is given by

m*(b) = ‘C(b)fp(b) and  Cype(b) = 2 <n n 2b’c(b)22p(b)) log (1) : 23)

For example when b= 1, we have that m* (1) = 3Lyax/p and Cpy (1) = O((n+Limax /1) log(1/€)),
which is the same complexity as achieved by the range of m values given in Corollary 4.3 Thus,
as we also observed in Corollary [4.3] the total complexity is not very sensitive to the choice of m,
and m = n is a perfectly safe choice as it achieves the same complexity as m™*. We also confirm this
numerically with a series of experiments in Section|[G.3]

6.2 Optimal mini-batch and step sizes

In the following proposition, we determine the optimal mini-batch and step sizes for two practical
choices of the size of the loop m.

Proposition 6.2. Ler b* « arg min Cy, (b), where Cy, () is defined in (I8). For the widely used
be[n]

choice m = n, we have that b* is given by Table For another widely used choice m = n /b, which

allows to make a full pass over the data during each inner loop, we have

(6] ifn > s
H - de -1 -3 Lmax - L
b= 1 ifLes <n < e where pds 7n = D = 3n ) o4)

3(nL — Lyax)
. . 3L max max
n otherwise, if n < Sz

Previously theory showed that the total complexity would increase as the mini-batch size increased,
and thus established that single-element sampling was optimal. However, notice that for m = n and
m = n/b, the usual choices for m in practice, the optimal mini-batch size is different than 1 for a
range of problem settings. Since our algorithms are closer to the SVRG variants used in practice, we
argue that our results explain why mini-batching works in practice, as we verify in the next section.

7 Experiments

We performed a series of experiments on data sets from LIBSVM [4]] and the UCI repository [3], to
validate our theoretical findings. We tested lo—regularized logistic regression on ijcnnl and real-sim,



and ridge regression on slice and YearPredictionMSD. We used two choices for the regularizer:
A= 10"t and A = 1073, All of our code is implemented in Julia 1.0. Due to lack of space, most
figures have been relegated to Section [G]in the supplementary material.

L—o— SVRG (b=1,m=20Lmax/M) =m= Free-SVRG (b=1,m=n) === L-SVRG-D (b=1,p= 1/n)J

107 107
107 1074
-5 s | l
*
o

P
A
L hd L n L n L L
0 5 10 15 20 1000 2000 3000 4000
epochs time
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Figure 2: Algorithms comparison with theoretical settings on the ijcnnl data set with A = 1073,
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Figure 3: Impact of the mini-batch size on Free-SVRG, slice data set with A = 1071,

Practical theory. Our first round of experiments aimed at verifying if our theory does indeed result
in more practical algorithms. Indeed, we found that Free-SVRG and L-SVRG-D with the parameter
setting given by our theory are often faster than SVRG with settings suggested by the theory in [11],
that is m = 20Lmax/p and o = 1/10Lyax, see Figure 2] and Section [G.1| for more experiments
comparing different theoretical parameter settings.

Optimal mini-batch size. We also confirmed numerically that when using Free-SVRG with m = n,
the optimal mini-batch size b* derived in Table[I| was highly competitive as compared to the range of
mini-batch sizes b € {1,100, /1, n}, see Figureand several more such experiments in Section
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In Section [A] we present general properties that are used in our proofs. In Section[B] we present the
proofs for the convergence and the complexities of our algorithms. In Section[D] we define several
samplings. In Section[E] we present the expected smoothness constant for the samplings we present.
In Section[F] we present the expected smoothness constant for the samplings we present.

A General properties

Lemma A.1. Va,b € RY, |la+ |3 < 2||a|3 + 2]|b]|3.
Lemma A.2. For any random vector X € RYE[||X —E[X]|3] = E[||X|3] — |IE[X] |} <
E [l x113]-
Lemma A.3. For any convex function f, we have
F) > f@)+ V@) (x—y) VaoyeR”

Lemma A.4 (Logarithm inequality).

log(z) <z -1 Vz>0. (25)
Lemma A.5 (Complexity bounds). Consider the sequence (o), € Ry of positive scalars that
converges to 0 according to

ar, < pPag,

where p € [0,1). For a given € € (0,1), we have that

1
k>
=1

€

1
log( ) = ay < €qp. (26)

Lemma A.6. Consider convex and L;—smooth functions f;, where L; > 0 for all i € [n], and define
Linax = max;epy,) L. Let

f@) = 23 hi@)

for any x € R%. Suppose that f is L-smooth, where L > 0. Then,
nL > Lpax- (27

Proof. Let z,y € R?. Since f is L-smooth, we have

L
f(@) < f@)+ V) (@ = y) + 5 lle = yl3
Hence, multiplying by n on both sides,

S ) <SR+ Y VW) @ -0+ -yl
=1 i=1 i=1

Rearranging this inequality,

n

nL
> (fil@) = fily) = V@) @ =) < 5 o —yll3- (28)
i=1
Since the functions f; are convex, we have for all i € [n],

filx) = fily) = Vfily) " (z —y) > 0.
Then, as a consequence of (28)), we have that for all i € [n],
nlL
fil@) = fily) = Vi) (@ = y) < 57 e = gl
Rearranging this inequality,
nlL
fil@) < ily) + VW) (@ = y) + 5l =yl
But since for all ¢ € [n], L; is the smallest positive constant that verifies
L,
filw) < i) + Vi) (@ =)+ 5 e = w3,
we have for all i € [n], L; < nL. Hence Lyax < nlL. O

12



B Proofs of the results of the main paper

In this section, we will use the abreviations E; [X] e [X|z!,...,x!] for any random variable
X € R and iterates (z');>0.

B.1 Proof of Lemma[d.4]

Proof.

Ep g w)lf] = Ep [IVule) = VSule") + VIula®) = Vhulw) + T f (w)]]}]

em.m
A e, [||va(:c> —va(x*)lli}

+2Ep [V 1u(w) — V1u(e") = V@)]3] .
Since Ep [V f,(w) — V f,(z*)] = V f(w), we have

e [IV£ow) ~ V1) ~ V@] S Ep [I9£u) — VAR

Hence,

Ep [lg(@w)l3] < 2B [IV/ule) = Viule")3] + 260 [IVfo(w) = Vfu(@")Il]

OB 4 L(F@) - 1) +4p(Fw) — F2).

O
B.2 Proof of Theorem [4.1]
Proof.
Ec e —2*|3] = Ei[lef -2 —agl|]
= et — 2|3 - 20 [¢!] " (2} — &%) + Q%E, [|Ig413]
B o - 20V )T (! — o)
+202 [2L(f(xh) — f(27)) + 2L(f (we—1) — f(z7))]
B - awllet— 2 - 20(1 - 200) (F(ah) - F(a)
+402p(f(ws—1) — f(z%)). (29)

Note that since o < and p > 0, we have that

1
2(C+2p)
LemmalEJ] 1

<

! o

)

13



and consequently (1 — au) > 0. Thus by iterating 29) over t = 0,...,m — 1 and taking the
expectation, since ¥ = 2™ ;, we obtain

s—1>
Eflla —2"3) < (1—aw)™ [Ilw = at3]
-1
~2a(1-20L) 3 (1 - ap)™ E (e - 5]
t=0
m—1
+402pE [f(we1) = f(@)] D (1= ap)™ 7
t=0
m—1
© - apmE 2l — 2" |3] - 20(1 — 200)8,, > pE[f(al) - f@")]
t=0
+4a2pSmE [f(ws—l) - f(m*)]
m—1
© - apmE 27, — 2" |3] - 20(1 — 20L)8,, > pE[fal) - f(z")]
t=0
SE[s-a]. (30)
Since f is convex, we have by Jensen’s inequality that
m—1
flws) = f@) = fOO pet) -
ot
< pi(f (@) = f(27))- 31
t=0
Consequently,
m—1
] T 8028, 3" mE[(F(a) - fa)]. (32)
t=0
As aresult,
@) @) m *
Bl < (1-an) Euuil—xnﬂ+1Ewkﬂ
—20(1 — 2a(L 4 2p))S Z nE - f(z%)].

Since a < ¢ L, the above implies

Bl < (- )™ E [alty — " 3] + 5E ]
< PBE[¢ps-1],
where 3 = max{(1 — ap)™, 1
Moreover, if we set ws = z, with probability p;, fort =0,...,m — 1, the result would still hold.
Indeed (3T) would hold with equality and the rest of the proof would follow verbatim. O
B.3  Proof of Corollary[4.1]

Proof. Noting § = max { (1 — m) ,%}, we need to chose s so that 3° < ¢, that is

5> llggg((ll//g)) Since in each inner iteration we evaluate 2b of the f; gradients, and in each outer

14



iteration we evaluate all n gradients, this means that the total complexity will be given by

log(1/e€)
o (4 opm) 22
( Jios(1/5)
max{ n + 2bm n+2bm}10 (1)
= X4 — , —
mlog(l = szmyizey) 1082 ¢

3 20m 2(L(b) + 2p(b 1
< max{n+ m L) + 20( ))72(n+26m)}log () .
m ] €
O
B.4 Proof of Corollary 4.3
Proof. Recall that from (I8), using the fact that £(1) = p(1) = Lyax, we have
n 3L 1
cm1:2(f 2) max o og (=)
(1) =2 (2 +2) max{ 22 g 1)
When n > % Then, m € {%,n} We can rewrite C,, (1) as
1 3Lmax 1
Cm(1) =2(n+2m) max{E Ma ,1}log (e) .
We have % 3Llr;‘*“‘ < 3and n + 2m < 3n. Hence,
1 Linax 1
Cm(1) < 18nlog () =0 ((n + ) log ()) .
€ i €
When n < Lr/“;". Then, m € {n, Lr;‘“]. We have 7% <landm < ?’Ll% Hence,
18 Lmax 1 Lmax 1
Cpn(1) < —log () =0 (<n+ ) log ()) .
] € 1 €
O

B.5 Proof of Theorem

Before analyzing Algorithm we present a lemma that allows to compute the expectations E [cv]
and E [ai] , that will be used in the analysis.

Lemma B.1. Consider the step sizes defined by Algorithm[2] We have

3k+4+2

E [ak] — (1 _p) 2 (1 vV 1§_ p) +pa. (33)
1—(1-p)
N2kl
E [of] ”(12_1‘;)&2 (34)

Proof. Taking expectation with respect to the filtration induced by the sequence of step sizes
{aq,...,ax}

Ep [ak+1] = (1 —p)yv/1 —p oy + pa. (35)
Then taking total expectation
E[aky1] = (1 —p)y/1 — pE [ax] + pa. (36)

Hence the sequence (E [av]);>1 is uniquely defined by

Elag] = Q. (37)



Indeed, applying (36) recursively gives

Adding up the geometric series gives

E [ov]

Il
Q
—~
—

I
S
S~—"

m‘g’;

+

=

Q
Njw| N

Which leads to (37) by factorizing. The same arguments are used to compute E [ai] . O
We now present a proof of Theorem [5.1]

Proof of Theorem[5.1] First,

E [ll2"*! —a*(3] = Ex[ll2" — 2" — ang®|3]

= o - oI - 2Bk [0*] | (aF — 2%) + o [llg"13]

[a* = 23 — 205,V f(2) T (2" — %)
+2a7 [2L(f(2%) = fa¥)) + 2L(f(w") = f(z"))]
(1~ o) 2% — 23 - 2001 - 200.L) (F(*) — f(a)
+HGL(f (w*) = f(z*))
(1= agp) l2* — 213 — 200 (1 — 200 L) (f(2*) — f(2"))

+p (g —p) o*.

Hence we have, taking total expectation and noticing that the variables ;. and 2* are independent,

INS

[ €]

2
2

o] — 2E[on(1 - 20 0)] E [£(2") - £(2")]

E ka“ —z* } < (1—E[ag]p)E {ka —z*

(5 -0) E . (38)
We have also have
B 0] = (- U E () — ) S (108 - f0)
= P (f) - 16
Hence, taking total expectation gives
B[] = (- p)%E [94] + ST E () - ") )

16



Consequently,

E [ ¢>’“] @;@b

(1—E[ax]p)E [ka — :v*”i]
oL

-2 <E [ar(l = 20;L)] — 4
e
— (1—E[ak]u)E[ka—x*Hz]

—2 (E [an] — 2 (E [0f] + 5 22pa2) E) E[f(a") = f(z")]

+ (1 _ g) E [4"]. (40)
3k+2
From Lemma B.1} we have E [a,] = (=2 2 (=VI=P)*P, and we can show that for all k
1-(1-p)2
—(1-p)2
2
E [ag] > 3% 41)
Letting ¢ = 1 — p we have that
. 3kt2
(1-p)* (0 -VI-p+p _ a2 (1-VO)+1-g
3 = 3
1-(1-p) 1—gq3
_ 3k42 1—\/6 1—g¢q 1—g¢q Vg >0
1— q3/2 1— q3/2 1— q3/2
Consequently,
., CH+CH+ED 2
E [(bk] < (1 — 3a,u) E [ka — " ﬂ

(-]

To declutter the notations, Let us define
3k+2

def (1-p) =2 1—-y/1T—-p) +p

- 43
" 1-(1-p)? )

o 1 1— 2k+1
b, X —|—(2—p) (44)

-p
so that E [a;] = apovand E [a} ] = bya®. Then (@2) becomes
2
efo] < (1- o) €[l o]

2

—2a (ak — 2« (b;€ + 3—2]9) £) E [f(xk) — f(ac*)] (45)
p k

+<1—§)E[1/)]. (46)

Next we would like to drop the term (@3). For this we need to guarantee that

2
-2 b >
ag a£<k+3_2p>_0

Let ¢ = 1 — p so that the above becomes

¢ (- @) +1—g oor (LT 2 Vo,
- — a2l
1—q3 1+¢ 14+2¢/) ~

17



14g3FH1 + -2
1+4+q 142q

In other words, after dividing through by ( ) and re-arranging, we require that

3k+2 3k+2
g 2 (1-y@+l-gq g 2 (1-yq)+1—¢q
3 3
1—q2 1—q2
< =
2£O{ =~ 14g2k+1 T 2 (1+q2k+1)(1+2q)+2(1+q)
1+q 1+2q (1+q)(1+29)

3k+2

g (1-yq+1-q(1+q)(1+2q)

- . 47
PP (1+29)+3+4¢ 1-¢3 “n
We are now going to show that:
3k+2
2 (1 — +1-— 1—
¢z (1-va) ¢ 1-gq 48)

PRHL(1429) +34+49 ~ 3+4q

Indeed, multiplying out the denominators of the above gives

Flg) = (3+4Q)<q3k¥(1*\/§)+1*q)f(lfq)(q2k+1(1+2q)+3+4q)
= T (1 VB +4q) — ¢ (1+29)(1 - q)

3k+2

(1= ) (3+ 40— aF (1 + 201+ V) ).

And since qg < 1, we have
3k+2
Flg) =2 ¢2 1-vVgB+4g—(1+29)(1++/q))
3k+2
= 2¢ 2 (1-/q)(1—-q/q)
> 0.

As a result @8) holds, and thus if

1—q (1 142
2La < q (1+q)( ;F q)
3+4q 1—gq2

holds, then Equation (&7) is verified for all k. This is why we impose the upperbound on the stepsize
given in (20). Finally since (20) ensures that a, — 2c(by, + ﬁ)/j > 0 and from (@6) we have that

efort) LT (1= Jon) Eflet -]+ (- 5)E

< BE[¢FH], (49)

where 8 = max{1 — Zapu,1 - L}. O

B.6 Proof of Corollary[5.1]

Proof. We have that
E [¢"] < 8*¢°,
1 L(b)

where S = max{ — 30 1-— g} Hence using Lemma we have that the iteration com-
P

plexity for an € > 0 approximate solution that verifies E [d)k] < e is

2max{3cp£(b),l}log (1> .
2 w 'p €

For the total complexity, one can notice that in expectation, we compute 2b + pn stochastic gradients
at each iteration. O

18



B.7 Proof of Proposition 6.1
Proof. Dropping the log(1/¢) for brevity, we distinguish two cases, m > and

< 2LB)+2p(0))
< A0

2(£(b)+2p(b))
12

1. m> w: Then C,,, (b) = 2(n + 2bm), and hence we should use the smallest m

2(L(B)+2p(6))

possible, that is, m = m

2 m < 2LO+200)). Then O (b) = 2(n42bm) 2(L£(b)+2p(b)) _ Q(Q +2b) 2(L(b)+2p(b))
= K m m K m H :

Hence C,,(b) is decreasing in m and we should then use the highest possible value for m,

that is m = 20 E200)),
o
The result now follows by substituting m = w into (T8). O

B.8 Proof of Proposition [6.2]

Proof. Recall that have from Lemma}.3]

1n—0» nb—1
‘c(b) - gmLmax + EmLy (50)
1n—2»
= o Lnax 1

For brievity, we temporarily drop the term log (%) in C),,(b) defined in Equation (I8). Hence, we

want to find, for different values of m:

b* = argmin Cy, (b) := 2 (ﬁ + 2b) max{x(b), m}, (52)
be(n] m

def £(b)+2p(b)

where (D) m

When m = n. In this case we have
Co () @ 2(26 + 1) max{x(b), n}, (53)

Writing (b) explicitly:
1

0= -

Since 3Lyax > L, k(D) is a decreasing function of b. In the light of this observation, we will
determine the optimal mini-batch size. The upcoming analysis is summarized in Table[I]

((SLmX - L)% L — 3Lmax) :

We distinguish three cases:

o If n <
[n], (D)

then k(n) =
n. Consequentl

T~

> n. Since k(b) is decreasing, this means that for all b €
, Cr(b) = 2(2b + 1)k(b). Differentiating twice:
" 4 (3Lmax — L)n
C,(b) =
Hence C,,(b) is a convex function. Now examining its first derivative:

Con 2 ~ (8Lmax — L)n
0= (-5

L.
S
>

<

> 0.

+2(nL — 3Lmax)> ,

we can see that:

-Ifn< ?’LT‘“, Cy(b) is a decreasing function, hence

b* =n.

19



- Ifn> ?’L‘%, C',(b) admits a minimizer, which we can find by setting its first derivative

to zero. The solution is
i [T T =
 V 2nL — 3Ly
b = [3]

o Ifn > ?’L%, then (1) = 3% Since (b) is decreasing, this means that for all

b € [n],k(b) < n. Hence, Cy,(b) = 2(2b + 1)n. C,(b) is an increasing function of b.
Therefore,

Hence,

b* = 1.

o If% <n< 3’&%, we have (1) > n and k(n) < n. Hence there exists b € [1, n] such
that x(b) = n, and it is given by

def (3Lmax — L)n

?) ' 54
n(n =1 =L+ 3Lmax (54)
Define G(b) :& (2b + 1)#(b). Then,
areminG(b) =<, = L 7 55
beg[l,n] ( ) {b ifn > 31/1%

As a result, we have that

- if n < 3Lmax G(b) is decreasing on [1, 7], hence C,, (b) is decreasing on [, b] and

b = M

- if n > 3Lmex G(b) is decreasing on [1, b] and increasing on [b, n]. Hence C,, (b) is

increasing on [b, n]. Then,

decreasing on [1, min{b, b}] and increasing on [min{b, b}, 1]. Then,
b* = {min{i), Z)}J .
To summarize, we have for m = n,

1 if n > Sl

min(l;, Z;)J if Inax{%7 73%““"} <n< 73%;““‘

bt o= b ifgL‘%ax<n<% (56)
7 e L 3Lmax
n otherwise, if n < min{ L, 3Lmax}
’ — ”w ) L

When m = n/b. In this case we have

Con(0) @ 6 max{br(b), n},

with
1

p(n—1)

and thus k(1) = ?’LT‘“‘ and nk(n) = % > n. We distinguish two cases:

bre(b) = ((3Lumax — L)1 + (L — 3Lamax)b) ,

e if n < 2Lmax_ then br(b) is decreasing in b. Since nr(n) > n, Cp,(b) = 6br(b), thus
C, (b) is decreasing in b, hence
b*=mn

20



e if n > 2kmax py(b) is increasing in b. Thus,

— if n < 3max — (1), then C,y (b) = 6br(b). Hence b* = 1.

- ifn > SL;%’ using the definition of bin Equation (54)), we have that
_J 6n for b € [1, 0]
Cm(b) = { 6br(b) forb e [b,n] ’
where

n(n —1)p — (38Lmax — L)n
nL — 3L max
is the batch size b € [n] which verifies bx(b) = n. Hence b* can be any point in

{1,...,[b]}. In light of shared memory parallelism, b* = |b| would be the most
practical choice.

b=

O

C Optimal mini-batch size for Algorithm

By using a similar proof as in Section|[B.8] we derive the following result.

Proposition C.1. Note b* 4 arg min C),(b), where C,(b) is defined in 22). For the widely used

be[n]
choice p = % we have that
1 ifn > 24 Lo
* _ . 77 ) 3(1/71 L 341/71 Lax
b= {mln(b, b)J UL < Hum Loss (57)
n otherwise, if n < %L
m

where C,, is defined in (20) for p € (0, 1].

Because (;, depends on p, optimizing the total complexity with respect to b for the case p = % is

extremely cumbersome. Thus, we restrain our study for the optimal mini-batch sizes for Algorithm 2]
to the case where p = +

e

Proof. For brievity, we temporarily drop the term log (%) in C,(b) defined in Equation (22)). Hence,
we want to find, for different values of m:
b* = argmin C /,,(b) := 2 (20 + 1) max{n(b), m}, (58)
be(n]

where 7(b) &ef % % We have
3 1 Lpax — L
) = o n( )

2 un—1) b

Since Linax > L, 7(b) is a decreasing function on [1, n]. We distinguish three cases:

+nL — Lmax> . (59)

o ifn> k(1) = %%, then for all b € [1,n],n > x(b). Hence,
Cn(b) =2(20+ 1)n.
C1/n(b) is an increasing function of b. Hence
b* =1.
o ifn<m(n)= %%, then for all b € [1,n],n < m(b). Hence,
C1n(b) = m(b).
Since 7(b) is a decreasing function of b,

b =n.
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o if %% =n(n)<n<w(l)= %% Then there exists b € [1, n] such that 7(b) = n
and its expression is given by
%0 n(Linax — L)
un(n —1) — %(nL — Linax)

b=

Now, consider the function

def

Gb) & @b+ 1))
_o3% b (o n(Lmax — L)
= 3D (2( L — Liax)b + 3 >+Q,

where ) replaces constants which don’t depend on b. The first derivative of G(b) is

/ _ 351) 1 n(LmaX — L)
GO =S ( b

and its second derivative is

+ 2(77,[/ - Lmax)) )

_ 3&n(Lmax — L)

G"(b) > 0.

p(n—1)6%  —

G(b) is a convex function, and we can find its minimizer by setting its first derivative to zero.

This minimizer is
IA) o n Lmax — L
"V 2nL — Lyax

Indeed, recall that from Lemma we have nLL > L,.x. Consequently, the function
b, b }

C,,(b) is decreasing on [1, min { and increasing on {min {l;, l;} ,n} . Hence,

b = [min (1.8}

D Samplings
In Definition we defined b—nice sampling. For completeness, we present here some other
interesting possible samplings.
Definition D.1 (single-element sampling). Given a set of probabilities (p;)ic|n), S is a single-element
sampling if P(|S| =1) = 1 and
P(S={i})=p; Vie]ln].
Definition D.2 (partition sampling). Given a partition BB of [n), S is a partition sampling if
psEP(S=B)>0 VBeB, and Y pp=1.
BeB
Definition D.3 (independent sampling). S is an independent sampling if it includes every i indepen-
dently with probability p; > 0.

In Section[E] we will determine for each of these samplings their corresponding expected smoothness
constant.

E Expected Smoothness

First, we present two general properties about the expected smoothness constant (4.1)): we establish
its existence, and we prove that it is always greater than the strong convexity constant. Then, we
determine the expected smoothness constant for particular samplings.
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E.1 General properties of the expected smoothness constant
The following lemma is an adaptation of Theorem 3.6 in [[7]. It establishes the existence of the
expected smoothness constant as a result of the smoothness of the functions f;,i € [n].

Lemma E.1 (Theorem 3.6 in [[7]). Let v be an unbiased sampling vector with v; > 0 with probability
one. Suppose that f,(w) = 3" | fi(w)v; is L,~smooth and convex. It follows that the expected
smoothness constant @.1)) is given by

L = maxE[L,v;].
i€[n]

Proof. Since the f;’s are convex, each realization of f, is convex, and it follows from equation 2.1.7
in [16] that

||va(m) _va(y)”% < 2LU (fv(x) _fv(y) - (va(y),x—y>) (60)

Taking expectation over the sampling gives

ElIVFu(2) = VEEINE] < 2E[Ly (fuol2) = fol@®) = (Vfo(a™) .z — "))

= %E > Lo (filx) = fila®) = (Vfi(a®), x — 27))

= %ZE[LU'UZ] (fz(x)—fz(y)—<VfZ(x )7£C—£U*>)
=1

< 2 max E[Lw) (f(x) = f(a") — (Vf(a").z — 7))

By comparing the above with (TT)) we have that £ = max E[L,v;]. O

=1,....n

Lemma E.2 (PL inequality). If f is u—strongly convex, then for all x,y € R?

i IVF@IE > f(z) - f@z*), VzeRY 61)

Proof. Since f is i—strongly convex, we have from, rearranging (G), that for all z,y € R?
H 2
Fy) 2 f(2) +(Vf(2)y —2) + S llz =yl
Minimizing both sides of this inequality in y proves (61). O

The following lemma shows that the expected smoothness constant is always greater than the strong
convexity constant.

Lemma E.3. If the expected smoothness inequality (1) holds with constant L and f is u—strongly
convex, then L > p.

Proof. We have, since E [V f,,(x) — V f,(z*)] = V f(x)

E|IVA(0) = Vi) - Vi@ = E[IVAGE) - VAGE)IE] - IVF@)I3
PLE e @) - £, (62
Hence 2(L£ — p)(f(z) — f(x*)) > 0, which means £ > p. O

Remark E.1. Consider the expected residual constant p defined in[#.2] This constant verifies for all
x € RY,

EllIV/o(z) = V(") = V(@) < 20(f(z) = f(2")).

From Equation (62), we can see that we can use p = L as the expected residual constant.
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E.2 Expected smoothness constant for particular samplings

The results on the expected smoothness constants related to the samplings we present here are all
derived in [7]] and thus are given without proof. The expected smoothness constant for b-nice sampling
is given in Lemma4.3] Here, we present this constant for single-element sampling, partition sampling
and independent sampling.

Lemma E.4 (L for single-element sampling. Proposition 3.7 in [[7]]). Consider S a single-element
sampling from Definition[D 1] If for all i € [n], f; is L;—smooth, then
1 L;

L = —max—
N i€ln] P;

where p; = P(S = {i}).

Remark E.2. Consider S a single-element sampling from Definition|D.] It is then easy to see that
the probabilities that maximize L are

Consequently,

In contrast, for uniform single-element sampling, i.e., when p; = % for all 7, we have £ = L ax,
which can be significantly larger than L. Since the step sizes of all our algorithm are a decreasing
function of £, importance sampling can lead to much faster algorithms.

Lemma E.5 (L for partition sampling. Prorosition 3.71in [7]). Given a partition B of [n], consider

def 1

S a partition sampling from Definition For all B € B, suppose that fp(x) = 3 > _.cp fi(x) is

L g—smooth. Then, with pp = P(S = B)
1 Lg

L = —max—
nBeBpB

Lemma E.6 (£ for independent sampling. Proposition 3.8 in [7]]). Consider S a single-element
sampling from Definition|[D.3| Note p; = P(i € S). If for all i € [n], fi is Li-smooth and f is
L—smooth, then

1—piL;

L = L+ max
i€n] pi N

where p; = P(S = {i}).

F Expected residual

In this section, we compute bounds on the expected residual p from Lemma

Lemma F.1. Letv = [vy,...,v,] € R™ be an unbiased sampling vector with v; > 0 with probability
one. It follows that the expected residual constant exists with

_ Amax (Var [v])

Linax; (63)
where Var [v] =E [(v—1)(v—1)T].

Before the proof, let us introduce the following lemma (inspired from https://www.cs.ubc.ca/
~nickhar/W12/NotesMatrices.pdf).

Lemma F.2 (Trace inequality). Let A and B be symmetric n x n such that A = 0. Then,

Tr (AB) S Amax(B>Tr (A)
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Proof. Let A = > | Mi(A)U; UT, where )\1(A) > ... > Ay(A) > 0 denote the ordered

eigenvalues of matrix A. Setting v, &/ A)U; for all i € [n], we can write A = 31" | V;V;".
Then,

n n n n

=Tr (Z VinB> = "Tr(V;V;'B) =Y Tr(V,"BV;) = > _V,"BV;

j i=1 i=1 i=1
max Z VT - max B)Tr (A) )

where we use that B < )\max(B)In. O

‘We now turn to the proof of the theorem.

Proof. Letv = [v1,...,v,] € R™ be an unbiased sampling vector with v; > 0 with probability one.
We will show that there exists p € R such that:

E[IVfu(w) = Vfula®) = (Vf(w) = V@))I3] <20 (F(w) = ). (64

Letus expand the squared norm first. Define DF'(w) as the Jacobian of F'(w) = =

We denote R & (DF( ) — DF(z*))
det

*IIVfu( ) = V(@) = (Vf(w) = V()3

7 I(DF(w) = DF(z")) (v = D)5

[fl( )7afn(w)]

_ %(R(v — 1), R(v — 1))
= ST (-1 R"R - 1))

= —5Tr (RTR(v—-1)(v—1)").
Taking expectation,
1
E[C] = —Tr (RTRVar [v])
1
< 5Tr (RTR) Amax(Var [v]). (65)
Moreover, since the f;’s are convex and L;-smooth, it follows from equation 2.1.7 in [[16] that

Tr (RTR) = Z IV fi(w) = V fila") 5

IA

2ZL (fi(w) = fi(a") = (Vi(a"),w = 2°))
ML 0) 1)) (66)

IN

Therefore,
+
LD ) A (Var [])

E[C] -

Linax(f(w) — f(2")). (67)
Which means \ v
p= M[@ax (68)
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Hence depending on the sampling .S, we need to study the eigenvalues of the matrix Var [v], whose
general term is given by

(Var [U])ij = —4. _ 1 otherwise, ©
Ppipj
with
pi € P(i € S)and Py € P(i € 5. € 5) fori. j € [n] 7o

To specialize our results to particular samplings, we introduce some notations:

e BB designates all the possible sets for the sampling .S,

e b =|B|, where B € B, when the sizes of all the elements of 55 are equal.
F.1 Expected residual for uniform b-nice sampling

Lemma E.3 (p for b-nice sampling). Consider b-nice sampling from Definition If each f; is
L ax-smooth, then

n—=>bt
= ——— Lmax- 71
= sl (1)
Proof. For uniform b-nice sampling, we have using notations from
. C1
Vi € s Vi T2
i€[n)p B
. C2
Vi, j € Pig = 5
i,7 € [n] J 8]
with¢; = (}7}), c2 = (375) and |B| = (7). Hence,
(B By B2y B
By By By Bl
Var [v] @ : ) _
Be—v o0 0 B Be
IBlez _ 4 IBlez 1 1Bl _
L cf T T cf c1 p
As noted in Appendix C of [8], Var [v] is then a circulant matrix with associated vector
B B B
(—1,' ez Ble —1),
c1 i ci
and, as such, it has two eigenvalues
et |B
n & B (1+(n—1)02> —n=0,
C1 C1
af |B] 2 n(n—b)
A = —(([1——|=——7=. 72
? 1 < cl> b(n—1) (72)
Hence, the expected residual can be computed explicitely as
@ n-—b
= ————— Lnax- 73
= 1) (73)
O

We can see that the residual constant is a descreasing function of b and in particular: p(1) = Lyax
and p(n) = 0.
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F.2 Expected residual for uniform partition sampling

Lemma F.4 (p for uniform partition sampling). Suppose that b divises n and consider partition
sampling from Definition Given a partition B of [n] of size %, if each f; is Ly ax-smooth, then,

p— <1 _ b) L. (74)
n

Proof. Recall that for partition sampling, we choose a priori a partition B = By U - -- LI Bz of [n].
Then, for k € (%],

b . .
) o pB, =, ifi€ By
Vi € [n]vpz - { 0 OthCI'WiSC, (75)
b . . .
o =2 ifi,jeB
Vi,j € [n],Py; = { {))Bk " i)t}ieiwise.k (76)
Letk € [3]. 14,5 € By, then L — 1= 20 1 =2 1.

As a result, up to a reordering of the observations, Var [v] is a block diagonal matrix, whose diagonal
matrices, which are all equal, are given by, for k € [7],

AR AT e i

. L T O e |
Vk=(5—1)1b1§= : : € Rb*Y,

L L e T !

21 ... ... 21 24

Since all the matrices on the diagonal are equal, the eigenvalues of Var [v] are simply those of one of
these matrices. Any matrix Vj, = (% -1, 117T we consider has two eigenvalues: 0 and n — b. Then,

)& < - b) Linax. 7
n
O

If b = n, SVRG with uniform partition sampling boils down to gradient descent as we recover p = 0.
For b = 1, we have p = (1 — %) Lox-

F.3 Expected residual for independent sampling

Lemma F.5 (p for independent sampling). Consider independent sampling from Definition[D.2] Let
p; = P(i € S). If each f; is Lyax-smooth, then

1 Lax
p= ——1 : (78)
minp; n
1€[n]

Proof. Using the notations from (70), we have
Vi S [n]ap’i = Di,
VZ,j € [’/l], Pij = DiDPj when # 7
Thus, according to (69):
1 1 1
Var [v] = Diag (—1, —17...,—1) )
Y41 b2 Pn

whose largest eigenvalue is

1 1
Arna,x(\/var ['U]) =max — — 1 = - — 1.
i€n] P; minp;
i€[n]
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Consequently,

6 1 Lmax
p @ | — — 1| T (79)
minp; n
i€[n]

O

Ifp, = % for all ¢ € [n], which corresponds in expectation to uniform single-element sampling
SVRG since E[|S]] = 1, we have p = "L L,.,,. While if p; = 1 for all i € [n], this leads to
gradient descent and we recover p = 0.

The following remark gives a condition to construct an independent sampling with F|S| = b.
Remark F.1. One can add the following condition on the probabilities: y ., p; = b, such that
E[|S|] = b. Such a sampling is called b-independent sampling. This condition is obviously met if
pi = L foralli€ [n].

Lemma F.6. Let S be a independent sampling from [n] and let p; = P[i € S| forall i € [n]. If
S pi =0, thenE[|S|] =b.

Proof. Let us model our sampling by a tossing of n independent rigged coins. Let X, ..., X, be
n Bernoulli random variables representing these tossed coin, i.e., X; ~ B(p;), with p; € [0, 1] for
1 € [n]. If X; = 1, then the point ¢ is selected in the sampling .S. Thus the number of selected points
in the mini-batch | S| can be denoted as the following random variable ", X;, and its expectation
equals

Remark F.2. Note that one does not need the independence of the (Xi)i_17.,_,n.

F.4 Expected residual for single-element sampling
From Remark [E.T] we can take £ as the expected residual constant. Thus, we simply use the expected
smoothness constant from Lemma [E.4l

Lemma F.7 (p for single-element sampling). Consider single-element sampling from Definition[D.1]
Iffor all i € [n), f; is L;-smooth, then
1 L;

= —Imax —.
n i€[n] pP;

G Additional experiments

G.1 Comparison of theoretical variants of SVRG

In this series of experiments, we compare the performance of the SVRG algorithm with the settings
of [[11]] against Free-SVRG and L-SVRG-D with the settings given by our theory.

G.1.1 Experiment 1.a: Comparison without mini-batching (b = 1)

A widely used choice for the size of the inner loop is m = n. Since our algorithms allow for a free
choice of the size of the inner loop, we set m = n for Free-SVRG and p = 1/n for L-SVRG-D, and
use a mini-batch size b = 1, see Figures {4 [5} [] and [7]

G.1.2 Experiment 1.b: optimal mini-batching

Here we use the optimal mini-batch sizes we derived for Free-SVRG in Table[T|and L-SVRG-D in (57).
Since the original SVRG theory has no analysis for mini-batching, and the current existing theory
shows that the total complexity of the algorithm is an increasing function of the mini-batch size, we

use b = 1 for SVRG, see Figures|[§] 9} [[0]and [TT]
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[—o— SVRG (b=1,m=20Lmas/t) —8— Free-SVRG (b=1,m=n) -=- LSVRG-D (b=1,p=1/n)]
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Figure 4: b = 1, m = n for Free-SVRG and L-SVRG-D, YearPredictionMSD data set.

G.1.3 Experiment 1.c: theoretical inner loop size or update probability without
mini-batching

Here, using a batch size b = 1, we set the inner loop sizes for Free-SVRG to the optimal value m* =
3Lmax/ 1t that we derived in Proposition[6.1} We set p = 1/m* for L-SVRG-D, see Figures|[12]
and

G.2 Experiment 2.a: Comparing different choices for the mini-batch size

Here we consider Free-SVRG and compare its performance for different batch sizes: the optimal
one b*, 1, 100, y/n and n. In Figure andwe show that we are able to predict the best
optimal mini-batch size a priori using Table|]

G.3 Experiment 2.b: Comparing different choices for the inner loop size

We set b = 1 and compare different values for the inner loop size: the optimal one m™*, Lyyax/ .
3Lmax/ e and 2n in order to validate our theory in Proposition that is, that the overall performance
of Free-SVRG is not sensitive to the range of values of m, so long as m is close to n, Lyax/pt Or
anything in between. And indeed, this is what we confirmed in Figures[20] 21} 22)and 23] The choice
m = 2n is the one suggested by in their practical SVRG (Option II).
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Figure 5: b = 1, m = n for Free-SVRG and L-SVRG-D, slice data set.
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Figure 6: b = 1, m = n for Free-SVRG and L-SVRG-D, ijcnnl data set.
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Figure 11: Optimal mini-batching when theoretically available, real-sim data set.
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Figure 12: Optimal inner loop size when theoretically available, YearPredictionMSD data set.
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Figure 13: Optimal inner loop size when theoretically available, slice data set.
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Figure 16: Impact of the mini-batch size on Free-SVRG for the YearPredictionMSD data set.
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Figure 18: Impact of the mini-batch size on Free-SVRG for the ijcnnl data set.
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Figure 19: Impact of the mini-batch size on Free-SVRG for the real-sim data set.
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Figure 20: Impact of the inner loop size on Free-SVRG for the YearPredictionMSD data set.
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Figure 21: Impact of the inner loop size on Free-SVRG for the slice data set.
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Figure 22: Impact of the inner loop size on Free-SVRG for the ijcnnl data set.
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Figure 23: Impact of the inner loop size on Free-SVRG for the real-sim data set.
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