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Weakly stationary stochastic processes valued in a separable
Hilbert space: Gramian-Cramér representations and
applications

Amaury Durand *f Francois Roueft *

Abstract

The spectral theory for weakly stationary processes valued in a separable Hilbert space
has known renewed interest in the past decade. Here we follow earlier approaches which fully
exploit the normal Hilbert module property of the time domain. The key point is to build the
Gramian-Cramér representation as an isomorphic mapping from the modular spectral domain
to the modular time domain. We also discuss the general Bochner theorem and provide useful
results on the composition and inversion of lag-invariant linear filters. Finally, we derive
the Cramér-Karhunen-Loéve decomposition and harmonic functional principal component
analysis, which are established without relying on additional assumptions.

1 Introduction

Spectral theory for weakly stationary time series has been originally developed in a very
general fashion, starting from the seminal works by Kolmogoroff, [17], and spanning over
several decades, see [13] and the references therein. These foundations include time domain
and frequency domain analyses, Cramér (or spectral) representations, the Herglotz theorem
and linear filters. In [17, 13] the adopted framework is that of a bi-sequence X = (Xt)tez € H”
valued in a Hilbert space (#, (-, -),,) and weakly stationary in the sense that (X5, X:),, only
depends on the lag s — t. In this framework, a linear filter is a linear operator on Hx onto
Hx which commutes with the lag operator U, where Hx is the closure in H of the linear
span of (X¢)tez and UX is the operator defined on Hx by mapping X; to X;4+1 for all t € Z.
As explained in [13, Section 3], a complete description of such a filter is given in the spectral
domain by its transfer function. Let us recall the essential formulas which summarize what this
means. In [13], the spectral theory follows from and start with the canonical representation
of the lag operator UX above, namely

UX = /eiA £(dN), (1.1)

where T = R/(27Z) and ¢ is the spectral measure of UX (which is a measure valued in
the space of operators on Hx onto itself). This corresponds to [13, Eq. (8)] with a slightly
different notation. Then defining X as £(-)Xo (thus a measure valued in Hx), one gets the
celebrated Cramér representation (see [13, Eq. (13a)] again with a slightly different notation)

X, = /ei“ X(d\), tezZ. (1.2)
T

An other consequence of (1.1) is what is called the Herglotz theorem in [13, Eq. (9)], summa-
rized by the formula

(X, Xt)y = /e“(H) w(d)), s te’Z, (1.3)
T
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where p = (£(-) Xo, Xo),, is a non-negative measure on (T, B(T)). Interpreting the right-hand
side of (1.3) as the scalar product of the two functions es : A — € and e; : A — e in
L*(T, B(T), 11), Relation (1.3) is simply saying that the Cramér representation (1.2) mapping
e: to X; is isometric. Following this interpretation, one can extend this isometric mapping
to a unitary operator between the two isomorphic Hilbert spaces L*(T,B(T), ) and Hyx,
respectively refered to as the spectral domain and the time domain. In particular the output

of a linear filter with transfer function ® € L?(T, B(T), ) is given by
Y, = /em@()\) X\, tez, (1.4)

or in other words, Y; is the image of the function e;® by the extended unitary operator that
maps the spectral domain to the time domain.

The spectral theory (1.1)—(1.4) applies to univariate times series by letting H be the space
L*(Q, F,P) of C-valued random variables on (2, F) with finite second order moment. It also
applies to multivariate time series by taking H = L*(Q, F,C%,P) = (L*(Q, F,P))? and to
functional time series by letting # be the Bochner space L*(Q, F, L?(0,1),P) of measurable
mappings V : Q — L?(0,1) such that E [||V||2LQ(O71) ©.1)

the norm endowing the Hilbert space L?(0,1). However, in [13, Section 7], Holmes argues
that important generalizations are needed for multivariate time series. This claim applies
even more to functional time series. In this paper, we address such a generalization valid in
the functional context. Related issued have been recently considered in [21, 22, 26] where,
in particular, the authors derive a functional version of the Cramér representation which
relies on a spectral density operator defined under strong assumptions on the covariance
structure of the time series. Under the same assumption, [22] introduced filters whose transfer
functions are valued in a restricted set of operators and this was latter generalized to bounded-
operator-valued transfer functions in [26, Section 2.5] (see also [27, Appendix B.2.3]). An
application of this spectral theory to dimension reduction is proposed by the means of a
harmonic functional principal components analysis (see [22, 14]). A more general approach is
adopted in [28] where the authors provide a definition of operator-valued measures from which
they derive a functional version of the Herglotz theorem, the functional Cramér representation,
the definition of linear filters with bounded-operator-valued transfer functions and a harmonic
functional principal component analysis in the case where the spectral measure has finitely
many discontinuities.

To complement these recent works, we here focus on the Gramian structure of the space
H = L*(Q, F, L*(0,1),P). This approach extends naturally the results gathered in [20] for the
multivariate case and where the Gramian nature of the covariance matrix plays a key role. In
particular, in the multivariate case, the lag operator U is not only (scalar product) isometric
on Hx but also Gramian-isometric on the larger space Span (QXt7 teZ,Q¢€ (quq)A In the
functional case, we exhibit the Gramian structure of H = L*(Q, F, L*(0, 1), P) by making it
a normal Hilbert module. As a result, the time domain space Hx of [13] is replaced by the
modular time domain

] < oo , where ||| 2 here denotes

HX = Span (QX:, t € Z, Q € L:(L*(0,1))) , (1.5)

where Ly(L2(0, 1)) denotes the space of bounded operators on L?(0, 1) onto itself. In compar-
ison, in the definition of Hx used in [13], Q is restricted to be a scalar operator. Thus, while
Hy is a subspace of H{ seen as a Hilbert space, H* is a submodule of # seen as a normal
Hilbert module. Based on this simple fact, a natural path for achieving and fully exploiting
a Cramér representation on H~X is:

Step 1) Interpret the representation (1.1) as the one of a Gramian-isometric operator on H*
(and not only an scalar product isometric operator on Hx).

Step 2) Deduce that the Cramér representation (1.2) can effectively be extended as a Gramian-
isometric operator mapping L?(0,1) — L?(0, 1)-operator-valued functions on (T, B(T))
to an element of H*.

Step 3) As a first consequence, the scalar product isometric relation (1.3) is extended to

(Xs, X4y, = /ei”s—” v(d\), s tez, (1.6)
T



where, here, v is an operator-valued measure on (T, B(T)) and [Xs, X¢],, = Cov (X5, Xt).
This Gramian-isometric relationship corresponds to what is called the Herglotz theorem
in the functional time series case.

Step 4) As a second consequence, the Cramér representation (1.4) of a linear filter is extended
to the case where the transfer function ® is now an L?(0,1) — L?(0, 1)-operator-valued
functions on (T, B(T)) (and not only a scalar valued functions on (T, B(T))). This raises
the question, in particular, of the precise condition required on the transfer function to
replace the condition ® € L*(T, B(T), u) of the scalar case.

Step 5) An interesting consequence of Step 4) is to study the composition of linear filters and
deduce when and how it is possible to invert them.

Step 6) An other interesting consequence of Step 2) is to derive the Cramér-Karhunen-Loeve
decomposition and the harmonic principal component analysis for any weakly stationary
functional time series valued in a separable Hilbert space.

In this contribution, we basically follow this path, up to the following slight modifications.

1. We treat the more general case of a stochastic process (X:)icG, where (G,+) is a
locally compact Abelian (l.c.a.) group set of indices and for each t € G, X is a random
variable defined on a probability space (2, F,P) and valued in a separable Hilbert space
Ho (endowed with its Borel o-field). Typical examples for G and Ho are the ones of
functional time series, namely G = Z and Ho = L*(0,1) but, as far as spectral theory
is concerned, the presentation of the results is not only more general (one can e.g. take
G = R) but also more elegant in this general setting. Of course, in the discrete time
case G = Z, any continuity condition imposed on a function defined on G is trivially
satisfied. Such continuity conditions constitute a small price to pay (and the only one)
in order to be able to treat the case of a general l.c.a. group G rather than focusing on
the discrete time case alone.

2. For obvious practical reasons, it is usual to treat the mean of a stochastic process
separately. Therefore we will assume that the process (X;):cG is centered.

3. We will consider the case where the separable Hilbert space Go in which the output of the
filter is valued is different from Ho, the one of the input, that is, we replace Q € Ls(Ho)
in (1.5) by Q € Ly(Ho,Go), the space of bounded operators from Hg to Go. This makes
the results directly applicable in the case of different input and output spaces, especially
in the case where they have different dimensions (so that they are not isomorphic).

The approach to derive a spectral theory following Step 1)— Step 4) is essentially contained in
[16, 19, 15]. Our main contribution concerning these steps is to introduce all the preliminary
definitions required to understand them, to select the most important results, to provide de-
tailed proofs of the key points and to bring forward this approach which offers an interesting
alternative to the ones recently proposed in [21, 22, 26, 27, 28]. A first benefit of the Gramian-
isometric approach is that it allows a concrete description of the spectral domain rather than
relying on the completion of a pre-Hilbert space or on the compactification of a pointed con-
vex cone as used in [26, Section 2.5] and [28], respectively. A second benefit is to make the
Cramér representation much easier to exploit for deriving useful general results. This will be
made apparent when establishing the composition and inversion of filters of Step 5), which
to our best knowledge, appear to be novel in this degree of generality. Similarly, our versions
of the Cramér-Karhunen-Loeve decomposition and harmonic functional principal component
analysis are not restricted to the case where the spectral density operator is continuous or the
spectral measure has finitely many discontinuities as in [26, 28]. However, it is important to
note that, contrary to [21, 22, 26, 14], we do not address the question of statistical estimation
in the spectral domain. The spectral theory we present applies to all weakly stationary pro-
cesses whereas statistical inference results require specific assumptions. As in the univariate
setting, the spectral analysis of long memory processes necessitates assumptions and technical
developments beyond the ones used for the spectral analysis of short memory processes. In
the functional setting, up to our knowledge, long memory processes have been mostly studied
in the time domain (see e.g. [24, 5, 6, 12, 18]). Clarifying the general spectral theory that
applies to all functional weakly stationary processes is a first step towards studying functional
long memory processes in the spectral domain as classically done for univariate long memory



processes (see e.g. [23, Section 2.4] about the celebrated FARIMA processes). Such a study,
however, is out of the scope of the present paper.

The paper is organized as follows. Basic definitions of operator-valued measures, operator-
valued functions (and the various notions of measurability related to them) and Gramian-
isometric operators on normal Hilbert modules are assembled in Section 2. Section 3 contains
some preliminaries paving the way for describing the modular spectral domain. In particular,
we explain how to use normal Hilbert modules for defining Gramian-orthogonally scattered
measures. Section 4 contains the main results: 1) we offer a synthesis of the results of [16, 19,
15] providing a natural and complete spectral theory for weakly stationary processes valued in
a separable Hilbert space; 2) then, this approach is exploited to address Step 5) and Step 6)
above, successively. All the proofs are postponed in Section 5 along with additional useful
results.
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2 Basic definitions and notation

2.1 Operators, measurability and integrals

Basic definitions on linear operators can be found, for example, in [29] and we refer the
reader to [11, Chapter 1] for a nice overview of measurability and integration on Banach
spaces. Throughout this paper, we will denote by O(H,G) the set of linear operators Q from
the (complex) Hilbert space H to the (complex) Hilbert space G whose domains, denoted
by D(Q), are linear subspaces of H. We then denote by Ly(H,G) its subset of continuous
operators, by K(H,G) its subset of compact continuous operators and, for all p € [1,00),
by Sp(H,G) the Schatten-p class of compact operators with ¢” singular values. Schatten-1
and Schatten-2 operators are usually referred to as trace-class and Hilbert-Schmidt operators
respectively. If G = H, we omit G in the notation of these operator sets. For Q € Ly(H,G)
we denote its adjoint by Q". We denote by [,;r (H) the set of positive operators i.e. the set
of Q € Ly(H) such that (Qz,x),, > 0 for all z € H. Similarly, K*(H) and S} (H) denote
respectively the sets of positive compact and positive Schatten-p operators. If Q € K1 (H),

2
Q'/? denote the unique operator of K*(#) which satisfies Q = (Ql/Q) . The notation ||-|| is
used for the operator norm on Ly(H, G) and ||-||, is used for the Schatten-p norm on Sp(H, G).



For EE C ‘H, we will used the notation %H (E) for the smallest linear subspace of H which
contains F and is closed for the norm topology in H.

For a measurable space (A, A) and a Banach space (E, ||-|| ;), we denote by F(A, A, E) the
space of measurable functions from (A, .A) to (E,B(E)), where B(E) is the Borel o-field on
E. For a non-negative measure p on (A, A) and p € [1,00] , we denote by LP(A, A, E, 1) the
space of functions f € F(A, A, E) such that [ ||f]|%, dp (or p-essup ||f||, for p = oo) is finite
and by LP(A, A, E, u) its quotient space with respect to u-a.e. equality. The corresponding
norm is denoted by [|-|| .5z 4,5,,)- The Bochner integral is defined on LY (A, A, E, ) by linear
and continuous extension of the mapping 14z — u(A) z defined for z € E and A € A such
that p1(A) < co. In the particular case where E is a space of linear operators between two
Hilbert spaces ‘H and G, we use the following weaker notion of measurability.

Definition 2.1 (Simple measurability). A function ® : A — L,(H,G) is said to be simply
measurable if for all x € H, A — ®(A)x is measurable as a G-valued function. The set of such
functions is denoted by Fs (A, A, H,G) or simply Fs (A, A, H) if G =H.

Simple measurability is weaker than Borel measurability in the sense that for all Banach
spaces £ which are continuously embedded in L£(#,G), a function in F(A, A, €E) is simply
measurable from A to L£y(H,G). Moreover, if H and G are separable and £ = K(H,G) or
E = Sp(H,G) with p € {1, 2}, the class of simple measurable functions valued in £ coincides
with F(A, A, E), see Lemma 5.1.

2.2 Vector-valued and Positive Operator-Valued Measures

Measures valued in a Banach space, and in particular Positive Operator-Valued Measures,
are key in the spectral theory of functional times series. This section gathers results on such
measures. Details can be found in [10, 2]. First, we recall that a measure p defined on the
measurable space (A, .A) and valued in the Banach space (E, ||-|| ;) is an A — E mapping such
that, for any sequence (A, )nen € AV of pairwise disjoint sets, p (Unen An) = X en 1(An),
where the series converges in F, that is,

p <U An> - éu(fln)

neN

lim
N—+oc0

=0. (2.1)

E

For such a measure pu, the mapping

i€N

|l g = A sup {Z (Al : (Ai)ien € A" is a countable partition of A}

defines a non-negative measure on (A, A) called the variation measure of u. For instance,
if E = S1(H), we write ||u||, since we use ||-||; to denote the Schatten-1 norm. Integrals of
functions in L' (A, A, ||u|| ;) With respect to u are discussed in [10, P. 120]. When A is a locally
compact topological space and A is the Borel o-field, an E-valued measure p is said to be
reqular if for all A € A and € > 0, there exist a compact set K € A and an open set U € A
with K C A C U such that ||u(U \ K)||; < €. The special case of operator-valued measures is
of particular interest to us and, specifically, Positive Operator-Valued Measures (p.o.v.m.’s).
We recall that a sequence (Qn)nen € Ly(H)" converges to an operator Q € Ly(H) in weak
operator topology (w.o.t.) if for all x € H, nh—{r;o (Qnz, ), = (Qx, ),

Definition 2.2 (Positive Operator-Valued Measures (p.o.v.m.)). Let (A, A) be a measurable
space and H be a Hilbert space. A Positive Operator-Valued Measure (p.o.v.m.) on (A, A, H)
is a mapping v : A — L (H) such that for all sequences of disjoint sets (An)nen € AN,

v <U An> = v(An) (2.2)

neN neN

where the series converges in L (H) in w.o.t.

Note that the series in (2.2) does not necessarily converge in operator norm which implies
that, in this definition, a p.o.v.m. does not need to be an L, (#H)-valued measure in the sense
of (2.1). Therefore the above definitions of integrals and regularity cannot be applied. This is



circumvented by noting that a p.o.v.m. is entirely characterized by the family of non-negative
measures {v, : A z"v(A)z : z € H}. We refer to Definition 14 and Theorem 20 in [2]
for details about regular p.o.v.m.’s and to Theorem 9 in [2] for details about integration of
bounded scalar functions with respect to a p.o.v.m.

When dealing with spectral operator measures of weakly stationary processes valued in a
separable Hilbert space, we can rely on the additional trace-class property, which makes all
the previous definitions easier to handle and extend.

Definition 2.3 (Trace-class p.o.v.m.). Let (A,.A) be a measurable space, Ho be a separable
Hilbert space and v be a p.o.v.m. on (A, A, Ho). We say that v is a trace-class-p.o.v.m. if it
is Si (Ho)-valued.

The first advantage of a trace-class p.o.v.m. is that it fits the framework of vector-valued
measures, namely, we have the following result, whose proof can be found in Section 5.1.

Lemma 2.1. Let (A, A) be a measurable space and Ho be a separable Hilbert space. Then
a p.o.v.m. v on (A, A, Ho) is trace-class if and only if v(A) € Si(Ho). In this case, v is
an S1(Ho)-valued measure (in the sense that (2.2) holds in ||-||,-norm) with finite variation
measure |||, : A~ ||v(A)|,. Moreover, v is reqular if and only if ||v||, is reqular.

Another advantage of trace-class p.o.v.m.’s is that they satisfy the Radon-Nikodym prop-
erty. Namely, if v a trace-class p.o.v.m. on (A, A, Ho) and u is a o-finite non-negative measure
on (A, A), then |lv]|; < p (i.e. for all A € A, u(A) =0= ||v||,(A) =0), if and only if there
exists g € L'(A, A, S1(Ho), ) such that dv = gdy, i.e. for all A € A,

v(A) = / gduy . (2.3)
A
In this case, g is unique and is called the density of v with respect to p and we write g = %4
This result is a consequence of Theorem 1 in [9, Chapter III, Section 3] because S1(Ho) is the
dual of the separable space K(Ho).

2.3 Normal Hilbert modules

Modules extend the notion of vector spaces to the case where scalar multiplication is replaced
by a multiplicative operation with elements of a ring. The case where the ring is L£s(Ho)
for a separable Hilbert space Ho is of particular interest for Ho-valued random variables.
In short, a normal Hilbert £y(#Ho)-module is a Hilbert space endowed with a module action
and a Gramian. A Gramian [-,-] is similar to a scalar product but is valued in the space
S1(Ho) and is related to scalar product by the relation (-,-) = Tr([-,-]). Notions such as
sub-modules, Gramian-orthogonality, Gramian-isometric operators are natural extensions of
their counterparts in the Hilbert framework. We give such useful definitions hereafter and
refer to [15, Chapter 2] for details.

Definition 2.4 (Ly(Ho)-module). Let Ho be a separable Hilbert space. An Ly(Ho)-module
is a commutative group (H,~+) such that there exists a multiplicative operation (called the
module action)

Lo(Ho)xH — H

(Q,x) — Qex

which satisfies the usual distributive properties : for all Q, T € Ly(Ho), and z,y € H,

Qe(z+y)=Qez+Qey,
(Q+T)ezx=Qez+Teuz,
(QT)ez=Qe(Tex),

Idy, e x = x.

Next, we endow an Ly(Ho)-module with an £, (Ho)-valued product.

Definition 2.5 ((Normal) pre-Hilbert £,(Ho)-module). Let Ho be a separable Hilbert space.
We say that (H,[-,]5,) is a pre-Hilbert Ly(Ho)-module if H is an Ly(Ho)-module and [, -], :
H x H — Lo(Ho) satisfies, for all z,y,z € H, and Q € Ly(Ho),

(i) [z,2]5 € L (Ho),



(i) [z, z]y, =0 if and only if x =0,
(i) [z + Qey, Z]H =[x, Z]H + Q[%Z]H:
(iv) [y, xly, = [z, 9]
If moreover, for all z,y € H, [x,y];, € S1(Ho), we say that [,-];, is a Gramian and that H is
a normal pre-Hilbert Ly(Ho)-module.

Note that an L£y(Ho)-module is a vector space if we define the scalar-vector multiplication
by ar = (aldy,) e x for all @« € C, z € H and that, in the particular case where [-,],, is
a Gramian, then (-,-),, := Tr[, ], is a scalar product. Hence a normal pre-Hilbert L,(Ho)-
module is also a pre-Hilbert space. A normal pre-Hilbert £, (Ho)-module is said to be a normal
Hilbert Ly(Ho)-module if it is complete (for the norm defined by Hxﬂi = (z,z), = ||z, 2], -
A subset of H is called a submodule if it is an Ly(Ho)-module. An operator F € L,(H,G),
where H and G are two L, (Ho)-module, is said to be L, (Ho)-linear if for all Q € L, (Ho) and
ze€H, F(Qex)=Qe (Fz). An L(Ho)-linear operator U between two pre-Hilbert Ly (Ho)-
modules H and G is said to be Gramian-isometric if for all z,y € H, [Ux, Uyl = [2,y];, and
Gramian-unitary if it is bijective Gramian-isometric. The space H is said to be Gramian-
isometrically embedded in G (denoted by H g G) if there exists a Gramian-isometric operator
from H to G. The spaces H and G are said to be Gramian-isometrically isomorphic (denoted
by H = @) if there exists a Gramian-unitary operator from #H to G. The well known
isometric extension theorem can be straightforwardly generalized to the case of Gramian-
isometric operators and is stated in the following proposition for latter reference.

Proposition 2.2 (Gramian-isometric extension). Let Ho be a separable Hilbert space, H be
a normal pre-Hilbert Ly (Ho)-module, and G be a normal Hilbert Ly(Ho)-module. Let (v;)jes
and (wj)jes be two collections of vectors in H and G respectively with J an arbitrary index
set. If for all i,5 € J, [vi,v5]y = [wi,w;]lg then there erists a unique Gramian-isometric
operator

S :Span’ (Qev;,Q € Ly(Ho),j€J) = G
such that for all j € J, Sv; = w;. If moreover H is complete then

S (Span™ (Qe v, Q € L4(Ho).j € J)) = Span” (Q e w;, Q € L4(Ho).j € J)

As stated in the introduction, the spectral theory for functional time series relies on
the Gramian structure of the space of functional random variables with finite second order
moment. The following example exhibits this structure.

Example 2.1 (Normal Hilbert module M(Q, F, Ho,P)). Let (Q,F,P) be a probability space
and Ho be a separable Hilbert space. The Bochner space L*(Q, F,Ho,P) is the space of Ho-

valued random variables Y such that E [HYH%U] < +o00. Then the expectation of Y is the
unique vector E[Y] € Ho satisfying

(E[Y],2),, =E [(Y, x)HO] , forallzeHo,

and the covariance operator between Y,Z € L*(Q,F,Ho,P) is the unique linear operator
Cov (Y, Z) € Ly(Ho), satisfying
(Cov (Y, Z) y, @), = Cov ((Y, 2) 0, + 2, y)HO) . forallz,y € Ho .

The space M(Q,F,Ho,P) of all centered random variables in L*(Q, F,Ho,P) is a nor-
mal Hilbert Ly(Ho)-module for the module action defined for all Q € Ly(Ho) and X €
M(Q, F, Ho,P) by Qe X = QX, and the Gramian

[X, Y] prnr g p = Cov (X, Y)

3 Towards the stochastic integral

3.1 Gramian-orthogonally scattered (g.o.s.) measures

In this section, we introduce the notion of random g.o.s. measures which will have an important
role in the construction provided by [16, 19, 15]. The terminologies o.s. and g.o.s. are borrowed
from Definition 3 in [15, Section 3.1]



Definition 3.1 ((Random) o.s. measures). Let H be a Hilbert space and (A, A) be a mea-
surable space. We say that W : A — H is a countably additive orthogonally scattered (o.s.)
measure on (A, A, H) if it is an H-valued measure on (A, A) such that for all A,B € A,

ANB=0= (W(A),W(B)), =0.

In this case, the mapping
vw : A= (W(A),W(A)),,
is a finite non-negative measure on (A, A) called the intensity measure of W and we have
that, for all A, B € A,
vw (AN B) = (W(A),W(B)),, - (3.1)
We say that W is regular if vw is reqular. When H is the space M(Q, F,Ho,P) of Exam-
ple 2.1, we say that W is an Ho-valued random o.s. measure on (A, A,Q, F,P).

The generalization to a normal Hilbert module is straightforward.

Definition 3.2 ((Random) g.o.s. measures). Let Ho be a separable Hilbert space, H be a
normal Hilbert Ly,(Ho)-module and (A, A) be a measurable space. We say that W : A — H
is a countably additive Gramian-orthogonally scattered (g.0.s.) measure on (A, A, H) if it is
an H-valued measure on (A, A) such that for all A,B € A,

ANB=0= [W(A),W(B), =0.

In this case, the mapping
vw A= [W(A),W(A)],,
is a trace-class p.o.v.m. on (A, A, Ho) called the intensity operator measure of W and we have
that, for all A,B € A,
vw(ANB) = [W(A),W(B)], . (3.2)
We say that W is regular if [[vw||, is regular. When H = M(Q, F, Ho,P) of Ezample 2.1, we
say that W is an Ho-valued random g.o.s. measure on (A, A, Q, F,P).

It is easy to show that a o.s. measure W as in Definition 3.1 can be equivalently seen as
the restriction of an isometric operator I from L*(A, A, viw) onto H by setting

W(A) =1I(la), A€A.

This simply follows by interpreting the left-hand side of (3.1) as the scalar product between
l4and 1gin L? (A, A, vw) so that I above can be defined as the unique isometric extension
from L?*(A, A,vw) to H of the isometric mapping defined by 14 +— W(A) for A € A. This
observation gives a rigorous meaning to the integral in the Cramér representation (1.2) where
X is o.s. (see [13, Section 2]). Similarly, if W is a g.o.s. measure as in Definition 3.2 and
Ho = C9, the mapping defined by 14Q — QW (A) for A € A and Q € C?*? is Gramian-
isometric from a normal pre-Hilbert module of matrix-valued functions onto # (see [20]). This
observation is a key step to derive a Cramér representation of the type (1.2) where (X¢)iez
is a multivariate time series and X is g.o.s. In the infinite dimensional case, the Gramian-
isometric property of the mapping defined by 14Q — QW (A) for A € A and Q € Ly(Ho) can
also be established. This is done in [26, Section 2.5] where the author uses the completion
of L*(A, A, Ly(Ho), ||v||,) under an appropriate norm. These ideas are in fact very similar to
the ones of [16, 19, 15] with the exception that the latter references provide a more general
framework and lead to a modular spectral domain which is an explicit set of operator-valued
functions defined on A. We follow this approach in the next section.

3.2 The space L*(A, A, O(Ho, Go), V)

As discussed in the previous sections, the role of o.s. and g.o.s. measures in the spectral theory
of weakly stationary processes relies on their characterization by unitary or Gramian-unitary
operators between the (modular) time domain and the (modular) spectral domain. This has
been entirely studied in the case of univariate and multivariate time series, see [13] and [20],
respectively, and the references therein. For time series valued in a general separable Hilbert
space, defining the modular spectral domain requires to exhibit a suitable space of operator-
valued functions which are square-integrable with respect to the trace-class p.o.v.m. v. It was



introduced in [19] and includes the space L*(A, A, L£y(Ho,Go), ||v||,) but is in general larger
in the case where Ho has infinite dimension. The definition relies on the following notion of
measurability which we slightly adapted from [19], [15, Section 3.4].

Definition 3.3 (O-measurability). Given two Hilbert spaces H and G, a function ® : A —
O(H,G) is said to be O-measurable if it satisfies the two following conditions.
(i) Forallz € H, {A\ €A : z€D(PN))} € A
(i) There exists a sequence (Prn)nen valued in Fs (A, A, H,G) such that for all X € A and
z € D(®(N)), Pn(N)zx converges to (N)z in G as n — oo.
We denote by Fo (A, A, H,G) the space of such functions ®.

Square-integrability with respect to a trace-class p.o.v.m. v is then defined as follows.

Definition 3.4. Let (A,.A) be a measurable space, Ho, Go,Zo be three separable Hilbert spaces
and v a trace-class p.o.v.m. on (A, A, Ho) with density f with respect to its finite variation
lvll,. Then, we say that (2, V) € Fo (A, A, Ho,Go) X Fo (A, A, Ho,To) is v-integrable if the
three following assertions hold.

(i) We have Im(f'/?) C D(®) and Im(f/?) C D(¥), ||v|,-a-e.
(ii) We have ® /% € Sa(Ho,Go) and W /% € Sa(Ho, To), ||| -a-e.
(iii) We have (®f/2)(W )" € £LY(A, A, S1(Zo, Go), |V|;)-

In this case, we define
/@dm” = /(@fl/Q)(\I/fl/Q)HdHy||1 € 81(Zo, Go) - (3.3)

Moreover, we say that ® € Fo (A, A, Ho,Go) is square v-integrable if (®,®) is v-integrable
and we denote by L*(A, A, O(Ho,Go),v) the space of square v-integrable functions in
FO (A7 A7 H07 gO)

Remark 3.1. Let us briefly comment this definition.

1) The integral (3.3) of Definition 3.4 can be seen as an extension of the integral of scalar-
valued functions with respect to a trace-class p.o.v.m. since, for a measurable scalar
function ¢ : A — C we can interpret the integral [ ¢dv as the one in (3.3) with ® : X\ —
d(MN)Idy, and ¥ = Idy,.

2) It is easy to show that for all ®,¥ € £*(A, A, O(Ho,Go),v), (®, V) is v-integrable and
thus [ Odv UM is well defined as above.

3) In the special case where ® and U are valued in Ly(Ho,Go), O-measurability reduces

to simple measurability, (i) and (i) are always verified, (iii) is equivalent to ®fUH ¢
LA, A, 81(Go), lv]l,), in which case we have

/(Pdu\l/” = /(Pf\IJH dl|v]l, -

In particular, since H<I>f<I>HH1 < @12 If]l, = 1®]1%, lv]l, —a-e., we get that
L2(A, A, Lo(Ho, Go), IW]l;) © 27 (A, A, O(Ho, Go), v) -

Moreover, the mapping defined, for all ®,V € L*(A, A, Ly(Ho, Go), |IVl,), by [®,¥], =
f@du\IIH is a pseudo Gramian in the sense that it satisfies all assumptions of Defini-

tion 2.5 except assumption (ii). In particular, the space L2 (A, A, O(Ho, Go),v) is larger

than the ones used in [22] and [27, Appendiz B.2.5] for filtering functional time series.

The following theorem, which corresponds to [19, Theorem 4.19] and Theorem 11
in [15, Section 3.4], shows that the same Gramian can be used over the larger space

L%(A, A, O(Ho,Go),v) and that it makes this space a normal Hilbert £,(Go)-module when
quotiented by the set with zero norm.



Theorem 3.1. Let Ho,Go be separable Hilbert spaces, (A, A) a measurable space, v a trace-
class p.o.v.m. on (A, A, Ho) and f = =% —. Then L*(A, A, O(Ho, Go),v) is an Ly (Go)-module

dllvlly

with module action
Qed: A QP(N), Q€ Ly(Go),® e LA, A O(Ho,Go),v) .

Moreover, we can endow .£*(A, A, O(Ho, Go),v) with the pseudo-Gramian
[®, 0] = /(Pdu\I/H Ve L%(A, A O(Ho,Go),v) - (3.4)

Then, for all ® € £L*(A, A, O(Ho,Go), V), we have

1/2
1

Il = [[[@, @, [|,”" =0 & =0 |v],-ac

Let us denote the class of such ®’s by {||-||, = 0} and the quotient space by
L2(A, A, O(Ho, Go), v) i= L7 (A A, O(Ho, Go)v) /41 =0y -

Then (L*(A, A, O(Ho,Go),v),[],) is a normal Hilbert Ly(Go)-module.

3.3 Integration with respect to a random g.o.s. measure

We now define the mapping which provides a representation of the normal Hilbert £,-module
module generated by a random g.o.s. measure in the form a module of square integrable
operator functions. It is often seen as a stochastic integral because it linearly and continuously
maps a function to a random variable. Let Ho and Go be two separable Hilbert spaces, (A, .A)
be a measurable space, and let v be a trace-class p.o.v.m. defined on (A, A, Ho). Given an
Ho-valued random g.o.s. measure W, we further set

™9 .= Span® (QW(A) : Q € Lu(Ho,Go), A€ A) , (3.5)

which is a submodule of G := M(Q, F, Go,P). As in Proposition 13 in [15, Secion 3.4] and [19,
Theorem 6.9], we now define the integral of an Ho — Go operator-valued function with respect
to a random g.o.s. measure W as a Gramian-isometry from the normal Hilbert £;(Go)-module
L2(A, A, O(Ho, Go), vw) to HYV90. A detailed proof can be found in Section 5.2.

Theorem 3.2. Let (A, A) be a measurable space and (2, F,P) a probability space. Let Ho
and Go be two separable Hilbert spaces. Let W be an Ho-valued random g.o.s. measure on
(A, A, Q, F,P) with intensity operator measure vy . Let HW90 be defined as in (8.5). Then
there exists a unique Gramian-isometry

I3 - L2(A, A, O(Ho, Go), vw) — M(Q, F, Go, P)
such that, for all A € A and Q € Ly(Ho, Go),
I52(14Q) = QW(A) P-a.s.
Moreover, L2(A, A, O(Ho,Go),vw) and H™V9° are Gramian-isometrically isomorphic.

We can now define the integral of an operator-valued function with respect to W.

Definition 3.5 (Integral with respect to a random g.o.s. measure). Under the assumptions
of Theorem 3.2, we use an integral sign to denote Ig}’(@) for ® € L2(A, A, O(Ho,Go), vw).
Namely, we write

/<I>dW = /<I>(/\) W(dA) := I5(®) . (3.6)
The following remark will be useful.

Remark 3.2. In the setting of Definition 3.5, take ® = ¢ Idn, with ¢ : A — C. Then, we
have ® € L*(A, A, O(Ho),vw) if and only if ¢ € L*(A, A, lvw||,). We will omit 1ds, in the
notation of the integral, writing [ ¢ AW for [ ¢lds, dW.
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4 Modular spectral domain of a weakly stationary
process and applications

4.1 The Gramian-Cramér representation and general Bochner
theorems

We now have all the tools to derive a spectral theory for Hilbert-valued weakly stationary
processes following [15, Section 4.2]. Let (€2, F,P) be a probability space, Ho be a separable
Hilbert space and (G,+) be a locally compact Abelian (l.c.a.) group (for example Z or R),
whose null element is denoted by 0. This means that G is an Abelian topological group which
is locally compact, Hausdorff for its topology. Recall that the dual group G denotes the set of
continuous characters of G i.e. the set of continuous functions x : G — U satisfying s,t € G,

x(s41) = x(s)x(t), where U denotes the complex unit circle. In particular, Z = T := R/(27Z)
and R = R. Details about l.c.a. groups can be found in [25]. Throughout this section we are
interested in the spectral properties of a centered process valued in a separable Hilbert space
and assumed to be weakly stationary in the following sense.

Definition 4.1 (Hilbert-valued weakly stationary processes). Let (2, F,P) be a probability
space, Ho be a separable Hilbert space and (G,+) be an l.c.a. group. Then a process X :=
(X+)te@ is said to be an Ho-valued weakly stationary process if

(i) Forallt € G, X, € L*(, F, Ho, P).
(i1) For allt € G, E[X:] =E[Xo]. We say that X is centered if E[Xo] = 0.
(117) For allt,h € G, Cov (Xi1n, Xi) = Cov (Xn, Xo).

(iv) The autocovariance operator function I'x : h +— Cov (X, Xo) satisfies the following
continuity condition: for all Q € Ly(Ho), b — Tr(Qlx (h)) is continuous on G.

In the case of time series, G = Z, all mappings on G are continuous and Condition (iv)
can be discarded in this definition. It is less trivial to show that, for any l.c.a. group G, we
get an equivalent definition if we replace (iv) by just saying that I'x is continuous in w.o.t.
This interesting fact is explained in the following remark in a more detailed fashion.

Remark 4.1. For any =,y € Ho, taking Q = xy" we have Tr(QTx(h)) = (Tx (R)2,y) 4, -
Hence Condition (iv) of Definition 4.1 implies the following one.

(w’) The autocovariance operator function I'x : h — Cov (Xp, Xo) is continuous in w.o.t.

It is easy to find G, Ho and a mapping f : G — S1(Ho) which is continuous in w.o.t. but such
that h — Tr(f(h)) is not continuous hence does not satisfy the continuity condition imposed
on I'x in (). However, it turns out that if I'x is the autocovariance operator function
h — Cov (X4, Xo) with X satisfying Conditions (i) and (iii), then Conditions (iv) and (iv’)
become equivalent. The reason behind this surprising fact will be made clear later in Point 1)
of Remark 4.2. In other words, we can replace (iv) by (iv’) without altering Definition 4.1.

As in the univariate case, the notion of weak stationarity is related to an isometric property
of the lag operators, but here the covariance stationarity expressed in Condition (iii) translates
into a Gramian-isometric property rather than a scalar isometric property. Namely, let X :=
(Xt)te@G satisfy Conditions (i) and (ii) and take it centered so that each X; belongs to the
normal Hilbert module M(Q, F, Ho,P) as defined in Example 2.1. For all h € G, define
the lag operator of lag h € G as the mapping U;* : X; + X;11 defined for all ¢t € G. Then
Condition (iii) is equivalent to saying that for all h € G, the mapping Uj} is Gramian-isometric
on {X; : t € G} for the Gramian structure inherited from M(Q, F, Ho,P). Thus, if this
condition holds, by Proposition 2.2, for any lag h € G, there exists a unique Gramian-unitary
operator extending U;X on the modular time domain H™ of X defined as the submodule of
H generated by the X,’s, that is,

#¥ = Span (QX: : Q€ Ly(Ho), t € G) ,
which is the generalization of (1.5) to a general l.c.a. group G. In fact it is convenient to
introduce a slightly more general definition of the modular time domain where the output
Hilbert space Go may be taken different form H.
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Definition 4.2 (Go-valued modular time domain). Let (G,+) be an l.c.a. group, and Ho
and Go be two separable Hilbert spaces. Let X := (X¢)1cG be a collection of variables in
M(Q, F,Ho,P) as defined in Example 2.1. The Go-valued modular time domain of X is
defined by

———M(2,F,G0,P)

H9 .= Span (QX: : Q€ Ly(Ho,G0), t €G) , (4.1)
which is a submodule of M(, F,Go,P).

We now extend the (scalar) Cramér representation theorem by means of an integral with
respect to a g.0.s. measure.

Theorem 4.1 (Gramian-Cramér representation theorem). Let Ho be a separable Hilbert
space, (Q, F,P) be a probability space and (G,+) be an l.c.a. group. Let X := (Xt):eG be a
centered weakly stationary Ho-valued process as in Definition 4.1. Then there ezists a unique
regular Ho-valued random g.o.s. measure X on (G, B(G),Q, F,P) such that

X = /X(t) X(dx) foral teG. (4.2)

This result is partly stated in Theorem 2 in [15, Section 4.2]. Here we add the uniqueness
of X , which appears to be a new result in this general setting. We provide a detailed proof in
Section 5.3. In fact Theorem 2 in [15, Section 4.2] contains a converse statement, which we
now state separately as a lemma whose detailed proof can be found in Section 5.3.

Lemma 4.2. Let (G,+) be an l.c.a. group, Ho a separable Hilbert space and W be an Ho-
valued random g.0.s. measure on (G, B’(G)7 Q, F,P) with intensity operator measure v. Define,
forallt € G,

X = / X(6) W(dx) .

Then X = (Xt)teG s a centered Ho-valued weakly stationary process with autocovariance
operator function I' defined by

T'(h) = /x(h) v(dx) forallhe G. (4.3)

With Theorem 4.1 at our disposal, we can now define the Gramian-Cramér representation
and the spectral operator measure of X.

Definition 4.3 (Gramian-Cramér representation and spectral operator measure). Under
the setting of Theorem 4.1, the regular g.o.s. measure X is called the (Gramian) Cramér
representation of X and its intensity operator measure is called the spectral operator measure
of X. It is a regular trace-class p.o.v.m. on (G,B(G), Ho).

By Lemma 4.2, we see that the autocovariance operator function and the spectral operator
measure of X are related to each other through the identity (4.3). As already hinted in the
introduction, using the tools introduced in Section 3.3, we can more generally interpret the
Cramér representation of Theorem 4.1 as establishing a Gramian-isometric mapping onto the
modular time domain of X, starting from its modular spectral domain which we now introduce.
Definition 4.4 (Go-valued spectral time domain). Let Ho and Go be two separable Hilbert
spaces and X := (X¢):eG be a centered weakly stationary process valued in Ho as in Defini-
tion 4.1. The Go-valued modular spectral domain of X is the normal Hilbert Ly,(Go)-module
defined by

HX% .= L2(G, B(G), 0O(Ho, Go),vx) , (4.4)

where vx s the spectral operator measure of X introduced in Definition 4.3.

We can now state that the modular time and spectral domain are Gramian-isometrically
isomorphic, whose proof can be found in Section 5.3.

Theorem 4.3 (Kolmogorov isomorphism theorem). Under the setting of Theorem 4.1, for
any separable Hilbert space Go, the mapping I)g%0 :® — [®dX is a Gramian-unitary operator

from ﬁx,go to HX9 and we have HX9% = ’HX’%. Thgs, the Go-valued modular time
domain HX'9 and the Go-valued modular spectral domain HX'9 gre Gramian-isometrically
isomorphic.
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Relation (4.3) is at the core of the general Bochner theorem, which we now discuss. Recall
that the standard (univariate) Bochner theorem can be stated as follows (see [25, Theo-
rem 1.4.3] for existence and [25, Theorem 1.3.6] for uniqueness).

Theorem 4.4 (Bochner Theorem). Let (G,+) be an l.c.a. group and v : G — C. Then the
two following statements are equivalent:

(i) 7y is continuous and hermitian non-negative definite, that is, for alln € N, t1,--- ,t, € G
and a1, -+ ,an € C,

> adgy(t —t;) > 0.
i,j=1

(ii) There exists a regular finite non-negative measure v on (G, B(G)) such that
1) =[x, heG. (1.

Moreover, if Assertion (ii) holds, v is the unique regular non-negative measure satisfying (4.5).

There are various other ways to extend Condition (i) of Theorem 4.4 when replacing C by
a Hilbert space Ho.

Definition 4.5. Let Ho be a Hilbert space and (G,+) an l.c.a. group. A function T : G —
Ly(Ho) is said to be
1. a proper autocovariance operator function if Ho is separable and there exists a Ho-valued
weakly stationary process with autocovariance operator function I';

2. positive definite if for alln € N*, t1,--- ,t, € G and Q1,--- ,Qn € Lt(Ho),

Zn: Qi (t; — £;)Q) = 0;

ij=1

3. of positive-type if for alln € N*, t1,--- ,t, € G and z1,- - ,zn € Ho,
n

D> AD(t = ty)my,wi) 5y, >0

ij=1

4. hermitian non-negative definite if for alln € N*, t1,--- ,t, € G and a1,--- ,a, € C,

n
Z aia_jl“(ti - t]') = 0.
ij=1
Equivalently, T’ is hermitian non-negative definite if and only if for all x € Ho, t —
(L(t)z,z) 4, s hermitian non-negative definite.

It is straightforward to show that the definitions in Definition 4.5 are given in an increasing
order of generality in the sense that 1 = 2 = 3 = 4. In the univariate case, for a continuous
v : G — C all these definitions are trivially equivalent to Assertion (i) in Theorem 4.4. A
natural question for a general Hilbert space Ho is which definition should be used to extend

the Bochner theorem. A first answer is the following corollary whose proof can be found in
Section 5.3

Corollary 4.5. Let (G,+) be an l.c.a. group, Ho a separable Hilbert space and T' : G —
Ly(Ho). Then the following assertions are equivalent.

(i) The function T is a proper autocovariance operator function.
(ii) There exists a regular trace-class p.o.v.m. v on (G, B(G),Ho) such that (4.3) holds.

This result extends Bochner’s theorem from the point of view of Ho-valued weakly sta-
tionary processes so that I' in Corollary 4.5(i) is valued in S1(Ho) and for all Q € Ly(Ho),
h — Tr(QI'(h)) is continuous. It turns our that other extensions can be obtained using a
purely operator theory point of view with the more general positiveness conditions of Def-
inition 4.5. In the following theorem, H is not necessarily separable, I' is not necessarily
S1(H)-valued (and therefore the resulting p.o.v.m. may not be trace-class) and its continuity
condition can be relaxed to continuity for the w.o.t. This result is essentially the Naimark’s
moment theorem of [3]. We refer to it as the general Bochner theorem (or general Herglotz
theorem for G = Z).

13



Theorem 4.6 (General Bochner Theorem). Let (G,+) be an l.c.a. group, H a Hilbert space
and T : G — Ly(H). Then the following assertions are equivalent.

(i) T is continuous in w.o.t. and positive definite.
(#) T is continuous in w.o.t. and of positive type.
(i4i) T is continuous in w.o.t. and hermitian non-negative definite.
(iv) There exists a regular p.o.v.m. v on (G, B(G),H) such that (4.3) holds.
Moreover, if Assertion (iv) holds, v is the unique regular p.o.v.m. satisfying (4.3).

It is important to note that there is a subtle difference between Assertion (ii) of Corol-
lary 4.5 and Assertion (iv) of Theorem 4.6, namely, the latter assertion is weaker since v is not
supposed to be trace-class. In particular, we cannot rely on the Radon-Nikodym derivative
as v is not trace-class. The proof of Theorem 4.6 is discussed in Section 4.1. An immediate
consequence of Corollary 4.5 and Theorem 4.6 is the following result whose proof can be found
in Section 4.1.

Corollary 4.7. Let (G,+) be an l.c.a. group, Ho a separable Hilbert space and T : G —
Ly(Ho). Then the following assertions are equivalent.

(i) The function T" is a proper autocovariance operator function.
(i) Any of the Assertions (i)—(iii) in Theorem 4.6 holds and I'(0) € S1(Ho).
Remark 4.2. Let us briefly comment on the equivalence established in Corollary 4.7.

1) In Condition (iv) of Definition 4.1, we required a condition on I which is stronger than
continuity in w.o.t. However in Assertion (ii) of Corollary 4.7, the continuity of T' is
only needed in the w.o.t. This means that we can replace the continuity Condition (iv) in
Definition 4.1 by continuity in w.o.t. as in Remark 4.1 (iv’) without changing the overall
definition of a weakly stationary process.

2) The previous remark is related to a fact established in Proposition 8 in [15, Section 4.2],
which states the equivalence between being scalar stationary and being operator sta-
tionary. The latter definition is the same as our Definition 4.1, and the former one
amounts to replace Condition (i) in Definition 4.1 by assuming that for all x € Ho,
2Tz : h — 2"T'(h)2 is continuous and hermitian non-negative definite. But this
amounts to says that T itself is continuous in the w.o.t. and hermitian mon-negative
definite. Since I'(0) € S1(Ho) is a consequence of Assertion (i) in Definition 4.1, Corol-
lary 4.7 indeed implies the equivalence established by Proposition 3 in [15, Section 4.2].

4.2 Composition and inversion of filters

With the construction of the spectral theory for weakly stationary processes of Section 4.1,
the study of linear filters for such processes is easily derived. Indeed, we are now able to give
the most general definition of linear filtering, characterize the spectral structure of the filtered
process and provide results on compositions and inversion of linear filters. Then, in the next
section, we will provide a general statement of harmonic principal component analysis for
weakly stationary processes valued in a separable Hilbert space.

Let Ho and Go be two separable Hilbert spaces and ® € Fo (A, A, Ho,Go). Let X =
(X¢)teG be an Ho-valued weakly stationary stochastic process such that

e H 90 (4.6)

where H*9 denotes the modular spectral domain of Definition 4.4. Then we can define a
Go-valued weakly stationary stochastic process Y = (Yz):cG by

Y: = / x(t) ®(x) X(dy), forallteG. (4.7)

We say that ® is the transfer operator function of the filter. For convenience we write, in the
time domain,

X €8:(Q,F,P) and Y = Fa(X), (4.8)

for (4.6) and (4.7) respectively. Since 79 is not easy to described, it may appear difficult
to check the condition X € Sg (2, F,P) for a given ®. However a special case of interest is
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quite easy to characterize, namely, when ® € F (G, B(G), Ho, go), as shown by the following
result.

Proposition 4.8. Let (G,+) be an l.c.a. group, and Ho and Go be two separable Hilbert
spaces. Let (2, F,P) be a probability space and ® € Fs (G,B(G),Ho,go). Let X = (X4):eG
be a Ho-valued centered weakly stationary processes admitting gx as a spectral operator density
with respect to a o-finite non-negative measure i on (G, B(G)). Then the mapping H<I>gx il Hl
is measurable from (G,B(G)) to (R, B(R)) and we have X € Ss(Q, F,P) if and only if

/H@gxqf'H dp < 00 .
1

Many examples in the time series literature rely on a time domain description of the
filtering obtained as follows.

Example 4.1 (Convolutional filtering in the discrete case). Let Ho and Go be two separable
Hilbert spaces. Let X = (X¢)tez be an Ho-valued weakly stationary stochastic process defined
on (Q, F,P). Let & = (Dy)rez be a sequence valued in Ly(Ho, Go) such that Y-, ||Pr|l < .
Define the process Y = (Y:)iez by the time domain convolutional filtering

Yt:Z‘I’kXt—k, te?,
kEZ

which converges absolutely in M(QY, F,Go,P). Then, defining o:T— Ly(Ho, Go) by
O\ = dpe*,

kEZ

which absolutely converges in Ly(Ho,Go), wuniformly in X € T. Thus, & €
L>°(T, B(T), Ly(Ho, Go)), which implies dgx®" € L'(T,B(T),S1(Go)). Thus, by Proposi-
tion 4.8, we have X € S¢(, F,P) and Y = F3(X).

This example can be easily extended to processes indexed by any l.c.a. group G by using
the Fubini-type theorem Proposition 5.6, see Example 5.1.

The following result deals with the composition and inversion of general filters. Its proof
can be found in Section 5.4. See also Section 2.3, where we introduced the symbols 22, & .

~

Proposition 4.9 (Composition and inversion of filters on weakly stationary time series).
Let Ho and Go be two separable Hilbert spaces and pick a transfer operator function ® €

Fo (G,B(G),HO,QO). Let X be a centered weakly stationary Ho-valued process defined on
(Q, F,P) with spectral operator measure vx. Suppose that X € Ss(Q, F,P) and set Y =
Fs(X), as defined in (4.8). Then the three following assertions hold.

(i) For any separable Hilbert space To, we have HY'To & HXTo,

(i) For any separable Hilbert space Zo and all ¥ € Fo (G,B(G),QO,IO), we have X €
Sva(Q, F,P) if and only if Fe(X) € Su(Q, F,P), and in this case, we have

(iit) Suppose that ® is injective ||vx||,-a.e. Then X = Fg—1 o Fo(X), where we define
(N = (@(}\)‘D(@(A))—»Im(d)(k)))71 with domain Im(®(X)) for all X € {® is injective}
and ®~(\) = 0 otherwise. Moreover, Assertion (i) above holds with S replaced by = .

4.3 Cramér-Karhunen-Loeve decomposition

Let Ho be a separable Hilbert space with (possibly infinite) dimension N and X = (X;):cG
be a centered, Ho-valued weakly-stationary process defined on a probability space (2, F,P)
with Cramér representation X and spectral operator measure vx.

The Cramér-Karhunen-Loéve decomposition amounts to give a rigorous meaning to the
formula

X(dx) = Y ¢n(x) @én(x) X(dx), (4.10)

0<n<N
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where, for all x € G, (¢n(x))o<n<n is an orthonormal sequence in Ho chosen in such a way
that the summands in (4.10) are uncorrelated and where, for all x € H and y € G, we denote
by x ® y the trace-class operator from G onto H defined by (z ® y)z = (2,y)4 x for all z € G.
Such a decomposition provides a way to derive the harmonic principal component analysis
of the process X, which is an approximation of X by a finite rank linear filtering. In recent
works, the functional Cramér-Karhunen-Loeve decomposition is achieved under additional
assumptions on vx such as having a continuous density with respect to the Lebesgue measure
(in [26]) or at most finitely many atoms (in [28]). In fact, thanks to the Radon-Nikodym
property of trace-class p.o.v.m.’s, there is no need for such additional assumptions. Instead,
we rely on the following lemma, whose proof can be found in Section 5.5.

Lemma 4.10 (Eigendecomposition of a trace-class p.o.v.m.). Let Ho be a separable Hilbert
space with dimension N € {1,...,400}. Let v be a trace-class p.o.v.m. on (A, A, Ho) and u
a o-finite dominating measure of v, e.g. its variation norm ||v||,. Then there ezist sequences
(on)o<n<n and (¢n)o<n<n of (A, A) = (R4, B(R1)) and (A, A) — (Ho, B(Ho)) measurable
functions, respectively, such that the following assertions hold.

(i) For all X € A, (0n(N))o<n<n is non-increasing and Z on(A) < 0.
0<n<N

(i3) For all X\ € A, (¢n(N))o<n<n is orthonormal.

(i3i) The trace-class p.o.v.m. v admits the density

Fixm D on(N)dn(N) ®¢n(N),

0<n<N

with respect to p, where the convergence holds absolutely in Si for each A € A.

Moreover, using the notations ¢F : A = ¢n (N7 and ¢n @ ¢n : XA = ¢n(A) @ dn (), we have
the following properties.
(iv) The sequence (#')o<n<n is orthogonal in L%(A, A, O(Ho,C),v).
(v) The sequence (¢n ® dn)o<n<n is Gramian-orthogonal in L*(A, A, O(Ho),v).
(vi) The Ly(Ho)-valued mapping > o, . ¢n ® ¢n is equal to the mapping A +— Idz, in
L%(A, A, O(Ho),v).

Assertion (vi) may be misleading at first sight, so the following comment may be worth
noting.
Remark 4.3. By Assertions (i)-(iii), for allX € A, Y ., oy &n(A) @ Pn(A) is the orthogonal
projection onto the closure of the range of f(\). Thus, Assertion (vi) says that this projection
is equal to Idy, in L*(A, A,O(Ho),v). It is not equivalent to saying that 3", _n &n @ ¢n =
Idy, ||v]l,-a-e. since it may happen that the range of f(\) is dense in Ho for none of the X’s,
in which case we have Assertion (vi) at the same time as {3 <, . n ®n ® ¢n = Ids,} = 0.

We then get the following general formulation of a harmonic principal components analysis
for Ho-valued weakly-stationary processes, whose proof can be found in Section 5.5. We also
refer to Remark 5.1 in the same section, where we explain how to correctly interpret (4.10).

Proposition 4.11 (Harmonic functional principal components analysis). Let Ho be a sepa-
rable Hilbert space and X = (Xt):cG be a centered, Ho-valued weakly-stationary process de-
fined on a probability space (2, F,P) with spectral operator measure vx. Let (on)o<n<n and
(¢n)o<n<n be given as in Lemma 4.10 for some dominating measure p of vx, for instance
p=|lvx|, Let ¢: G — N* be a measurable function. Then for allt € G,

min {E [th — [F@(X)]t|\;0] . 0 € LG, B(G), O(Ho), vx), rank(6) < q}

is equal to

/Gq > oal)uldx)

(X)AN<n<N

and the minimum is achieved for

O:x— Y () @bul(X)-

0<n<qg(x)AN
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5 Postponed proofs
5.1 Proofs of Section 2

We start with a useful lemma about measurability of compact and Schatten operator-valued
functions.

Lemma 5.1. Let (A, A) be a measurable space and Ho,Go two separable Hilbert spaces. Let
E =K(Ho,Go) or Sp(Ho, Go) where p € {1,2} and. Then a function ® : A — £ is measurable
if and only if it is simply measurable.

Proof. The only if part is straightforward and we only show that, if ® is simply measurable
then it is measurable. Since the space £ is separable, Pettis’s measurability theorem gives
that it is enough to show that for all f € £, f o ® is a measurable complex-valued function.
By [8, Theorems 19.1, 18.14, 19.2], we get that K(Ho,Go)*, S1(Ho,Go)* and S2(Ho, Go)*
are respectively isometrically isomorphic to S1(Ho, Go), Ls(Ho,Go) and S2(Ho,Go) and the
duality relation can be defined on £ x £* as (Q,T) ~ Tr(T"Q). This means that we only
have to show measurability of the complex-valued functions A +— Tr(Q"®()\)) for all Q €
E*. Let (¢r)ren, (¥r)ren be Hilbert basis of Ho and Go respectively, then Tr(Q"®()\)) =
(®(A) o, Q¥r)g, which defines a measurable function of A by simple measurability of

D ke
. O

We now provide the proof of Lemma 2.1

Proof of Lemma 2.1. The first point comes from the fact that for all A € A, v(A)—v(A)isa
positive operator. Now, if v is trace-class, then (2.2) is easily verified for the norm ||-||; using
the fact that ||-||, = Tr(-) for positive operators. Finally, by definition of ||v||,, regularity
of ||lv||, is equivalent to regularity of v as an Si(#o)-valued measure which clearly implies
regularity of v, = M (-)x for all z € Ho. Suppose now that for all x € Ho, v, is regular, then
let (ex)ren be a Hilbert basis of Ho, and define for all n € N, the non-negative measure p, =
> h—o Ve, such that for all A € A, ||v||,(A) = limn—4oo pn(A) = sup, ey pn(A). Then, by
Vitali-Hahn-Sakh-Nikodym’s theorem (see [4]), the sequence (fin)nen is uniformly countably
additive which implies regularity of ||v||; by Lemma 23 in [9, Chapter VI, Section 2]. |

We also provide the following useful properties on the density of a trace-class p.o.v.m.
with respect to a dominating measure.
Lemma 5.2. Les v be a trace-class p.o.v.m. on (A, A, Ho) and p a o-finite measure such that
lvll, < p. Les g = g—:. Then the following assertions hold.
(a) For u-almost every X\ € A, g(\) € Si"(Ho).
(b) The mapping g*/2 : X — g(\)Y/2 belongs to L*(A, A, Sa(Ho), ).
(c) The density of ||v||, with respect to p is ||gll,. In particular, g = deTUHngHl u-a.e. and
if = vlly, then [lgll, = 1 p-a.e.
(d) Let f: A — C be measurable. Then f € L'(A, A, |v||,) if and only if X — f(X) g(A) €

LY(A, A, S1(Ho), 1), and we have /f()\) v(d\) = /f()\)g()\) w(dX).

Proof. For all z € Ho and A € A,
/A (G022 5, 1(AN) = (W(A)z, )y, >0,

and there exists a set A, € A with u(A7) = 0 and (g(A)z,x),, > 0 for all A € A,. Taking
(Zn)nen a dense countable subset of Ho we get that g € S (Ho) on A = (), oy Az, thus
proving Assertion (a). For Assertion (b), we get have g'/? € F(A, A, Sa(Ho)) by Lemma 2 in
[15, Section 3.4] and Lemma 5.1 and g'/? € L?(A, A, Sa(Ho), 1) then follows from the identity

2
‘ g1/2()\)H = |lg(N)||,. Moreover, taking the trace in (2.3) gives for all A € A,
2

Il (4) = /A lgll, dp

which gives Assertion (c). Finally, Assertion (d) is easy to get by extending the case f =14
for A € A to simple functions and then using the density of simple functions. O
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5.2 Proofs of Section 3

We start by exhibiting the relation between the spaces L2(A,A, O(Ho,Go),v) and
L*(A, A, S2(Ho,Go), ) where [[v|l, < wp. It is easy to show that this last space is a
normal Hilbert L£,(Go)-module with module action defined, for Q € Ly(Go) and ¢ €
L*(A, A, S82(Ho,Go), 1), by Qe ® : A — QP(N\) and Gramian defined, for &, ¥ ¢
L*(A, A, Sa(Ho, Go), 1), by

H
[@,W]LQ(A’A’SZ(HO’%)’M) = /<I>\I/ dp . (5.1)
The following proposition provides an easy way to verify that a function belongs in
L2(A7A7O(H07g0)7y)'

Proposition 5.3. Let (A, A) be a measurable space, Ho,Go,Zo be three separable Hilbert

spaces and v a trace-class p.o.v.m. on (A, A, Ho). Let p be a o-finite non-negative measure

dominating ||v||, and set g = g—z. Then the following assertions hold.

(a) For all ® € Fo (A, A, Ho, Go), we have & € L*(A, A, O(Ho, Go),v) if and only if

Im(g'/?) € D(®) and ®g'/? € Sa(Ho, Go), p-a.e.

/H(I)glm

(b) If &, ¥ € L*(A, A, O(Ho,Go),v), then (®, V) is v-integrable and

/<I>dy\IJH - [<1>g1/2,\1/gl/2]

where the latter Gramian comes from (5.1). Hence the mapping ® — ®g
isometric from L2(A, A, O(Ho, Go),v) to L*(A, A, S2(Ho, Go), ).

Proof. Let f = deTUHl Using that ||v||,({g = 0}) = f{g:()} llgll, de =0 and g = f||g||, p-a-e.
by uniqueness of the density, we get that

2
dp < oo .
2

, (52)
L2(A,A,82(H0,90),1)

1/2 s Gramian-

lglly >0 wll,-ae. and g = fllgll, p-ae. (5:3)

(and thus also ||v||,-a.e. since ||v||; < p). From this observation, we easily get that Asser-
tions (i), (ii) and (iii) of Definition 3.4 are respectively equivalent to

() We have Im(g'/?) C D(®) and Im(g'/?) C D(V), p-a.e.
(ii’) We have dgl/? e S2(Ho, Go) and Vgl/? ¢ S2(Ho, To), p-a.e.
(ii") (®g'/?)(wg'/?) € LY(A, A, S1(Go, o), 1)
We also easily get that
/<I>dy\IJH = /(@91/2)(\1191/2)” dp . (5.4)

Let us for instance detail the proof of the equivalence between (i’) and (i) of Definition 3.4.
The left-hand side of (5.3) gives that

Il ({1m(s2) ¢ D(@)}) = Ioll, ({1m(s*) ¢ D@)} n{g#0}) . (55)

and its right-hand side yields
n({m(?) ¢ D@} iy #0}) = u({m@*) ¢ D@} n{g #0})  (5:6)
n({m@**) ¢ D@)}) |

since {Im(gl/Q) ¢ D(q))} N{g =0} =0. To get (") < (i), we note that

vy ({1 ¢ D@} g 2 0}) = | Il dr
{Im(f1/2)¢ D (@)} n{g70}
and thus the right-hand side of (5.5) is zero if and only if the left-hand side of (5.6) is. Now,
Assertions (a) and (b) come easily using the definition of Z2(A, A, O(Ho,Go), ). Note that
measurability of ®g/2 and (®g/?)(®g*/?)" are ensured by O-measurability of ®, simple
measurability of g and Lemma 5.1. O
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We can now derive Theorem 3.1.

Proof of Theorem 3.1. All theses results are easily derived from Proposition 5.3 and the
module nature of L*(A, A, Sa(Ho, Go), ). The only difficulty lies in showing the completeness
of L(A, A, O(Ho, Go), v), which is detailed in the proof of Theorem 11 in [15, Section 3.4]. O

We now provide a useful result about dense subsets of L(A, A, O(Ho, Go), V).

Theorem 5.4. Let Ho,Go be two separable Hilbert spaces, (A, A) a measurable space, and
v a trace-class p.o.v.m. on (A, A, Ho). Then the space L*(A, A, Ls(Ho,Go), ||v|l,) is dense in
L%(A, A, O(Ho, Go), v) and the following assertions hold.

(i) The space Span (14 Q : A€ A,Q € Ly(Ho,Go)) of simple Ly(Ho, Go)-valued functions
is dense in L2(A, A, O(Ho, Go), V).

(i3) For any subset E C L*(A, A, ||v||,) which is linearly dense in L*(A, A, ||v||,), the space
Span (hQ : h € E,Q € Ls(Ho, Go)) is dense in L*>(A, A, O(Ho, Go), V).

Proof. In the first two steps of the proof of Theorem 12 in [15, Section 3.4] (see also
[19, Theorem 4.22]), it is shown that, if ® € L*(A, A, O(Ho,Go),v) and ¢ > 0, there
exists ¥ € L*(A, A, Ly(Ho, Go),|Iv|,) C L*(A, A, O(Ho,Go),v) such that || — | < e
This implies that L*(A, A, L£y(Ho,Go), ||v||,) is dense in L*(A, A, O(Ho,Go),v). Then As-
sertion (i) follows using the usual density of simple functions and the fact that, for all

®c L2(A7~A7 ‘Cb(Hov g0)7 ||VH1)7
902 =T [ 78" dlvl, = [ (2 £8") dlp,

2 2
= /”q)Hﬁb(Ho,gw dllvlly = 1@l z2a, 4,2, 0,000 0,y (BT

where we used again that || f||; = 1, ||v|/;-a.e. Assertion (ii) then follows by approximating,
for any A € A and Q € Ly(Ho,Go) the function 14Q by gQ with g € Span (E) arbitrarily
close to 14 in L*(A, A, ||v|,)- a

With this in mind, we can prove Theorem 3.2.

Proof of Theorem 3.2. We set H = M(Q, F,Ho,P) and G = M(Q, F,Go,P). For all
A,Be Aand Q, T € L(Ho,Go), we have, by Theorem 3.1,

[1AQ7 1BT] v — Qyw(A N B)TH
= QCov (W(A),W(B)) T"
— Cov (QW (A), TW(B))
= [QW(A), TW(B)]g -

Then Proposition 2.2, applied to J = A x Ly(Ho,Go) with va,q) = 14Q and wa,q) =
QW (A), gives that there exists a unique Gramian-isometric operator

L2(A,A,0(H0,80)vw) (

I3 - Span 14TQ : A€ A QE Ly(Ho,G0),T € Ls(Go)) =G (5.8)

such that for all A € A, Q € Ly(Ho,Go), If,(14Q) = QW (A) and, in addition,
Im(I92) = Span” (TQW(A) : A€ A, Q € Ly(Ho,Go),T € L4(Go)) - (5.9)

Now, note that
Ly(Ho,Go) = {TQ : Q€ Ly(Ho,G0), T € L1(Go)} . (5.10)
This gives that

Span(lATQ A€ .A7 Q S [,b(’ngo),T (S Lb(go)) = Span(lAQ A€ ..A, Q S [,b(,Ho,go)) .

Therefore, by Theorem 5.4, the domain of Ivg‘}) in (5.8) is the whole space
L%(A, A, O(Ho, Go), vw). Finally, (5.10) with (5.9) yields

Im(199) = Span” (QW(A) : A€ A Q€ Ly(Ho,Go)) = H" |

which concludes the proof. O
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5.3 Proofs of Section 4.1

Let us start with the proof of the Gramian-Cramér representation theorem, as a consequence
of the Stone theorem. Our proof is mainly a more detailed version of the proof of Theorem 2
in [15, Section 4.2]. However, for completeness, we also prove the uniqueness of X and the
converse statement (Lemma 4.2) whose proofs are not provided in [15]. The usual Stone
theorem (see e.g. [7, Chapter IX]) says that any continuous isomorphism h +— U, from an
l.c.a. group G to the set of unitary operators from a Hilbert space H onto itself can be
represented as an integral of this mapping, that is,

Uy = / x(B) €(dx) |

where £ is a p.o.v.m. defined on the dual set of characters G endowed with its Borel o-field
and valued in the set of orthogonal projections on H. This classical theorem has a counterpart
in the case where H is an Ly(#Ho)-normal Hilbert module and each U}, is not only unitary
but also Gramian-unitary, in which case ¢ is valued in the set of orthogonal projections on ‘H
whose ranges are closed submodules. See [15, Section 2.5] for details. It turns out that such
p.o.v.m.’s are related to g.o.s. measure by the following lemma.

Lemma 5.5. Let Ho be a separable Hilbert space, H an Ly(Ho)-normal Hilbert module and
(A, A) a measurable space. Let & be a p.o.v.m. on (A, A, H) valued in the set of orthogonal
projections on H whose ranges are closed submodules. Then for all xo € H, the mapping
Exo: A E(A)xo is a g.o.s. measure on (A, A, H) which is regular if € is regular.

Proof. Using the fact that £ is a p.o.v.m. on (A, A, H) and [2, Proposition 1], it is straight-
forward to see that £xo is an H-valued measure. Moreover, since & is valued in the set of

orthogonal projections on H whose ranges are closed submodules, we get that for all disjoint
A,B € B(G)

[§(A)zo, E(B)woly, = [§(B)§(A)zo, moly = [E(B N A)zo, oly =0,

where the first equality is justified in [15, P. 23] and the second one by [2, Theorem 3]. This
proves that £z is a g.o0.s. measure on (A, A, H). In the following, we denote by v its intensity
operator measure. Then, for all A € A, we have

(A, = Tr[g(A)zo, E(A)woly, = (§(A)x0,20)y,

where the last equality comes from the fact that £(A) is an orthogonal projection on H. Now,
if £ is regular, then the measure A — (£(A)xo, z0) is regular and so is ||v||; by the previous
display. This implies that £x¢ is regular and the proof is concluded. O

The proof of uniqueness in Theorem 4.1 requires the following result which is a kind of
Fubini theorem for interchanging a Bochner integral with a g.o.s. integral.

Proposition 5.6. Let (A, A) be a measurable space and Ho, Go two separable Hilbert spaces.
Let W be an Ho-valued random g.0.s. measure on (A, A, Q, F,P) with intensity operator mea-
sure vw . Let p be a non-negative measure on a measurable space (A', A’). Suppose that ® is
measurable from A x A’ to Ly(Ho, Go) and satisfies

/(/H@(”\”\,)szmo,%) M(d/\')>2||VW|I1(d/\)<oo, (5.11)

[ (19030 () ) < 0. 2

Then we have

/(/(I)()\)\/) u(dX)) W(dA)=/</<I>(>\7X) W(dA)) p(dXN) (5.13)

where integrals with respect to W are as in Definition 3.5, in the left-hand side the
inmermost integral is understood as a Bochner integral on LQ(A/,A/,Eb(’Ho,go),u) and
in the right-hand side, the outermost integral is understood as a Bochner integral on

L2(Al7 -Al7 M(Q7 J:v g07 P)7 N’)
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Proof. Conditions (5.11) and (5.12) ensure that ®(,-) € L'(A’, A’, Ly(Ho, Go), p) for |lvw |-
a.e. A € A and that ®(-,\) € L*(A, A, Ls(Ho, Go), ||v]|,) for p-a.e. X € A’, showing that
the innermost integrals in both sides of (5.13) are well defined for adequate sets of A and
X', respectively. Let E; and E> denote the sets of functions ® measurable from A x A’ to
Ly(Ho, Go) and satisfying (5.11) and (5.12), respectively. We denote by [|®|| 5, the square root
of the left-hand side of (5.11) and by @[, the left-hand side of (5.12), which make E1 and
E> Banach spaces. Then, for all ® € E := E; N E», concerning the left-hand side of (5.13),

we have
2
</ H [ o6 utax)
v

as for the right-hand side, we have, setting H := M(Q, F, Go,P),

2

| [ o3 uax)

2
dllvw [l < (|,
Ly(Ho,%0)

/ H/ 2) WW)HH dn= [ 06N, m(@N) < @],

These two inequalities show that both sides of (5.13) seen as functions of ® are linear con-

tinuous from £ endowed with the norm |||, = ||| 5, + [I'[| g, to M(Q, F,Go,P). Since they
coincide for ®(A, \') = 14(A\)1(N)Q with A € A, B € A" and Q € L,(Ho, Go), this concludes
the proof. O

An interesting straightforward application of Proposition 5.6 is the following extension of
Example 4.1.
Example 5.1 (Convolutional filtering). Let Ho and Go be two separable Hilbert spaces. Let
X = (X1)teG be an Ho-valued weakly stationary stochastic process defined on (2, F,P). Let n
be the Haar measure on G (see [25, Chapter 1]) and ® € L*(G,B(G),Ly(Ho,Go),n). Define
the process Y = (Yi):e@G by the time domain convolutional filtering

Yt:/q)(s)Xt,s n(ds), teG,

where the integral is a Bochner integral on LY(G,B(G),M(Q, F,Go,P),n). Then, defining
d:G = Ly(Ho,Go) by the following Bochner integral on L' (G,B(G), Ly, (Ho, Go), 1),

‘f(x)=/¢(8)mn(d8)7 xeG.

. It is then immediate to show that (5.11) and (5.12) hold with ® : (x,s) — ®(s) x(s), p=1n

and W = X, and Proposition 5.6 yields Y = F3(X).
We can now provide a detailed proof of Theorem 4.1.

Proof of Theorem 4.1. Suppose that X is weakly stationary as in Definition 4.1. Then
the collection of lag operators (UiX )neG satisfies the assumptions of the generalized Stone’s
theorem stated as Proposition 4 in [15, Section 2.5]. This gives that there exists a regular
p.o.v.am. £X on (G, B(G),HX) valued in the set of orthogonal projections whose ranges are
closed submodules of HX such that, for all h € G,

Ui =[x e @, (5.14)
where the integral is as in Theorem 9 in [2]. Then, by Lemma 5.5, the mapping

. B(G) — HX

X : 1
A X (A)Xo (5.15)

is a regular g.o.s. measure on (G,B(G),HX) and we denote by vx its intensity operator

measure. Since H* is a submodule of M(Q2, F, Ho,P), X is also a regular Ho-valued random

g.o.s. measure on ({2, F,P), see Definition 3.2. Relation (4.2) then follows by applying (5.14)

and the fact that, for all t € G, U Xy = X; and, for all ¢ : A — C measurable and bounded,

Joax- </¢d£X) Xo, (5.16)
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where the integral in the left-hand side is defined as in Definition 3.5 (see also Remark 3.2) and
the integral in the right-hand side as in Theorem 9 in [2], for the p.o.v.m. £€¥. Relation (5.16)
obviously holds if ¢ = 14 with A € A and also for ¢ simple by linearity. Now, for a general
measurable and bounded ¢ : A — C, we can find a sequence (¢n)nen of simple functions
such that |¢n| < |¢| for all n € N and ¢n(A) = ¢(A) as n — oo for all A € A. Then, by
dominated convergence, ¢, converges to ¢ in L*(A, A, ||v||,) and therefore ¢,Id converges
to ¢Id in L*(A, A, O(Ho),v). Thus [ ¢,dX — [#dX in HX by the isometric property of
the integral of Definition 3.5. To get (5.16), it now suffices to show that, for all Y € H*,
((f pndf) XO,Y>HX = ([ ¢df) XO,Y>HX. This follows from the polarization formula,
Theorem 9 in [2] and dominated convergence.

To show uniqueness, suppose there exists another regular Ho-valued random g.o.s. measure
W on (G, B(G),Q, F,P) satisfying the same identity as (4.2) with X replaced by W. Then,
we get

/X(t) X(dy) = /X(t) W(dy) forall teG. (5.17)

Let 1 denote the Haar measure on G and denote by C.(G) the space of compactly supported
functions from G to C. Then, by [25, Theorem 1.2.4] and [25, Section E.8], the space

B- {q%:w/qﬁ(t)mn(dt) : ¢€L1(G7B(G)m)}

is dense in L*(G,B(G), |lvw ||, + |lvx]l,). We can thus find, for any A € B(G), (¢n)nen €
Ce(G)Y such that, defining ¢, as above, ¢, — 1a both in L*(G,B(G),|vw]|,) and in
L*(G, B(G),|lvx]l,)- Then by Proposition 5.6, we have, for all n € N,

[ oo wiad= [ [x-0w@n) e na
:/</x(7t) X(dx)) n(dt) /qsn

where we have used (5.17) in the second equality. Letting n — oo, we get W (A) = X(A),
thus proving the uniqueness of X. |

‘We now prove Lemma 4.2.

Proof of Lemma 4.2. By Definition 3.5, X = (X¢):eG is a centered Ho-valued process sat-
isfying (i) and (ii) in Definition 4.1. Using the Gramian-isometric property of integration with
respect to W, we get for all t,h € G, Cov (Xe4n, X¢) = [ x(E+h)x(H)vx(dx) = [ x(h)vx (dx)

which gives (iii) in Definition 4.1 with autocovariance operator function I' given by (4.3).

Finally, for all Q € Ly(Ho), for all h € G, denoting by f the density of v with respect to
lv|l,, we have

Q/ x) vl (dx) = /x(h)Qf(X) w1l (dx) ,

Since the integrand in the last integral has trace-class norm upper bounded by [|Ql|., 3,

and ||v|, is finite we get that h +— QIU'(h) is continuous from G to Si(Ho) by dominated
convergence. The continuity of h — Tr(QI'(h)) follows, thus showing the last point of Defini-
tion 4.1. O

We can now prove the Kolmogorov isomorphism theorem.

Proof of Theorem 4.3. By Theorem 3.2 and (4.4), [}gA(O is a Gramian-unitary operator from

HX:% o HX%  Thus to conclude, we only need to show that H*9 = H X9, By (4.2),
we have for all Q € £,(Ho,Go) and t € G, QX = Ig”(Qet) € H*9 where e; : x +— x(t).
Thus, by (4.1), we get that H*9% C #HX:%_ The definition of X in (5.15) gives the converse
inclusion, which achieves the proof. O

The proof of Corollary 4.5 relies on the following result providing a way to build a g.o.s.
measure W from its intensity measure.
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Theorem 5.7. Let Ho be a separable Hilbert space and (A, A) be a measurable space. Let v
be a trace-class p.o.v.m. on (A, A, Ho). Then there exist a probability space (Q, F,P) and an
Ho-valued random g.o.s. W on (A, A, Q, F,P) with intensity operator measure v such that the
process ((W(A),z)) acA,wcr, 1S a (complex) Gaussian process.

Proof. Define 7y : (Ho x A)? — C by of

(@, A)i (3, B)) = a"v(AN B)y = [+"1a9/'1s]
where we used the Gramian (3.4) with Go = C. Then it is easy to see v is hermitian non-
negative definite in the sense that for all n > 1, z1,...,2, € Ho, A1,..., A, € A and
ai,...,an € C,

n
> gy ((wi, Ai); (a5, A5)) > 0.
Q=1
Let (Zz,4)(a,A)eto x4 be the centered circularly symmetric Gaussian process complex with
covariance 7. Let (¢n)o<n<n be a Hilbert basis of Ho, with N = dimHo € {1,2,...,00}. It
is straightforward to show that for all A € A,

W(A) = > Zs,aén

0<n<N

is well defined in H = M(Q,F,Ho,P) and that the so defined W is a random g.o.s. with
intensity operator measure v. O

We can now prove Corollary 4.5.

Proof of Corollary 4.5. The implication (i)=-(ii) follows from Theorem 4.1. Now suppose
that (ii) holds. Let W be the Gaussian g.o.s. measure with intensity operator measure v
obtained in Theorem 5.7. Then Assertion (i) follows from Lemma 4.2. |

The proof of Theorem 4.6 is mainly contained in [3].

Proof of Theorem 4.6. The equivalence between (i) and (ii) is straightforward: to show
that (i)=(ii), take an arbitrary z € Ho with unit norm and set Q; = zz fori = 1,...,n.
To show that (ii)=(i), take, for any = € Ho, #; = Qf'z for i = 1,...,n. The equivalence
between (ii), (iii) and (iv) is given by [3, Theorem 3]. The lastly stated fact that v is uniquely
determined by (4.3) is a consequence of the uniqueness stated in the univariate Bochner
theorem (recalled in Theorem 4.4) applied to vy : A — z"v(A) x for all z € Ho.

Note that the proof of the implication (iv) = (ii) provided in [3, Theorem 3] uses dilation
theory. We hereafter propose an alternative and more elementary proof of this implication.
Suppose that (iv) holds. The continuity of I' in w.o.t. follows immediately by dominated
convergence and we now prove that it is of positive type as in Definition 4.5. Take some

arbitrary n € N*, and z1, -+ ,x, € Ho. Let us define the C"*"-valued measure u on on
(G,B(G)) by
Az, x1)y, o W(A)Tn, 21)5,
u(A) = : :
Az, an)y, o W(A)Tn, Tn)gy,

Then, by the Cauchy-Schwartz inequality, for all i,5 € [1,n], the C-valued measure p;; :
A — [pu(A)]i,; admits a density f;; with respect to the non-negative finite measure ||yl :
A ||p(A)|l, = Tr(u(A)) and the matrix-valued function f : x — (fi;(x))1<s,i<n is ||p];-a-e.
hermitian, non-negative semi-definite since, for all a € C" and A € B(G),

/A a"f(x)a ||ull,(dx) = a"p(A)a = <Z aﬂi) v(A) <Z am) >0.
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Then, for all ¢1,--- ,t, € G, we have

n

SO (0t — )1, 25)1y Z/ X(G) 5 (dx) = Z/ X5 £ 00 Nl (dx)

1,j=1 1,j=1 1,j=1
-/ <Z X)X (tj)fi,j(x)> Il ()
i,j=1
>0 ||pll;-a.e.
>0.

The first line follows from (iv), the definition of p; ; above and the definition of the integral
as given by Theorem 9 in [2]. The second line follows from the definition of f; ; and the third
line from the above property of the matrix-valued function f. Hence we have shown (ii) and
the proof of the implication is concluded. O

We conclude this section with the proof of Corollary 4.7

Proof of Corollary 4.7. By definition of the autocovariance operator function of a weakly
stationary process, it is straightforward to see that Assertion (i) implies Assertion (ii). Now,
suppose that Assertion (ii) holds. By Corollary 4.5, we only need to prove Assertion (ii) of
Corollary 4.5, which is what we almost get in Assertion (iv) of Theorem 4.6, except that
we have to prove that, additionally, v is trace-class. Applying (4.3) with h = 0, we get
that v(G) = I'(0), which is assumed to be in Si(Ho) in the present Assertion (ii). Thus by
Lemma 2.1, v is indeed trace-class and the proof is concluded. |

5.4 Filtering random g.o.s. measures and proofs of Section 4.2
We start with the proof of Proposition 4.8.

Proof of Proposition 4.8. Recall that X € Ss (2, F,P) if and only if X € HX. By Def-
inition 4.4 and applying Proposition 5.3(a) with A = G, A = B(G) and v = vx, we have
X € #¥ ifand only if ®gY/? € £2(T, B(T), Sa(Ho), u). Since gx € L*(T, B(T), S;t (Ho), 1) and
® € F, (T,B(T), Ho), we easily get that A\ — ®(N)g 1/2()\) is simply measurable on (T, B(T))
and valued in S2(Ho). By Lemma 5.1, we get that @g}(/Q is measurable from (T, B(T)) to
(S2(Ho), B(S2(Ho))). Now, for all A € T, since ®()\) € Ly(Ho) and gx () € S (Ho), we have

H@(A)g}gQ(A)Hz — [®(\)gx (BN, The result follows. O

Having a clear description of the modular spectral domain in Section 5.3, Proposition 4.9
can be seen as a particular instance of the composition and inversion of operator-valued
functions filtering a general random g.o.s. measure, which we now thoroughly examine. We
first state a straightforward result, whose proof is omitted.

Proposition 5.8. Let (A, A) be a measurable space, Ho, Go two separable Hilbert spaces. Let
W be an Ho-valued random g.0.s. measure on (A, A, Q, F,P) with intensity operator measure
vw. Let ® € EQ(A,fL O(Ho,Go),vw). Then the mapping

VA / O AW =I5 (149) (5.18)
A
s a Go-valued random g.0.s. measure on (A, A, Q, F,P) with intensity operator measure
P @ A / dduy "
A

which is a well defined trace-class p.o.v.m.

The g.o.s. V defined by (5.18) is said to admit the density ® with respect to W, and
we write dV = ®dW (or, equivalently, V(d\) = ®(A\)W (dX)). In the following definition,
based on Proposition 5.8, we use a signal processing terminology where A is seen as a set
of frequencies and ® is seen as a transfer operator function acting on the (random) input
frequency distribution W.
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Definition 5.1 (Filter Fs(W) acting on a random g.0.s. measure in Ss). Let (A, A) be a
measurable space, Ho, Go two separable Hilbert spaces. For a given transfer operator function
D € Fo (A, A, Ho,Go), we denote by S'cp(Q,}', P) the set of Ho-valued random g.o.s. measures
on (A, A, Q, F,P) whose intensity operator measures vw satisfy ® € L*(A, A, O(Ho, Go), vw ).
Then, for any W € S‘@(Q?]:7 P), we say that the random Go-valued g.o.s. measure V' defined
by (5.18) is the output of the filter with transfer operator function ® applied to the input g.o.s.
measure W, and we denote V = Fy(W).

Now, consider the filtering, using Definition 5.1, V = F@(W) for a random g.o.s. measure
W and a transfer function ® € Z?(A, A, O(Ho, Go), vw). The goal of this section is, given
another separable Hilbert space Zy, to characterize the transfer functions ¥ valued in O(Go, Zo)
which can be used to filter the g.o.s. measure V. Taking W to be the Cramér representation
X of a weakly stationary process X, we will get the already stated Proposition 4.9 on the
composition of linear filters as a byproduct.

According to Proposition 5.8, ¥ must be square-integrable with respect to vy = ®vy O
and this turns out to be equivalent to checking that W® is square integrable with respect to
vw as stated in the following theorem. We recall that W® is the pointwise composition, that
is, & : A — U(A)o®(A) and is defined whenever the image of ®()) is included in the domain
of W(X). We first need the following lemma, which will be used in the proof of Theorem 5.10.

Lemma 5.9. Let Ho, Go, Zo be separable Hilbert spaces and Q € O(Go,Zo), T € K(Ho,Go).
The following assertions hold.

(i) Im( ‘TH‘) =Im(T).
(ii) If Im(T) C D(Q), then (QT)(QT)" = (Q[T"|)(Q|T"])"
(iii) If Im(T) C D(Q), then QT € S2(Ho,Zo) if and only if Q|T"| € S2(Go, To). In this case
19T, = [|Q T[],
Proof. For convenience, we only consider the case where the spaces have infinite dimensions.

The singular values decomposition of T yields for two orthonormal sequences (¥n)nen € Go
and (d)n)nEN S H§7

T:ZO’nwn(@(bn and ‘TH‘ :Zanwn(@d)n‘

neN neN

Proof of (i). We have Im(T) = {3, .y onZnthn 1 (Tn)nen € (N)} = Im(|T")).
Proof of (ii). By the first point both compositions QT and Q ‘TH| make sense. Consider
the polar decomposition of TH : TH = U ‘TH’, with U = ZneN ¢n Q@ Pr,. Then T = ’TH’ Ut
and
H H
@men = (@[1]) v*w (@f17))" = (a[r]) (o[))"
where we used that ‘TH’ UtU = ‘TH’.

Proof of (iii). We have that QT € S2(Ho,Zo) if and only if (QT)(QT)" € S1(Zo), which is
equivalent to Q ’TH’ € 82(Go,Zo) by the previous point. O

‘We can now derive the main result of this section.

Theorem 5.10. Let (A,.A) be a measurable space, Ho, Go, Lo separable Hilbert spaces and v a
trace-class p.o.v.m. on (A, A, Ho). Let ® € EQ(A, A, O(Ho,Go),v) and ¥ € Fo (A, A, Go, o).
Define dvdt A fA Oyt = [14®, 1a®] ,, which is a trace-class p.o.v.m. on (A, A, Go).
Then

v’

U e L%(A, A, 06, ), dvd") & Ud € %A, A, O(Ho, To),v) . (5.19)
Moreover, the following assertions hold.

(a) For all ¥,0 € L*(A, A, O(Go,To), dvd"), we have (TO)v(©D)H = ¥ (drd)o".

(b) The mapping ¥ +— YO 4s a well defined Gramian-isometric operator from
L2(A7 A: O(g07IO)7 (I)V(I)H) to L2(A7 A: O(H0710)7 V)'

(¢) If moreover ® is injective ||v|,-a.e., then &~ € L*(A, A, O(Go, Ho), Prd"), where
we define ®71(N\) = g@()\)"l)(d)(/\))—)hn(d)(/\)))71 with domain Im(®(X)) for all X €
{® is injective} and &~ (X) = 0 otherwise.
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Proof. Let 11 be a dominating measure for ||v||, and g = g—:, then, by definition of ®v®", 1

. LM LaH\ 1/2
also dominates H@V@HHl and % = (®g*/?)(®g'/?)". Hence, (%) = ’(@glm)H‘

and we get, by Proposition 5.3,
Im ‘(@glm)H‘ C D(¥) p-a.e.

U e 22N, A OHo, To), brd’) o
v \(<1>g1/2)*'\ € L2(A, A, 82(Go, To), 1)

Img'/? C D(TP) p-a.e.
Vdg'/? € L2(A, A S2(Ho, To), 1)

VP e LA, A OHo, To),v) ,
where the second equivalence comes from Lemma 5.9 and the fact that for all A €
A, D(T(N)®(N)) is the preimage of D(¥(X)) by ®(\) which gives that Im(g'/2(\)) C
D(T(N)®(N)) if and only if Im((X)g'/2(N\)) € D(T(N)).
We now prove Assertion (a). For ¥, 0 € Z%(A, A, O(Go,To), dv®") and A € A, we have

() (0= (o) (o)

= U(ovd")e"(4),

(ve)(©9)(1) = [

A

where the second equality holds by Lemma 5.9. Assertion (a) follows as well as Asser-
tion (b) by taking A = A. Finally, to show Assertion (c), suppose that ® is injective
lv|l,-a.e. then 1P\ Idao Lo () is injective} 1S in L%(A, A, O(Ho), v) which gives that
o1 e L%\, A, 0(Go, Ho), Prd") by Assertion (a). O

We deduce the following corollary on the composition and inversion for random g.o.s.
measures.

Corollary 5.11 (Composition and inversion of filters on random g.o.s. measures). Let (A, .A)
be a measurable space, Ho, Go two separable Hilbert spaces, and ® € Fo (A, A, Ho,Go). Let
W € So(Q, F,P) with intensity operator measure vw. Then three following assertions hold.

(i) For any separable Hilbert space Lo, we have HFe(W).To c Wt

(ii) For any separable Hilbert space Zo and all ¥ € Fo (A, A, Go,Zy), we have W €
Swa(Q, F,P) if and only if Fo(W) € Suw(Q, F,P), and in this case, we have

Fy o Fs(W) = Fya(W). (5.20)

(iii) Suppose that ® is injective ||vw ||,-a.e. Then W = Fy-1 0 Fo(W), where ®~" is defined
as in Assertion (c) of Theorem 5.10. Moreover, Assertion (i) above holds with &

~

replaced by = .

Proof. Proof of Assertion (i). This follows from Assertion (b) of Theorem 5.10 and The-
orem 3.2.

Proof of Assertion (ii). If W € Ss(Q, F,P), then the equivalence between W &
Swa(Q, F,P) and Fs(W) € Sy (2, F,P) is just another formulation of the equivalence (5.19)
with v = vy. Suppose that it holds and set V := Fa (W) so that vy = ®v®" and (5.20) means
that, for all ¥ € £%(A, A, O(Go,To),vv) and A € A, J,vdV = [, ¥&dW. Replacing ¥ by
W14, it is sufficient to show this identity with A = A. Using that the integral with respect to a
random g.o.s. measure is Gramian-isometric and Assertion (b) of Theorem 5.10, the mappings
U — f‘IJdV and U — f\IHI) dW are Gramian-isometric from L2(A,.A7 0(Go,Zo), <I>1/W<I>H) to
M(Q, F,To,P). Hence by Theorem 5.4, they coincide on the whole space if they coincide on
all U = 14Q for A € A and Q € Ly(Go,Zo). To conclude the proof of Assertion (ii), it is
thus enough to prove that, for all A € A and Q € L4(Go,Z0), [, QdV = [, Q®dW . This
identity follows from the definition of V' and the fact that on both sides the operator Q can
be moved in front of the integrals. This latter fact directly follows from the definition of the
integral for the left-hand side and for the right-hand side when & = 15 for some B € A,
which extends to all ® by observing that ® — [Q®dW and ® — Q [ ®dW are continuous
on L%(A, A, O(Ho,Go),vw).
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Proof of Assertion (iii). Continuing with the setting of the proof of the previous point,

we now suppose that @ is injective ||vw||,-a.e. Assertions (c) and (a) of Theorem 5.10 give

that @' € Z2(A, A, O(Go, Ho),vv) (ice. V € Spo1(2,F,P)) and & vy (@) = iy,

Hence, writing Relation (5.20) with ¥ = &1, we get Fip—1(V) = Fyp-14(W) = W. Moreover,
reversing the roles of W and V in assertion (i) gives the embedding H"To < #F=(W).To

which, with Assertion (i), allow us to conclude that H"%0 = e (W) To, |
We conclude this section with the proof of Proposition 4.9.

Proof of Proposition 4.9. Using the Gramian-unitary operator between the modular time
domain and the modular spectral domain, this result is a direct application of Corollary 5.11
with A =G and A = B(G) and W = X. O

5.5 Proofs of Section 4.3

The goal of this section is to provide a proof of Lemma 4.10. Before that, let us recall essential
facts about the diagonalization of compact positive operators. Let Ho be a separable Hilbert
space of dimension N € {1,---,4+o0}, (A, .A) be a measurable space and ® € F, (A, A, Ho)
such that for all A € A, ®(\) € S;"(Ho). Then, in this case, for any A € A, ®()\) admits the
eigendecomposition

) = D a(Nén(N) @ n(N) (5.21)

0<n<N
where the series converges in operator norm and the family (¢n(A))o<n<n is orthonormal.
Moreover, we have
Tr(@(\) = > oa(d) < +oo.
0<n<N

The following theorem shows that such a decomposition can be constructed in a way which
makes the eigenvalues and eigenvectors measurable as functions of A. We recall that the weak
topology on Ho is defined as the smallest topology which makes the functions {ZEH T x € Ho}
continuous.

Theorem 5.12. Let Ho be a separable Hilbert space and (A, A) be a measurable space. Let ® €
Fs (A, A, Ho) such that for all A\ € A, ®(X) € S;(Ho). Then the pairs {(on,¢n) : 0 <n < N}
in (5.21) can be taken so that for all0 < n < N, o, is measurable from (A, A) to (R, B(RT))
and ¢r, is measurable from (A, A) to (Ho, B(Ho)).

Proof. The construction of the eigenvalues and eigenvectors is done iteratively using the
Measurable Maximum Theorem (see [1, Theorem 18.19]) on A x By 1, where By 1 denotes the
closed unit ball of Ho, which is compact metrizable for the weak topology by the Banach-
Alaoglu theorem and [1, Theorem 6.32]. As in [1, Definition 17.1], a correspondence ¢ from
A to Boyl, denoted by ¢ : A — Boyl, is a mapping which assigns each element of A to a subset
of Bo’l .

Construction of (o1, ¢1) : Define

. AXBQJ — R+
ey o @)y,

Then, for all 2 € Bo,1, the mapping A — f(\, z) is measurable. Moreover, for all A € A,
considering the eigendecomposition of ®(\), the mapping = — f(?\, x) can be written as the

uniform limit of continuous functions (for the weak topology on Bo,1) hence it is continuous
for the weak topology on By,1. Finally, the correspondence

A Boa
L )H—)B()J

is weakly measurable (in the sense of [1, Definition 18.1]) with nonempty compact values (for
the weak topology). Therefore the Measurable Maximum Theorem [1, Theorem 18.19] gives
that m : A — max,cp, , f(XA, ) is measurable and that there exists a function g : A — Bo1
such that for all A € A, g(\) € argmax,cp,, f(A,x) and g is measurable from A to Bo
endowed with the Borel o-field B, (Ho) generated by the weak topology. This implies the
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usual measurability with respect to the o-field B(Ho) generated by the norm topology because,
for all # € Ho, the mapping y ||z — yl|,, is measurable from (Ho, Buw(Ho)) to (R4, B(R4)).
We set g = m and ¢o = g. Then, from the definitions of f,m and g, that oo()) is the largest
eigenvalue of ®(\) and that ¢o()\) is an eigenvector with eigenvalue oo(X).

Construction of (o, ¢,) : Assume we have constructed n measurable functions
00, yon—1 and ¢o, - ,dn—1 satisfying for all A € A, oo(A) > -~ > op_1(N), and
(¢o(A),- -+ ,pn—1(A)) is an orthonormal family where for all 0 < i < n — 1, ¢(\) €
ker(®(A\) — 0;(A)Idy,). Then, as in the initialization step, the function

A x B0,1 — R+

Toe o @Oy, — S5 o) [ i |

is measurable in A\ and continuous in z (for the weak topology) and the correspondence

A — Bo,1

wr A= B071 N Span (¢o(A), - - 7‘1)71*1()‘))l

is weakly measurable (in the sense of [1, Definition 18.1]) because of [1, Corollary 18.8 and
_ 2
Lemma 18.2]) and the fact that ¢(A\) = {x € Bop : Y (T, 0i(A\))ag, :O} and has

nonempty compact values (because ¢()) is a closed subset of By 1 for the weak topology hence
is compact for this topology). Hence, as previously, the Measurable Maximum Theorem gives
that m : A\ = max,c,(x) f(A ) is measurable and that there exists a measurable function
g : A — Ho such that for all A € A, g(A) € argmax, ¢ ) f(A,z). We set o = m and ¢, = g.
Then, from the definitions of f,m and g, we get that g, () < 6n—1(X) is the (n+ 1)-th largest
eigenvalue of ®()\) (because it is the largest eigenvalue of ®(\) — 31" 0i(N)ds(\) ® ¢i(N))
and that ¢, () is an eigenvector with eigenvalue o, () and is orthogonal to ¢o,- -+, pn—1. O

We can now prove Lemma 4.10.

Proof of Lemma 4.10. We provide a proof in the case where N = oo as the finite dimen-
sional case is easier. Let f € L'(A, A, S;"(Ho), ) be the density of v with respect to . We
assume without loss of generality that f(\) € S1(Ho)¥ for all A € G (rather than for y-almost
every A). Using Theorem 5.12 we can write

+oo
FO) =D onNén(N) ® 6a(N) , (5.22)

where (0 (A\))nen is non-decreasing and converges to zero and (¢ (\))nen satisfies (ii). More-
over, for all A € A, 3" on(A) = | f(N)]|; < oo, and we get Assertions (i) and (iii).
It only remains to prove (iv)—(vi), which we now proceed to do. By (5.22) and the

2

Ay RAION]
2

on(N) < IfFN)|l;. Hence ¢ f1/? € L*(A, A, S2(Ho,C),v) and Proposition 5.3 gives that

e L2(A, A, O(Ho,C),v) and for all n,p € N,

WO " _Jo if n # p,
<¢n7¢p>y - /¢nf¢p dN - {fUn dﬂ« otherwise. ,

previously proved assertions, we get that for all n € N and all A € A, ‘

where the last equality comes from (5.22) and the previously proved assertions.
Similarly, for all n € N, ¢, @ ¢ f/? € L? (A, A, S2(Ho),v), hence by Proposition 5.3, we
have ¢, ® ¢, € L2(A, A, O(Ho),v) and for all n,p € N,

_ _Jo if n # p,
[¢n ® Gn, Pp ® ¢p]u = /(¢n ® ¢n)f(¢p ® ¢p) dp = {fUn (¢n ® ¢n) du  otherwise,

which proves Assertion (v). Now observe that, for all A € A, (3207 én(A) ® ¢n(N)) f(A) =

FO) (0 dn(X) ® ¢n(X) = f(A). This yields [|320° ) ¢n ® ¢n — Iday, ||, = 0, and thus
Assertion (vi) holds, which concludes the proof. a

A first consequence of Lemma 4.10 is the following.
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Remark 5.1. Applying Lemma 4.10 to the trace-class p.o.v.m. vx, we deduce that

X = F(ZUSn<N ¢n®¢n)(X) = Z F¢n®¢n(f() ) (5'23)

0<n<N

where (Fy, 06, (X))o<n<n are uncorrelated random g.0.s.’s on (G, B(G), Ho). In other words,
(4.10) holds both with X in the sum sign or out of it in the right-hand side. Moreover, for all
neN, Fy 06, (X) = 13'%0}%4)% (X) and, by (i) of Lemma 4.10, (Fﬂ (X))o<n<n is a sequence
of uncorrelated C-valued o.s. measures. Hence, interpreting (5.23) in the time domain, we
get a decomposition of the process X = (Xt)teG based on a collection of the uncorrelated
univariate processes (Fyn (X))o<n<n -

To conclude, we prove Proposition 4.11.
Proof of Proposition 4.11. Let fx(x) = Y gcnen Tn(X) Pn(X) ® ¢n(x) denote the den-
sity of vx with respect to pu as given by Lemma 4.10. We have, for all ¢t € G and

0 € L*(G,B(G),0(Ho),vx), [Fo(X)], = [x(t)O(x) X(dx) , and thus by isometric iso-
morphism between the spectral domain and the time domain,

B (X — (Fa(OkI] = [ [ ddn, — 000 V200, nta)

The result is then obtained by observing that, for each x € G, the norm in the integral is
minimal under the constraint rank(©(x)) < ¢(x) for ©(x) = 22, < yan Pn(X)@dn(x). O
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