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Abstract

The spectral theory for weakly stationary processes valued in a separable Hilbert space has
known renewed interest in the past decade. However, the recent literature on this topic is often
based on restrictive assumptions or lacks important insights. In this paper, we follow earlier
approaches which fully exploit the normal Hilbert module property of the space of Hilbert-
valued random variables. This approach clarifies and completes the isomorphic relationship
between the modular spectral domain to the modular time domain provided by the Gramian-
Cramér representation. We also discuss the general Bochner theorem and provide useful
results on the composition and inversion of lag-invariant linear filters. Finally, we derive
the Cramér-Karhunen-Loeve decomposition and harmonic functional principal component
analysis without relying on simplifying assumptions.

1 Introduction

Functional data analysis has become an active field of research in the recent decades due
to technological advances which makes it possible to store longitudinal data at very high
frequency (see e.g. [22, 31]), or complex data e.g. in medical imaging [18, Chapter 9], [15],
linguistics [28] or biophysics [27]. In these frameworks, the data is seen as valued in an
infinite dimensional separable Hilbert space thus isomorphic to, and often taken to be, the
function space L*(0,1) of Lebesgue-square-integrable functions on [0,1]. In this setting, a
functional time series refers to a bi-sequences (X;);ez of L?(0, 1)-valued random variables and
the assumption of finite second moment means that each random variable X; belongs to the
L? Bochner space L*(Q2, F, L*(0,1),P) of measurable mappings V : @ — L?(0,1) such that
E [||V||2LQ(O’1)] < o0, where ||| ;2 ;) here denotes the norm endowing the Hilbert space
L*(0,1).

Spectral analysis of weakly stationary functional time series has been recently considered
in [19, 20, 26] where, in particular, the authors derive a functional version of the Cramér
representation. The functional Cramér representation of [19, 20, 26] relies on a spectral density
operator defined under strong assumptions on the covariance structure of the time series.
Under the same assumption, [20] introduced filters whose transfer functions are valued in a
restricted set of operators and this was latter generalized to bounded-operator-valued transfer
functions in [26, Section 2.5] (see also [29, Appendix B.2.3]). A more general approach is
adopted in [30] where the authors provide a definition of operator-valued measures from which
they derive a functional version of the Herglotz theorem, the functional Cramér representation
and the definition of linear filters with bounded-operator-valued transfer functions.
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On the other hand, to a certain extent, a general spectral theory for weakly stationary
time series has been originally developed in a very general fashion much earlier, starting
from the seminal works by Kolmogoroff, [14], and spanning over several decades, see [11]
and the references therein. These foundations include time domain and frequency domain
analyses, Cramér (or spectral) representations, the Herglotz theorem and linear filters. In
[14, 11] the adopted framework is that of a bi-sequence X = (Xi)iez € H” valued in a
Hilbert space (M, (-, -),,) and weakly stationary in the sense that (X, Xt),, only depends on
the lag s — t. Taking H to be the L? Bochner space L*(Q, F, L?*(0,1),P), this framework
directly applies to functional time series. At first sight, it is thus fair to question the novelty
of the theory developed in [19, 20, 26, 29, 30] in comparison to results seemingly already
available in a very general fashion in the original works that founded the modern theory of
stochastic processes. This novelty issue cannot be unequivocally answered because there are
(many) different approaches to establishing a spectral theory for weakly stationary functional
time series. Moreover, the merits and the drawbacks of a specific approach depend on the
applications that one wishes to deduce from the spectral theory at hand and on the required
mathematical tools in which one is ready to invest in order to rigorously employ it.

In the framework of [11] recalled above, a linear filter is a linear operator on Hx onto Hx
which commutes with the lag operator U~ where Hx is the closure in H of the linear span
of (X¢)tez and UX is the operator defined on Hx by mapping X; to Xy41 for all t € Z. As
explained in [11, Section 3], a complete description of such a filter is given in the spectral
domain by its transfer function. Let us recall the essential formulas which summarize what this
means. In [11], the spectral theory follows from and start with the canonical representation
of the lag operator UX above, namely

Ut = /Te“ £(dN) (1.1)

where T = R/(27Z) and ¢ is the spectral measure of UX (which is a measure valued in
the space of operators on Hx onto itself). This corresponds to [11, Eq. (8)] with a slightly
different notation. Then defining X as £(-)Xo (thus a measure valued in Hx), one gets the
celebrated Cramér representation (see [11, Eq. (13a)] again with a slightly different notation)

X, = /ei“ X(d\), tezZ. (1.2)
T

An other consequence of (1.1) is what is called the Herglotz theorem in [11, Eq. (9)], summa-
rized by the formula

(Xoy Xt)y = /ei’\(s_t) w(d\), s te’, (1.3)

T

where p = (£(-) Xo, Xo),, is a non-negative measure on (T, B(T)). Interpreting the right-hand
side of (1.3) as the scalar product of the two functions es : A +— e and e : A — e in
L*(T,B(T), 1), Relation (1.3) is simply saying that the Cramér representation (1.2) mapping
e; to X; is isometric. Following this interpretation, one can extend this isometric mapping
to a unitary operator between the two isomorphic Hilbert spaces L?(T,B(T),u) and Hx,
respectively refered to as the spectral domain and the time domain. In particular the output
of a linear filter with transfer function ® € L?(T, B(T), 1) is given by

Y, = /ei’\tq)()\) X\, tez, (1.4)

or in other words, Y; is the image of the function e;® by the extended unitary operator that
maps the spectral domain to the time domain.

The spectral theory (1.1)—(1.4) applies to multivariate time series by taking H =
L*(Q,F,C1,P) = (L*(Q,F,P))? and to functional time series by taking H =
L*(Q, F,L?(0,1),P). However, in [11, Section 7], Holmes argues that important general-
ization are needed for multivariate time series (and for functional time series even more so).
An overview of this multivariate case can be found in [17] where the author stresses the im-
portance of the Gramian structure of the product space H. The Gramian matrix between
two vectors V. = (VW ... V@) e and W = (WD, ... W) e H is the ¢ x ¢ matrix

[V, W],, with entries (<V(’“), W(l)> ) which coincides with the covariance matrix if
H/ 1<k,1<q



V or W are centered. Using this Gramian structure, Relations (1.1)—(1.4) are easily adapted
by strengthening the weak stationarity to impose that [Xs, X¢],, only depends on s —t (see
[17, Section 5]). This stronger weak stationarity assumption not only ensures that the lag
operator U™~ is (scalar product) isometric on Hx but also that it is Gramian-isometric on the
larger space Span (PXt7 teZ,Pe (quq). Following the same approach, the development
of a spectral theory of functional time series relies on exhibiting a Gramian structure for
H = L*(Q, F,L?*(0,1),P) making it a normal Hilbert module and replacing the time domain
space Hx by the modular time domain

HY =Span (PX., t € Z, P € L£,(L*(0,1))) , (1.5)

where £;,(L?(0, 1)) denotes the space of bounded operators on L?(0, 1) onto itself. In compar-
ison, in the definition of Hx used in [11], P is restricted to be a scalar operator. Thus, while
Hy is a subspace of H seen as a Hilbert space, H~ is a submodule of H seen as a normal
Hilbert module. Based on this simple fact, a natural path for achieving and fully exploiting
a Cramér representation on H~ is:

Step 1) Interpret the representation (1.1) as the one of a Gramian-isometric operator on HX
(and not only an scalar product isometric operator on Hx).

Step 2) Deduce that the Cramér representation (1.2) can effectively be extended as a Gramian-
isometric operator mapping L?(0,1) — L?(0, 1)-operator valued functions on (T, B(T))
to an element of H™.

Step 3) As a first consequence, the scalar product isometric relation (1.3) is extended to

(Xs, X4, = /ei“H) v(d\), s tez, (1.6)
T
where, here, v is an operator valued measure on (T,B(T)). This Gramian-isometric
relationship corresponds to what is called the Herglotz theorem in the functional time
series case.

Step 4) As a second consequence, the Cramér representation (1.4) of a linear filter is extended
to the case where the transfer function ® is now an L?(0,1) — L?*(0, 1)-operator valued
functions on (T, B(T)) (and not only a scalar valued functions on (T, B(T))). This raises
the question, in particular, of the precise condition required on the transfer function to
replace the condition ® € L*(T, B(T), i) of the scalar case.

Step 5) An interesting consequence of Step 4) is to study the composition of linear filters and
deduce when and how it is possible to inverse them.

Step 6) An other interesting consequence of Step 2) is to derive the Cramér-Karhunen-Loéve
decomposition and the harmonic principal component analysis for any weakly stationary
functional time series valued in a separable Hilbert space.

In this contribution, we basically follow this path, up to the following slight modifications.

1. We treat the more general case of a stochastic process (X:)icG, where (G,+) is a
locally compact Abelian (l.c.a.) group set of indices and for each t € G, X is a random
variable defined on a probability space (€2, F,P) and valued in a separable Hilbert space
Ho (endowed with its Borel o-field). Typical examples for G and Ho are the ones of
functional time series, namely G = Z and Ho = L? (0,1) but, as far as spectral theory
is concerned, the presentation of the results is not only more general (one can e.g. take
G = R) but also more elegant in this general setting. We recall in Section 2.1 the
definition of the dual group G of continuous characters on G. Of course, in the discrete
time case G = Z, any continuity condition imposed on a function defined on G is trivially
satisfied. Such continuity conditions constitute a small price to pay (and the only one)
in order to be able to treat the case of a general l.c.a. group G rather than focusing on
the discrete time case alone.

2. For obvious practical reasons, it is usual to treat the mean of a stochastic process
separately. Therefore we will assume that the process (X:):eG is centered.

3. We will consider the case where the separable Hilbert space Go in which the output of the
filter is valued is different from #o, the one of the input, that is, we replace P € Ly(Ho)



in (1.5) by P € Ly(Ho, Go), the space of bounded operators from Ho to Go. This makes
the results directly applicable in the case of different input and output spaces, especially
in the case where they have different dimensions (so that they are not isomorphic).

The approach to derive a spectral theory following Step 1)— Step 4) is essentially contained in
[13, 16, 12]. Our main contribution concerning these steps is to introduce all the preliminary
definitions required to understand them, to select the most important results, to provide
detailed proofs of the key points and to bring forward this approach in order to promote
what we believe to be a more powerful, complete and easy to exploit approach than the more
recently proposed ones in [19, 20, 26, 29, 30]. A very useful benefit of the Gramian-isometric
approach is that it allows a concrete description of the spectral domain rather than relying
on the completion of a pre-Hilbert space or on the compactification of a pointed convex cone
as used in [26, Section 2.5] and [30], respectively. A greater benefit, however, is to make the
Cramér representation much easier to exploit for deriving useful general results. This will be
made apparent when establishing the composition and inversion of filters of Step 5), which
to our best knowledge, appear to be novel in this degree of generality. Similarly, our versions
of the Cramér-Karhunen-Loeve decomposition and harmonic functional principal component
analysis are not restricted to the case where the spectral density operator has none or finitely
many points of discontinuity as in [26, 30].

As previously mentioned, each approach has its drawbacks and the main drawback of the
one we are presenting here is probably that it requires lengthier, although not intrinsically
difficult, preliminaries. In particular we need to precisely recall definitions of operator valued
measures, operator valued functions (and the various notions of measurability related to them)
and Gramian-isometric operators on normal Hilbert modules. All these basic definitions are
assembled in Section 2 along with the useful facts about l.c.a. groups. Section 3 contains
some preliminaries paving the way for describing the modular spectral domain. In particular,
we explain how to use normal Hilbert modules for defining Gramian-orthogonally scattered
measures. Section 4 contains the main results: 1) we offer a synthesis of the results of
[13, 16, 12] providing a natural and complete spectral theory for weakly stationary processes
valued in a separable Hilbert space; 2) then, this approach is exploited to address Step 5)
and Step 6) above, successively; 3) in light of these results, we re-examine the differences with
the approaches proposed in [26, 30]. All the postponed proofs are provided in Section 5 along
with additional useful results.
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2 Basic definitions and notation

2.1 Locally compact Abelian groups

A topological group is a group (G,+) (with null element 0) endowed with a topology for
which the addition and the inversion maps are continuous in G x G and G respectively. If
G is Abelian (i.e. commutative) and is locally compact, Hausdorff for its topology, then it is
called a locally compact Abelian (l.c.a.) group. A character x of G is a group homomorphism
from G to the unit circle group U := {2 € C : |z| =1} that is x : G — U and for all
s,t € G, x(s +t) = x(s)x(t). The dual group G of an l.c.a. group G is the set of continuous
characters of G. In particular, x(0) = 1 and x(t) = x(t)™* = x(~t) for all t € G. G is a
multiplicative Abelian group if we define the product of y1,x2 € G, as x1x2 : t — x1(t)x2(t),
the identity element as é : t — 1 and the inverse of x € G as x ™' : ¢t = x(t)"! = x(t). G
becomes an l.c.a. group when endowed with the compact-open topology, that is the topology
for which x, — x in G if and only if for every compact K C G, x», — x uniformly on K i.e.
supye e [xa(t) = X(B] ——— 0.

A result known as the Pontryagin Duality Theorem (see [24, Theorem 1.7.2]) states that
G - G
t = €t
sense that this map is a bijective continuous homomorphisms with continAuous inverse. In
particular, this means that {e; : ¢ € G} is the set of characters of G (i.e. G).

If G = Z endowed with the addition of integers, the dual set 7, of characters contains
all Z — U-functions y : t — 2* for some z € U. Since the compact sets of Z are the finite
subsets of Z, the compact-open topology on Z is the same as the one induced by pointwise
convergence. It is then easy to show that Z, U and T = R/(2xZ) are isomorphic (from Z to
U take x — x(1) and from T to U take A — ). In this case we identify Z with T, often
represented as (—, 7] in the time series literature. This means that an integral on y € Z is
replaced by an integral on A € T (or A € (—,n]) with x(¢) replaced by e** for all ¢ € Z.

The other classical example of l.c.a. group is R endowed with usual addition and topology.
Then the dual set R contains all R — U-functions x : ¢ — ¢'* for some \ € R (see for example
[6, Theorem 9.11.]). Then R and R are isomorphic via the mapping A — (¢ — ¢'**) and it is
usual to identify R with R.

G and G are isomorphic via the evaluation map where e; : x — x(¢) in the

2.2 Operator spaces

In this section, we recall basic definitions on linear operators which can be found, for example,
in [32]. Let H and G be two (complex) Hilbert spaces. The scalar product and norm, e.g.
associated to H, are denoted by (-, -),, and ||-||,,. Let O(H, G) denote the set of linear operators
P from H to G whose domains, denoted by D(P), are linear subspaces of H. We then denote
by Ly(H,G) its subset of continuous operators, by K(H, G) its subset of compact continuous
operators and, for all p € [1,00), by Sp(H,G) the Schatten-p class of compact operators with
0P singular values. If G = H, we omit G in the notation of these operator sets. We denote
by [|-|| the operator norm on Ly(H,G) and by |[-[|, the Schatten-p norm on Sp(H,G). For
all P € S1(H), we denote the trace of P by Tr(P). Schatten-1 and Schatten-2 operators
are usually referred to as trace-class and Hilbert-Schmidt operators respectively. For any
P € Ly(H,G) we denote its adjoint by P" (which is compact if P is compact). An operator
of Ly(H) is said to be auto-adjoint if it is equal to its adjoint. For all x € H and y € G, we
denote by x ® y the trace-class operator from G onto H defined by (z ® y)z = (z,y)4 z for all
z € G. As usual, we identify an element = € ‘H with the mapping z +— zx from C onto H, so
that 2 : y — (y,x),, is seen as an operator of H# onto C. In particular, we can write for z € H
and y € G, @y = xy™. An operator P € Ly(H), is said to be positive (denoted by P = 0) if
for all z € H, (Pz,z),, > 0 and we denote by £, (H), KT (H) and S;7 (H) the sets of positive,
positive compact and positive Schatten-p operators. Any positive operator is auto-adjoint. If



P € K*(H) then there exists a unique operator of K (%), denoted by P2 which satisfies
2
P= (P1/2) . We define the absolute value of P as the operator [P|:= (P"P) V2 e Kt (H).

Finally, we recall the definition of the weak operator topology (w.o.t.). A sequence
(Ppn)nen € Ly(H,G)" converges to an operator P € £,(H,G) in w.o.t. if for all z € H and
y € G, limys oo (Pnz,y)g = (Px,y)g. Using the polarization identity

((Pu(z+y), (@ +y)g — (Pulz —y), (. —y))g
+i (P (z +1y), (z + iy))g — 1 (Pu(z — 1y), (z — iy))g)

to get the convergence in w.o.t., it is sufficient to show that lim (Pnz,z); = (Px,z), for all
n— oo
z € H.

> =

<an7y>g =

2.3 Integration of functions valued in a vector or operator space

Let (A, A) be a measurable space and (E, ||| ;) be a Banach space. A function f: A — E is
said to be measurable if it is the pointwise limit of a sequence of E-valued simple functions,
i.e. a sequence valued in Span (laxz : A€ A, z € E). When E is separable, this notion is
equivalent to the usual Borel-measurability, (i.e. to having f~'(A) € A for all A € B(E),
the Borel o-field on F) and to the measurability of ¢ o f for all ¢ € E* (where E* is the
continuous dual of F). This last equivalence is known as Petti’s measurability theorem and is
proven in [21]. We denote by F(A, A, E) the space of measurable functions from A to E. For
a non-negative measure p on (A, A) and p € [1, ], we denote by LP(A, A, E, ) the space of
functions f € F(A, A, E) such that [ ||f||% du (or p-essup || f]|, for p = o0) is finite and by
LP(A, A, E, 1) its quotient space with respect to p-a.e. equality. The corresponding norm is
denoted by |[[|p (s, 4,,,y- The Bochner integral is defined on L*(A, A, E, i) by linear and
continuous extension of the mapping 1az — u(A)x defined for z € E and A € A such that
1(A) < oo.

In the particular case where E is a space of linear operators between two Hilbert spaces
H and G, we introduce the following weaker notion of measurability.

Definition 2.1 (Simple measurability). A function ® : A — Ly(H,G) is said to be simply
measurable if for all x € H, A — ®(N)x is measurable as a G-valued function. The set of such
functions is denoted by Fs (A, A, H,G) or simply Fs (A, A, H) if G =H.

Note that for all Banach spaces £ which are continuously embedded in Ly(#,G) (e.g.
Sp(H,G) for p > 1 or K(H,G)), the following inclusions hold

F(A, A, E) CF, (A AHG) . (2.1)

When H and G are separable, the converse inclusion holds for &€ = K(#H,G) and for & =
Sp(H,G) with p € {1,2}, see Lemma 5.1.

The space O(H,G), is not a Banach space but we can still define measurability in the
following sense, which we slightly adapted from [16], [12, Section 3.4].

Definition 2.2 (O-measurability). A function ® : A — O(H,G) is said to be O-measurable
if it satisfies the two following conditions.

(i) Forallz € H, {\ €A : ze€D(PN))} < A

(ii) There exist a sequence (Pn)nen valued in Fs (A, A, H,G) such that for all X € A and
z € D(®(N)), Pn(N)x converges to ®(N)z in G as n — oo.

We denote by Fo (A, A, H,G) the space of such functions ®.
Clearly, we have Fs (A, A,H,G) CFo (A, A, H,G).

2.4 Vector valued and Positive Operator Valued Measures

A measure p defined on the measurable space (A, .A) and valued in the Banach space (E, ||| )
is an A — FE-mapping such that, for any sequence (An)nen € A" of pairwise disjoint sets,
1 (Unen An) = 3 en #(An), where the series converges in E, that is,

(U)o

neN

=0.
E

lim
N—+oo




For such a measure y, the mapping

|l 5 = A — sup {Z (Al 5 = (Ai)ien € AV is a countable partition of A}
ieN

defines a non-negative measure on (A, A) called the variation measure of pu. For instance,
if E = S1(M), we write ||u||, since we use ||-]|, to denote the Shatten-1 norm. Integrals of
functions in L' (A, A, ||u|| ;) with respect to u are defined by first considering simple functions
and by extending the obtained linear form to the whole space L' (A, A, ||u||;) by continuity,
see [9, P. 120]. When A is a locally-compact topological space and A is the Borel o-field, an
E-valued measure p is said to be regular if for all A € A and € > 0, there exist a compact set
K € Aand an openset U € A with K C A C U such that ||u(U \ K)| 5 < e. The definition of
regularity for non-finite (non-negative) measures is similar but the property is only required
for A such that p(A) < +o0o. From the straightforward inequality ||u(A)||z < |lp||z(A) for
all A € A, we get that if x4 is an F-valued measure with finite and regular variation, then p
is regular.

As for functions, the special case of operator-valued measures is of interest. In particular
Positive Operator Valued Measures (p.o.v.m.’s) which are widely used in Quantum Mechanics.
Here, we provide useful definitions and results for our purpose and refer to [3] for details.

Definition 2.3 (Positive Operator Valued Measures (p.o.v.m.)). Let (A,.A) be a measurable
space and H be a Hilbert space. A Positive Operator Valued Measure (p.o.v.m.) on (A, A, H)
is a mapping v : A — L} (H) such that for all sequences of disjoint sets (An)nen € AN,

v <U An> = v(4n) (2.2)

neN neN

where the series converges in L (H) in w.o.t.

It is interesting to note that, due to properties of positive operators, the convergence of the
series in (2.2) in w.o.t. implies its convergence in s.o.t.(see [3, Proposition 1]). However, the
series does not necessarily converge in operator norm which implies that, in this definition,
a p.o.v.m. does not need to be an Ly (#H)-valued measure. Therefore the above definitions of
integrals and regularity cannot be applied. This is circumvented by noting that a p.o.v.m. is
entirely characterized by the family of non-negative measures {yx A (A x € 7—[}‘
Based on this characterization, we introduce two definitions related to p.o.v.m.’s, the first one
about the regularity property and the second one about integrals of bounded scalar valued
function.

Definition 2.4 (Regular p.o.v.m.). Let A be a locally-compact topological space with Borel
o-field A and H be a Hilbert space. Then a p.o.v.m. v on (A, A, H) is said to be regular if
for all x € H, the non-negative measure vy : A — xHu(A)x s reqular.

An alternative equivalent definition of regular p.o.v.m.’s is [3, Definition 14], see also
Theorem 20 in the same reference. We now define the integral of bounded function with
respect to a p.o.v.m.. This will be used in the general Bochner theorem (later stated as
Theorem 4.6).

Definition 2.5 (Integral of a scalar valued function with respect to a p.o.v.m.). Let (A, A)
be a measurable space, H be a Hilbert space, v be a p.o.v.m. on (A, A, H) and define for all
x € H, the non-negative measure vy : A — 2Mv(A)x. Let f : A — C be a bounded and

measurable function. Then the integral of [ with respect to v is the unique operator in Ly(H),
denoted by [ f(A)v(dX), such that for all x € H,

2 (/f(A)u(dA))m:/f()\) va(dA) .

The existence of the autoadjoint integral operator [ f(A)v(dA) in Definition 2.5 through
the mapping = — 2" (f () v(d\)) z is straightforward, see [3, Theorem 9]. The integral in
Definition 2.5 is only valid for bounded functions. Generalizing this integral to unbounded
functions is complicated. Nevertheless, when dealing with spectral operator measures of
weakly stationary processes valued in a separable Hilbert space, we can rely on the additional



trace-class property, which makes all the previous definitions easier to handle and extend.
Hereafter, if H, is a separable Hilbert space, we provide the definition of a trace-class p.o.v.m.,
derive its interpretation as an Si(Ho)-valued measure, state the Radon-Nikodym property
that they enjoy and extend the definition of the integral of a scalar valued function in this
context.

Definition 2.6 (Trace-class p.o.v.m.). Let (A,.A) be a measurable space, Ho be a separable
Hilbert space and v be a p.o.v.m. on (A, A, Ho). We say that v is a trace-class-p.o.v.m. if it
is Si" (Ho)-valued.

The first advantage of a trace-class p.o.v.m. is that it fits the framework of vector-valued
measures, namely, we have the following result, whose proof can be found in Section 5.1.

Lemma 2.1. Let (A, A) be a measurable space and Ho be a separable Hilbert space. Then
a p.ov.m. v on (A, A, Ho) is trace-class if and only if v(A) € S1(Ho). In this case, v is
an S1(Ho)-valued measure (in the sense that (2.2) holds in ||-||,-norm) with finite variation
measure ||V, : A ||v(A)]l,. Moreover, reqularity of v as a p.o.v.m. is equivalent to regularity
of v as an S1(Ho)-valued measure which is itself equivalent to regularity of ||v||,.

Another advantage of trace-class p.o.v.m.’s is that they satisfy the following Radon-
Nikodym property, whose proof can be found in Section 5.1.

Theorem 2.2. Let (A, A) be a measure space, Ho a separable Hilbert space and v a trace-
class p.o.v.m. on (A, A, Ho). Let p be a o-finite non-negative measure on (A, A). Then
Ivll, < p (ice. for all A € A, p(A) = 0 = |[v||,(A) = 0), if and only if there exists
g€ L' (A, A, S1(Ho), 1) such that dv = gdu, i.e. for all A € A,

v(A) = /Agd,u. (2.3)

In this case, g is unique and is called the density of v with respect to p and we write
_d
9= an

Moreover, the following assertions hold.
(a) For p-almost every A € A, g(\) € Si"(Ho).
(b) The mapping g*/2 : X — g(\)Y/2 belongs to L*(A, A, Sa(Ho), ).
(c) The density of ||v||, with respect to p is ||gll,. In particular, g = deTVHngﬂl u-a.e. and

if 1= vl then llgll, = 1 p-a.c.
(d) Let f: A — C be measurable. Then f € L'(A, A, ||v||,) if and only if X — F(A) g(\) €

LY(A, A, S1(Ho), it), and we have /f()\) v(d\) = /f()\)g()\) w(dN).

In Assertion (d), the first integral is that of a scalar-valued function with-respect to the
S1(Ho)-valued measure v as recalled above for general vector-valued measures with finite
variation and the second is the (Bochner) integral of an Si(Ho)-valued function with-respect
to the non-negative measure u as recalled in Section 2.3. Of course, if f is bounded on A, these
integrals coincide with the integral of f with respect to v of Definition 2.5 in which v is seen
as a p.o.v.m. The Radon-Nikodym property of trace-class p.o.v.m.’s is a key step to extend
such integrals to operator valued functions, hence allowing us to use a handy definition of the
integral of an operator valued function with respect to an operator valued measure, in the
particular case where this measure is a trace-class p.o.v.m. This will be done in Definition 3.3.

2.5 Normal Hilbert modules

Modules extend the notion of vector spaces to the case where scalar multiplication is replaced
by a multiplicative operation with elements of a ring. The case where the ring is L£y(Ho)
for a separable Hilbert space Ho is of particular interest for Ho-valued random variables.
In short, a normal Hilbert £,(Ho)-module is a Hilbert space endowed with a module action
and a Gramian. A Gramian [-,-] is similar to a scalar product but is valued in the space
S1(Ho) and is related to scalar product by the relation (-,-) = Tr([-,-]). Notions such as
sub-modules, Gramian-orthogonality, Gramian-isometric operators are natural extensions of
their counterparts in the Hilbert framework. We give such useful definitions hereafter and
refer to [12, Chapter 2] for details.



Definition 2.7 (Ly(Ho)-module). Let Ho be a separable Hilbert space. An Ly(Ho)-module
is a commutative group (H,~+) such that there exists a multiplicative operation (called the
module action)

Lo(Ho)xH — H

(P, x) — Peux

which satisfies the usual distributive properties : for all P,Q € Ly(Ho), and z,y € H,

Pe(z+y)=Pex+Pey,
(P+Q)ex=Pex+Qeux,
(PQ)ex=Pe(Qeux),

Idy, ez = .

Next, we endow an Ly (Ho)-module with an £ (Ho)-valued product.

Definition 2.8 ((Normal) pre-Hilbert £,(Ho)-module). Let Ho be a separable Hilbert space.
We say that (H,[-,],,) is a pre-Hilbert Ly(Ho)-module if H is an Ly(Ho)-module and |-, -],, :
H x H — Lo(Ho) satisfies, for all z,y,z € H, and P € Ly(Ho),

(i) [z,2]5 € L (Ho),
(1) [z, z]y, = 0 if and only if x =0,
(iii) [+ P oy, 2Ly, = 2, 2], + Plys 2l

() ly,xly, = [z, yl5,-
If moreover, for all x,y € H, [x,y],, € S1(Ho), we say that [-,],, is a Gramian and that H is
a normal pre-Hilbert L,(Ho)-module.

Note that an £y (Ho)-module is a vector space if we define the scalar-vector multiplication
by ar = (aldy,) ez for all « € C, x € H and that, in the particular case where [-,],, is
a Gramian, then (-,-),, := Tr[, ], is a scalar product. Hence a normal pre-Hilbert Ly,(Ho)-
module is also a pre-Hilbert space. We can now define the following.

Definition 2.9 (normal Hilbert £y(Ho)-module). A normal pre-Hilbert Ly(Ho)-module is
said to be a normal Hilbert £y, (Ho)-module if it is complete (for the norm defined by ||z||3, =
(@ @y = (|l 2l -

Definition 2.10 (Submodules and L, (Ho)-linear operators). Let Ho be a separable Hilbert
space and H,G be two Ly(Ho)-modules. Then a subset of H is called a submodule if it is an
Ly(Ho)-module. An operator F € Ly(H,G) is said to be Ly(Ho)-linear if for all P € Ly,(Ho)
and x € H, F(Pex) =P e (Fx). In the case where H is a normal pre-Hilbert Ly,(Ho)-module,
we denote, for any E C H, %H (E) the smallest linear subspace of H which contains E
and is closed for the norm ||-||,,. It is a submodule of H.

Definition 2.11 (Gramian-isometric operators). Let Ho be a separable Hilbert space, H,G be
two pre-Hilbert Ly(Ho)-modules and U : H — G an Ly(Ho)-linear operator. Then U is said
to be

(i) Gramian-isometric if for all x,y € H, [Ux,Uylg = [x,yly,
(%) Gramian-unitary if it is bijective Gramian-isometric.

The space H is said to be Gramian-isometrically embedded in G (denoted by H S G) if

~

there ezists a Gramian-isometric operator from H to G. The spaces H and G are said to be

Gramian-isometrically isomorphic (denoted by H = G) if there exists a Gramian-unitary
operator from H to G.

The well-known isometric extension theorem can be straightforwardly generalized to the
case of Gramian-isometric operators as stated in the following proposition.

Proposition 2.3 (Gramian-isometric extension). Let Ho be a separable Hilbert space, H be
a normal pre-Hilbert Ly (Ho)-module, and G be a normal Hilbert Ly,(Ho)-module. Let (v;)jes
and (wj)jes be two collections of vectors in H and G respectively with J an arbitrary index
set. If for all i,j € J, [vi,v;],, = [wi,w;]g then there exists a unique Gramian-isometric
operator

"

S :Span’ (Pewv;,P e Ly(Ho),j€J)—=G



such that for all j € J, Sv; = wj. If moreover H is complete then
S (span” (Pev;,P € Ly(Ho),j € J)) — Span’ (P ew;,P € Lo(Ho),j € J)

Let us introduce three examples of normal Hilbert £y (#o)-modules that will be of interest
in the following.

Example 2.1 (Normal Hilbert module L2 (A, A, Sa(Ho, Go), 11) for a non-negative measure p).
Let v be a non-negative measure on (A, A) and Ho, Go be two separable Hilbert spaces. Then
L*(A, A, Sa(Ho, Go), ) is an Ly(Go)-module with module action defined for all P € Ly(Go) and
O c L3N, A, S2(Ho,Go), 1) by Ped : X\ = PB(N). For all ®, ¥ € L*(A, A, Sa(Ho, Go), 1), we
have ®WM € L'(A, A, S1(Ho), 1), and thus

UM dp

[‘I’yqj]LZ(A,A,SQ('Ho,go)M) ::/

is well defined in Si(Ho). It is easy to show that it is Gramian and that
(L2 (A, A, S2(Ho, Go), ), [ ']LZ(A,A,Sz(Ho,Qo),u)) is a Ly(Go)-module normal Hilbert module.

Taking Go = C in the previous example amounts to replace S2(Ho, Go) by Ho, which, in
the specific case where (A, A, i) is a probability space leads to the following.

Example 2.2 (Normal Hilbert module M(Q, F, Ho,P)). Let (Q,F,P) be a probability space
and Ho be a separable Hilbert space. The Bochner space L*(Q, F,Ho,P) is the space of Ho-
valued random variables Y such that E [HYH?_LO] < 4o00. Then the expectation of Y is the
unique vector E[Y] € Ho satisfying

(E[Y],2),, =E [(Y, @HO] . Jorallz € Ho,

and the covariance operator between Y,Z € LQ(Q,]:, Ho,P) is the unique linear operator
Cov (Y, Z) € Ly(Ho), satisfying

(Cov (Y, Z) y,x),,, = Cov ((Y7 )3, (2, y)HO) , Jorallz,yeHo.

The space M(Q, F,Ho,P) of all centered random variables in L*(Q, F,Ho,P) is a nor-
mal Hilbert Ly(Ho)-module for the module action defined for all P € Ly(Ho) and X €
M(Q, F, Ho,P) by Pe X =PX, and the Gramian

[X, Y]M(Q,.‘F,HO,]P’) = Cov (X,Y) .

Our last example is a more general formulation of the space of transfer functions used in
[26, Section 2.5] and [29, Appendix B.2.3] for filtering functional time series and is a natural
extension of [17] where the case of (finite dimensional) multivariate time series is considered
(see the definition of L, ,, in this reference).

Example 2.3 (Normal pre-Hilbert module (L*(A, A, Ly(Ho, Go), [|v]l,), [, ], ) for a trace-class
p.o.v.m. v.). Let (A, A) be a measurable space, Ho,Go be two separable Hilbert spaces and v a
trace-class p.o.v.m. on (A, A, Ho) with density f with respect to its finite variation ||v||,. Then
L*(A, A, Ly(Ho,Go), |V]l,) is a normal pre-Hilbert Ly(Go)-module with module action defined
for all P € L4(Go) and ® € L*(A, A, Ly(Ho,Go),||v|,) by P e ® : X\ — PO(N), and Gramian
defined for all ®,¥ € L*(A, A, L,(Ho, Go), |v|,) by

2.0, = [ @', . (24)
Note that the Si(Ho)-valued Bochner integral in the right-hand side of (2.4) is well de-

fined because by Theorem 2.2 (c), we have |f||, = 1, ||v|,-a.e. and thus H<I>f\I/HH1 <
121l 2, (340,60) 1¥ll 2, 320,60y IVIl1-a-€., which implies @ fU" e LY (A, A, S1(Ho), |lv]],)-
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For all ®,V € L*(A, A, Ly(Ho, Go), ||v||,), we denote by (@, V), the scalar product associ-
ated to the Gramian [®,V],. It is different from the scalar product (©, W) 1>z Az, (30.60).01,)

endowing the same space. In particular we have that, for all ® € L*(A, A, Ls(Ho,Go), |V]l,),
o2 =1 [ @ o alwl, = [ (o £8") ajp,

2 2
= /”q)”ﬁbmo,gw dllwlly = 12122 a, 4,2, 0,600 011,y > (25)

where we used again that ||f||, =1, ||v|,-a.e. It is easy to find ®’s for which the inequality is
strict.

Example 2.3 is pivotal for defining the modular spectral domain of a weakly stationary
process with spectral operator measure v. However, it does not suffice to describe the whole
spectral domain because, as already noted in [26, Section 2.5] in a similar case, this space, in
general, is not complete. As a result, unfortunately, the spectral domain is more complicated
for functional time series than for (finite dimensional) multivariate time series. Of course, as
proposed in [26, Section 2.5], it is always possible to use topological completion under a well
chosen norm. These ideas are in fact very similar to the ones of [13, 16, 12] with the exception
that the latter references provide a more general framework and lead to a modular spectral
domain which is an explicit set of operator-valued functions. We will follow this approach in
Section 3.2.

3 Preliminaries

3.1 Countably additive Gramian-orthogonally scattered
(c.a.g.o0.s.) measures

In this section, we introduce the notion of random c.a.g.o.s. measures which will have an
important role in the construction provided by [13, 16, 12]. The terminologies c.a.o.s. and
c.a.g.0.s. are borrowed from Definition 3 in [12, Section 3.1]

Definition 3.1 ((Random) c.a.o.s. measures). Let H be a Hilbert space and (A, A) be a
measurable space. We say that W : A — H is a countably additive orthogonally scattered
(c.a.0.s.) measure on (A, A, H) if it is an H-valued measure on (A, A) such that for all
A, BeA,
ANB=0= (W(A),W(B));, =0.
In this case, the mapping
v A (W(A),W(A)),,

is a finite non-negative measure on (A, A) called the intensity measure of W and we have
that, for all A, B € A,

vw(ANB) = (W(A),W(B)),, - (3.1)
We say that W is regular if vw is reqular. When H is the space M(Q, F,Ho,P) of Exam-
ple 2.2, we say that W is an Ho-valued random c.a.o.s. measure on (A, A, Q, F,P).

The generalization to a normal Hilbert module is straightforward.

Definition 3.2 ((Random) c.a.g.0.s. measures). Let Ho be a separable Hilbert space, H be a
normal Hilbert Ly(Ho)-module and (A, A) be a measurable space. We say that W : A — H is

a countably additive Gramian-orthogonally scattered (c.a.g.0.s.) measure on (A, A, H) if it
is an H-valued measure on (A, A) such that for all A, B € A,

ANB=0= [W(A),W(B)l, =0.
In this case, the mapping
v s A [W(A),W(A)]y,

is a trace-class p.o.v.m. on (A, A, Ho) called the intensity operator measure of W and we have
that, for all A, B € A,

vw(ANB) = [W(A),W(B)],, - (3.2)
We say that W is regular if ||vw ||, is reqular. When H = M(Q, F, Ho,P) of Example 2.2, we
say that W is an Ho-valued random c.a.g.o.s. measure on (A, A, Q, F,P).

11



The following remark will be useful.

Remark 3.1. Recall that any H-valued measure W is o-additive in the sense that for any
finite or countable collection (A;);eq € A of pairwise disjoint sets we have

w (U Aj> => W(4),

jeJ jeJ

where, in the case where J is countably infinite, the infinite sum converges in H incondition-
ally. When W is a c.a.o.s., the summands are moreover orthogonal. When it is a c.a.g.0.s.,
they are Gramian-orthogonal.

It is easy to show that a c.a.o.s. measure W as in Definition 3.1 can be equivalently seen
as the restriction of an isometric operator I from L*(A, A, viw) onto H by setting

W(A) =1I(la), A€A.

This simply follows by interpreting the left-hand side of (3.1) as the scalar product between
14 and 15 in L?(A, A, vw) so that T above can be defined as the unique isometric extension
from L*(A, A,vw) to H of the isometric mapping defined by 14 + W (A) for A € A. This
observation gives a rigorous meaning to the integral in the Cramér representation (1.2) where
X is c.a.0.8. (see [11, Section 2]). Similarly, if W is a c.a.g.0.s. measure as in Definition 3.2,
the mapping defined by 14P — PW(A) for A € A and P € Ly(Ho) is Gramian-isometric
from the normal pre-Hilbert module L?(A, A, Ly(Ho), |lvw|,) defined in Example 2.3 onto
H. Using Proposition 2.3, we get a Gramian-isometric extension on the whole space. In
the case where Ho has finite dimension, this observation is a key step to derive a Cramér
representation of the type (1.2) where (X;);cz is a multivariate time series and X is c.a.g.0.s.
(see [17]). In the infinite dimensional case, this Gramian-isometric extension is more useful
if, before that, we complete the normal pre-Hilbert module L?(A, A, Ly(Ho), lvw||;), that
is, we exhibit the smallest normal Hilbert module containing it. To do this, we will rely on
the space L%(A, A, O(Ho, Go),v) defined for a trace-class p.o.v.m. v in the following section.
Before that, let us note that in the case of random c.a.g.o.s. measure W, by definition of
H = M(Q, F,Ho,P) in Example 2.2, the identity (3.2) shows that the covariance structure
of the centered process (W(A))aca is entirely determined by vw. The Gaussian case is
interesting as it provides a way to build W from its intensity measure. In particular, the
following result will be useful.

Theorem 3.1. Let Ho be a separable Hilbert space and (A, A) be a measurable space. Let v
be a trace-class p.o.v.m. on (A, A, Ho). Then there exist a probability space (2, F,P) and an
Ho-valued random c.a.g.o.s. W on (A, A, Q, F,P) with intensity operator measure v such that
the process ((W(A),x)) acA,zcH, is a (complex) Gaussian process.

Proof. Define v : (Ho x A)? — C by of

(e, A)i (v, B) = a"w(AN Bly = 14y

v

where we used the Gramian (2.4) of Example 2.3 with Go = C. Then it is easy to see v is
hermitian non-negative definite in the sense that for allm > 1, z1,..., 2, € Ho, A1,...,An €
Aand ai,...,a, € C,

> ady((@i, Ai); (a5, 4;)) > 0.
i,j=1
Let (Zz,4)(x,4)e,x.4 be the centered circularly-symmetric Gaussian process complex with

covariance 7. Let (¢n)o<n<n be a Hilbert basis of Ho, with N = dimHo € {1,2,...,00}. It
is straightforward to show that for all A € A,

W(A) = Z Z¢n,A ¢n

0<n<N

is well defined in H = M(Q, F, Ho,P) and that the so defined W is a random c.a.g.o.s. with
intensity operator measure v. O
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3.2 The space L*(A, A, O(Ho,Go), V)

As discussed in the previous sections, the role of c.a.o.s. and c.a.g.o.s. measures in the spectral
theory of weakly stationary processes relies on their characterization by unitary or Gramian-
unitary operators between the (modular) time domain and the (modular) spectral domain.
This has been entirely studied in the case of univariate and multivariate time series, see [11]
and [17], respectively, and the references therein. For time series valued in a general separable
Hilbert space, defining the modular spectral domain requires to exhibit a suitable completion
of the normal pre-Hilbert module L*(A, A, Ly(Ho,Go), ||[v||,) of Example 2.3 where v is a
trace-class p.o.v.m. . In this section, we define such a space of operator-valued functions
which are square-integrable with respect to p.o.v.m. v. It was introduced in [16] and includes
the space L*(A, A, Ly(Ho,Go), ||v||,) but is in general larger in the case where Ho has infinite
dimension.

Definition 3.3. Let (A, A) be a measurable space, Ho, Go, Zo be three separable Hilbert spaces
and v a trace-class p.o.v.m. on (A, A, Ho) with density f with respect to its finite varia-
tion ||v||,, as defined in Theorem 2.2. Then, we say that (®,¥) € Fo (A, A, Ho,Go) X
Fo (A, A, Ho,Zo) is v-integrable if the three following assertions hold.

(i) We have Im(f'/?) C D(®) and Im(f*/?) C D(¥), ||v|,-a-e.
(i) We have ®f*/? € Sa(Ho,Go) and W fY? € So(Ho, To), |V|,-a-e.
(iii) We have (Bf'/?) (W /)" € L1(A, A, 81(Zo, Go), Ivl,)-

In the case, we define

/<1>dy\IJH = /((Dfl/2)(\11f1/2)H d||v|l, € 81(Zo, Go) - (3.3)

Moreover, we say that ® € Fo (A, A, Ho, Go) is square v-integrable if (®,®) is v-integrable
and we denote by ZL*(A, A, O(Ho,Go),v) the space of square v-integrable functions in
FO (A7 A7 H07 gO)

Remark 3.2. Let us briefly comment this definition.

1) In (8.3), using the Radon-Nikodym property of the trace-class p.o.v.m. v, we have thus
defined an integral of operator-valued functions with respect to an operator valued mea-
sure as a simple Bochner theorem in S1(Zo,Go). By Theorem 2.2 (d), for a measur-
able scalar function ¢ : A — C we can interpret the integral [ ¢dv in which v is
seen as S1(Ho)-valued measure as in Section 2.4 as the same integral as in (3.8) with
D : A= ¢p(MN)Idy, and U = Idy,. Hence the integral (3.8) of Definition 3.3 can be seen
as an extension of the integral of scalar-valued functions to operator-valued functions,
with respect to a trace-class p.o.v.m.

2) It is easy to show that for all &, ¥ € L*(A, A, O(Ho,Go),v), (®,¥) is v-integrable and
thus [ Odv UM is well defined as above.

3) In the special case where ® and V are valued in Ly(Ho,Go), O-measurability reduces
to simple-measurability, (i) and (ii) are always verified, (iii) is equivalent to ®fUM ¢
LY(A, A, S1(G0), lv|l,) and we get

/(Pdu\l/” = /(Pf\IJH dl|v]l, -
4) Recall that, as explained in Example 2.3, for all &,V € L*(A, A, Ly(Ho, Go), |IV|,), we
have @ fU" € L1 (A, A, S1(Go), |v||,). We thus get that
LX(A, A, Lo(Ho, Go), [VIly) € £7(A, A, O(Ho, Go), v)

and the Gramian [®, V] defined on the smaller space as in (2.4) coincides with [ ®dv¥"
defined in (3.3).

The following theorem, whose proof can be found in Section 5.2, shows that the same
Gramian can be used over the larger space .Z%(A, A, O(Ho,Go),v) and that it makes this
space a normal Hilbert £4(Go)-module when quotiented by the set with zero norm.
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Theorem 3.2. Let Ho,Go be separable Hilbert spaces, (A, A) a measurable space, v a trace-
class p.o.v.m. on (A, A, Ho) and f = dlﬁ’y”l‘ Then £*(A, A, O(Ho, Go), v) is an Ly (Go)-module
with module action

Ped: )\ PB(N), PeLy(G),®e LA, A OMHo,G),v).

Moreover, we can endow Z2 (A, A, O(Ho, Go),v) with the pseudo-Gramian
@,9] = /@dy\lf” ®, 0 € LA, A, O(Ho,Go),v) - (3.4)

Then, for all ® € L*(A, A, O(Ho,Go), V), we have

1/2
1

1, = [[[@, @], [|,”" =0 & =0 |v],-ac

Let us denote the class of such ®’s by {||-||, = 0} and the quotient space by
L2(A, A, O(Ho, Go), v) i= Z* (A A, O(Ho, Go) ) /(1 — oy -

Then (L*(A, A, O(Ho,Go),v),[,],) is a normal Hilbert Ly(Go)-module.

Clearly, the normal Hilbert £(Go)-module (L*(A, A, O(Ho,Go), ), [+, 1], ) contains the pre-
Hilbert one of Example 2.3. The next result, whose proof can be found in Section 5.2, says
that it is the smallest one.

Theorem 3.3. Let Ho,Go be two separable Hilbert spaces, (A,
v a trace-class p.o.v.m. on (A, A, Ho). Then the space L*(A, A,
L%(A, A, O(Ho, Go),v) and the following assertions hold.

(i) The space Span (1aP : A€ AP € Ly(Ho,Go)) of simple Ly(Ho, Go)-valued functions
is dense in L*(A, A, O(Ho, Go),v).

(ii) For any subset E C L*(A, A, ||v||,) which is linearly dense in L*(A, A, ||v||,), the space
Span (hP : h € E,P € Ly(Ho,Go)) is dense in L>(A, A, O(Ho,Go), V).

In some of the definitions above, it can be useful to replace ||v||, can be by any o-finite non-
negative measure y dominating ||v||, and the following characterization hold (see Section 5.2
for a proof).

A) a measurable space, and
Ly(Ho, Go), ||v|l,) is dense in

Proposition 3.4. Let (A, A) be a measurable space, Ho,Go,Zo be three separable Hilbert
spaces and v a trace-class p.o.v.m. on (A, A, Ho). Let p be a o-finite non-negative measure
dominating ||v||, and set g = g—;, as defined in Theorem 2.2. Then the following assertions
hold.

(a) For all (®,¥) € Fo (A, A, Ho,Go) X Fo (A, A, Ho,Zo), (P,V) is v-integrable if and only
if the three following assertions hold.
(i’) We have Im(g'/?) C D(®) and Im(g'/?) C D(V), p-a.e.
(i’) We have <I>g1/2 € S2(Ho, Go) and \I’g1/2 € 8(Ho, To), p-a.e.
(iii’) (®g"/*)(Lg"*)" € LY(A, A, S1(Go, To), ).
In this case we have
/@du\l/” = /(<1>g1/2)(\1/gl/2)” dp . (3.5)

(b) For all ® € Fo (A, A, Ho, Go), we have ® € L*(A, A, O(Ho,Go),v) if and only if

Im(gl/Q) C D(®) p-a.e.
Bgl/? ¢ L2(A, A, Sa(Ho, Go), 1)

(c) If &, ¥ € L*(A, A, O(Ho,Go),v), then (P, V) is v-integrable and

/@dy\y” = [@gl/Q,\I/gl/Q] (3.6)

b
L2(A,A,82(H0,G0),1)

where the latter Gramian comes from Ezample 2.1. Hence the mapping ® — <I>gl/2 18
Gramian-isometric from L*(A, A, O(Ho,Go), V) to L*(A, A, S2(Ho, Go), 1t)-
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3.3 Integration with respect to a random c.a.g.o.s. measure

Having all the necessary notions for a clear definition of the modular spectral domain, we
now define the mapping which makes it Gramian-isometrically isomorphic to the modular
time domain. This definition is often presented as a stochastic integral because it linearly and
continuously maps a function to a random variable.

Let Ho and Go be two separable Hilbert spaces, (A, .A) be a measurable space, and let v be
a trace-class p.o.v.m. defined on (A, A, Ho). Given an Ho-valued random c.a.g.o.s. measure
W, we further set

H"-9 .= Span® (PW(A) : P € L4(Ho,G0), A€ A) , (3.7)

which is a submodule of G := M(Q, F, Go,P). As in Proposition 13 in [12, Secion 3.4] and [16,
Theorem 6.9], we now define the integral of an Ho — Go-operator valued valued function with
respect to a random c.a.g.o.s. measure W as a Gramian-isometry from the normal Hilbert
L(Go)-module L%(A, A, O(Ho, Go), vw) to HV90. A proof can be found in Section 5.2.

Theorem 3.5. Let (A, A) be a measurable space and (2, F,P) a probability space. Let Ho
and Go be two separable Hilbert spaces. Let W be an Ho-valued random c.a.g.0.s. measure on
(A, A,Q, F,P) with intensity operator measure vy . Let HYV'90 be defined as in (3.7). Then
there exists a unique Gramian-isometry

150 - L2(A, A, O(Ho, Go), vw) — M(S2, F, Go, P)
such that, for all A€ A and P € Ly(Ho, Go),
I59(14P) = PW(A) P-a.s.

Moreover, L2(A, A, O(Ho,Go), vw) and H"V9° are Gramian-isometrically isomorphic.
We can now define the integral of an operator valued function with respect to W.

Definition 3.4 (Integral with respect to a random c.a.g.o.s. measure). Under the assumptions
of Theorem 3.5, we use an integral sign to denote Ia}’(@) for @ € L2(A, A, O(Ho,Go), vw).
Namely, we write

/@dW = /@()\) W(dA) := I (D) . (3.8)
The following remark will be useful.

Remark 3.3. In the setting of Definition 3.4, take ® = ¢Idy, with ¢ : A — C. Then, we
have ® € L2(A, A, O(Ho),vw) if and only if ¢ € L*(A, A, |lvw|l,). We will omit Idy, in the
notation of the integral, writing [ ¢ AW for [ ¢lds, dW.

We now state a straightforward result, whose proof is omitted.

Proposition 3.6. Let (A, A) be a measurable space, Ho, Go two separable Hilbert spaces.
Let W be an Ho-valued random c.a.g.o.s. measure on (A, A, Q, F,P) with intensity operator
measure vy . Let ® € L> (A, A, O(Ho,Go),vw). Then the mapping

VA / O AW = 52 (14D) (3.9)
A
s a Go-valued random c.a.g.o.s. measure on (A, A, Q, F,P) with intensity operator measure
Py d A / ddvy " |
A

which is a well defined trace-class p.o.v.m.

The c.a.g.o.s. V defined by (3.9) is said to admit the density ® with respect to W, and
we write dV = ®dW (or, equivalently, V(d\) = ®(A\)W (dX)). In the following definition,
based on Proposition 3.6, we use a signal processing terminology where A is seen as a set
of frequencies and ® is seen as a transfer operator function acting on the (random) input
frequency distribution W.
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Definition 3.5 (Filter F(W) acting on a random c.a.g.0.s. measure in Sg). Let (A,.A)
be a measurable space, Ho, Go two separable Hilbert spaces. For a given transfer oper-
ator function ® € Fo (A, A, Ho,Go), we denote by SA'q)(Q,]-', P) the set of Ho-valued ran-
dom c.a.g.0.s. measures on (A, A, Q, F,P) whose intensity operator measures vw satisfy
d e LN, A O(Ho,Go),vw). Then, for any W € Sa(Q, F,P), we say that the random
Go-valued c.a.g.o.s. measure V' defined by (3.9) is the output of the filter with transfer opera-
tor function ® applied to the input c.a.g.o.s. measure W, and we denote V = Fo (w).

We conclude this section with a kind of Fubini theorem for interchanging a Bochner integral
with a c.a.g.o.s. integral.

Proposition 3.7. Let (A, A) be a measurable space and Ho, Go two separable Hilbert spaces.
Let W be an Ho-valued random c.a.g.o.s. measure on (A, A, Q, F,P) with intensity operator
measure vw . Let u be a non-negative measure on a measurable space (A', A"). Suppose that
® is measurable from A x A’ to Ly(Ho,Go) and satisfies

/ </ H(I)()" )\/)HLI,(HO,QO) “(d)‘/)>2 ||VW||1(d)‘) < oo, (3.10)

/(/H@(A,A’)Hib(%%) ||Vw||l(dA))l/2,u(d)\l) <00, (3.11)

Then we have

/(/@()\,)\/) u(dX)) W(dA):/(/@()\A/) W(dA)) p(dX') | (3.12)

where integrals with respect to W are as in Definition 3.4, in the left-hand side the
innermost integral is understood as a Bochner integral on L2(A',A',[,b(7-lo,go),u) and
in the right-hand side, the outermost integral is understood as a Bochner integral on

L2(Al7 Al? M(Q7 ‘7:7 g07 P)? ILL)'

Proof. Conditions (3.10) and (3.11) ensure that ®(\,-) € L' (A", A, Ly(Ho, Go), ) for ||vw||,-
a.e. A € A and that ®(-,\') € L*(A, A, Ly(Ho, Go), ||lv||,) for p-a.e. N € A, showing that
the innermost integrals in both sides of (3.12) are well defined for adequate sets of A and X/,
respectively.

Let F1 and E> denote the sets of functions ® measurable from A x A’ to L£,(Ho,Go) and
satisfying (3.10) and (3.11), respectively. We denote by ||®[| 5, the square root of the left-
hand side of (3.10) and by [|®|| 5, the left-hand side of (3.11), which make E; and E> Banach
spaces. Then, for all ® € E := F1 N E2, concerning the left-hand side of (3.12), we have

iw < [ focnwan)

as for the right-hand side, we have, setting H := M(Q, F, Go,P),

2

| [ o3 )

dllvwll, < I3,
Ly(Ho,%0)

/ H/ 2) WW)HH an= [ 6], 1@V < @],

These two inequalities show that both sides of (3.12) seen as functions of ® are linear con-

tinuous from £ endowed with the norm |||, = ||| 5, + [I'[| g, to M(Q, F,Go,P). Since they
coincide for ®(X,\') = 14(A\)1p(N)P with A € A, B € A" and P € Ly(Ho, Go), this concludes
the proof. O

4 Modular spectral domain of a weakly stationary
process and applications

4.1 The Gramian-Cramér representation and general Bochner
theorems

We now have all the tools to derive a spectral theory for Hilbert valued weakly-stationary
processes following [12, Section 4.2]. Let (2, F,P) be a probability space, Ho be a separable
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Hilbert space and (G,+) be a locally compact Abelian (l.c.a.) group, whose null element is
denoted by 0. Recall that G denotes the dual group of G defined in Section 2.1. Throughout
this section we are interested in the spectral properties of a centered process valued in a
separable Hilbert space and assumed to be weakly stationary in the following sense.

Definition 4.1 (Hilbert valued weakly stationary processes). Let (2, F,[P) be a probability
space, Ho be a separable Hilbert space and (G,+) be an l.c.a. group. Then a process X :=
(X+)te@G is said to be an Ho-valued weakly stationary process if

(i) For allt € G, X; € L*(Q, F, Ho, P).
(i1) For allt € G, E[X:] =E[Xo]. We say that X is centered if E[Xo] = 0.
(iit) For allt,h € G, Cov (X¢tn, X¢) = Cov (Xp, Xo).

(iv) The autocovariance operator function I'x : h +— Cov (X, Xo) satisfies the following
continuity condition: for all P € Ly(Ho), h — Tr(PTx (h)) is continuous on G.

In the case of time series, G = Z, we can of course remove Condition (iv) in this definition.
It is less trivial to show that, for any l.c.a. group G, we get an equivalent definition if we
replace (iv) by just saying that I'x is continuous in w.o.t. This interesting fact is explained
in the following remark in a more detailed fashion.

Remark 4.1. The trace appearing in Assertion (i) of Definition 4.1 is well defined for any
P € Ly(Ho) and any h € G since the covariance operator of variables in L*(Q,F, Ho,P)
lies in S1(Ho), and the composition of a bounded operator and a trace-class operator is trace-
class. Furthermore, for any x,y € Ho, taking P = xy" we have Tr(PI'x (h)) = (Ux (h)z, y)

e
Hence Condition (i) of Definition 4.1 implies the following one. ’

(iv’) The autocovariance operator function I'x : h — Cov (Xp, Xo) is continuous in w.o.t.

It is easy to find a mapping f : G — Si1(Ho) which is continuous in w.o.t. but such that
h +— Tr(f(h)) is not continuous hence does not satisfy the continuity condition imposed on
I'x in (). However, it turns out that if U'x is the autocovariance operator function h +—
Cov (X, Xo) with X satisfying Conditions (i) and (ii3), then Conditions (iv) and (iv’) become
equivalent. The reason behind this surprising fact will be made clear later in Point 1) of
Remark 4.8. In other words, we can replace (iv) by (w’) without altering Definition 4.1.

As in the univariate case, the notion of weak stationarity is related to an isometric property
of the lag operators, but here the covariance stationarity expressed in Condition (iii) trans-
lates into a Gramian-isometric property rather than a scalar isometric property. Namely, let
X := (X¢):eG satisfy Conditions (i) and (ii) and take it centered so that each X; belongs to
the normal Hilbert module M(Q, F, Ho,P) as defined in Example 2.2. For all h € G, define
the lag operator of lag h € G as the mapping U7X : X; — X4 defined for all ¢ € G. Then
Condition (iii) is equivalent to saying that for all h € G, the mapping U;" is Gramian-isometric
on {X; : t € G} for the Gramian structure inherited from M (Q, F, Ho,P). Thus, if this con-
dition holds, for any lag h € G, using Proposition 2.3, there exists a unique Gramian-unitary
operator extending U;X on the modular time domain H* of X defined as the submodule of
H generated by the X;’s, that is,

’HX = SpanH (PXt : Pe ,Cb(’Ho)7 t e G) s

which is the generalization of (1.5) to a general l.c.a. group G. In fact it is convenient to
introduce a slightly more general definition of the modular time domain.

Definition 4.2 (Go-valued modular time domain). Let (G,+) be an l.c.a. group, and Ho
and Go be two separable Hilbert spaces. Let X = (X¢):eG be a collection of variables in
M(Q, F,Ho,P) as defined in Example 2.2. The Go-valued modular time domain of X is

defined by
HX,QU L MM(Q,R%,H’)

which is a submodule of M(Q, F,Go,P).

(PX: : P € Ly(Ho,Go),te @), (4.1)

We now extend the (scalar) Cramér representation theorem by means of an integral with
respect to a c.a.g.o0.s. measure.
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Theorem 4.1 (Gramian-Cramér representation theorem). Let Ho be a separable Hilbert
space, (Q, F,P) be a probability space and (G,+) be an l.c.a. group. Let X := (X¢)ieG be a
centered weakly stationary Ho-valued process as in Definition 4.1. Then there ezists a unique
regular Ho-valued random c.a.g.0.s. measure X on (G, B(G),Q, F,P) such that

X = /X(t) X(dx) foral teG. (4.2)

This result is stated in Theorem 2 in [12, Section 4.2] without the uniqueness, which
appeared to be a new result in this general setting. We provide a detailed proof in Section 5.3.
In fact Theorem 2 in [12, Section 4.2] contains a converse statement, which we now state
separately as a lemma with its proof.

Lemma 4.2. Let (G,+) be an Lc.a. group, Ho a separable Hilbert space and W be an Ho-
valued random c.a.g.o.s. measure on (G,B(G),Q,}', P) with intensity operator measure v.
Define, for allt € G,

X, = / X(1) W(dy)

Then X = (X+¢)teQG is a centered Ho-valued weakly stationary process with auto-covariance
operator function I' defined by

T'(h) = /X(h) v(dyx) forallh e G. (4.3)

Proof. By Definition 3.4, X = (X:):cG is a centered Ho-valued process satisfying (i) and (ii)
in Definition 4.1. Using the Gramian-isometric property of integration with respect to W,
we get for all t,h € G, Cov (Xeqn, X¢) = [ x(t + h)x(t)vx(dx) = [ x(h)vx(dx) which gives
(iii) in Definition 4.1 with auto-covariance operator function I" given by (4.3). Finally, for all
P € Ly(Ho), for all h € G, denoting by f the density of v with respect to ||v||;, we have

PT(h) = P / x(B) 160 vl (dx) = / X(B)P F() 7], ()

Since the integrand in the last integral has trace-class norm upper bounded by HPHCZ’(HO)

and ||v||, is finite we get that h +— PT(h) is continuous from G to Si(Ho) by dominated
convergence. The continuity of h — Tr(PI'(h)) follows, thus showing the last point of Defini-
tion 4.1. a

With Theorem 4.1 at our disposal, we can now define the Gramian-Cramér representation
and the spectral operator measure of X.

Definition 4.3 (Gramian-Cramér representation and spectral operator measure). Under the
setting of Theorem 4.1, the regular c.a.g.o.s. measure X is called the (Gramian) Cramér
representation of X and its intensity operator measure is called the spectral operator measure
of X. It is a regular trace-class p.o.v.m. on (G, B(G), Ho).

By Lemma 4.2, we see that the auto-covariance operator function and the spectral operator
measure of X are related to each other through the identity (4.3). As already hinted in the
introduction, using the tools introduced in Section 3.3, we can more generally interpret the
Cramér representation of Theorem 4.1 as establishing a Gramian-isometric mapping onto the
modular time domain of X, starting from its modular spectral domain which we now introduce.

Definition 4.4 (Go-valued spectral time domain). Let Ho and Go be two separable Hilbert
spaces and X = (X)1cG be a centered weakly stationary process valued in Ho as in Defini-
tion 4.1. The Go-valued modular spectral domain of X is the normal Hilbert Ly,(Go)-module
defined by

HX9 .= LG, B(G), O(Ho, Go),vx) (4.4)

where vx is the spectral operator measure of X introduced in Definition 4.3.

We can now state that the modular time and spectral domain are Gramian-isometrically
isomorphic, whose proof can be found in Section 5.3.
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Theorem 4.3 (Kolmogorov isomorphism theorem). Under the setting of Theorem 4.1, for
any separable Hilbert space Go, the mapping I)g*(U : @ — [ ®dX is a Gramian-unitary operator

from ?-Alx’g“ to H9 and we have HX9% = HX’Q“. Thus, the Go-valued modular time
domain HX'9 and the Go-valued modular spectral domain H*'9 are Gramian-isometrically
isomorphic.

Remark 4.2. There are two natural classes of Gramian-unitary operators respectively on the
modular time and spectral domains, namely, for all h € G, the lag operator UiS : HX — HX
defined as the Gramian-unitary extension of X¢ v+ Xypn, t € G, and the multiplication by
MiE : HY = HX which maps ® to x — x(h)®(x). Then, for all h € G, U and M
represent the same mapping expressed either in the time domain or the spectral domain in the
sense that UiX oI;;“ = I;;O oMY . Indeed, applying these definitions with (4.2), we immediately
-1

get that UpX and I;;“ oMo (I;;“) are Gramian-isometric and coincide on {X; : t € G},
hence, by Proposition 2.3, coincide on H™X.

Relation (4.3) is at the core of the general Bochner theorem, which we now discuss. Recall
that the standard (univariate) Bochner theorem can be stated as follows (see [24, Theo-
rem 1.4.3] for existence and [24, Theorem 1.3.6] for uniqueness).

Theorem 4.4 (Bochner Theorem). Let (G,+) be an l.c.a. group and v : G — C. Then the
two following statements are equivalent:

(i) 7y is continuous and hermitian non-negative definite, that is, for alln € N, t1,--- ,t, € G
and a1, ,an € C,

Z aia_j’y(ti — tj) Z 0.
i,j=1

(ii) There exists a regqular finite non-negative measure v on (G,B(G)) such that
1) = [ x(byvi@), heG. (4.5

Moreover, if Assertion (ii) holds, v is the unique regular non-negative measure satisfying (4.5).

There are various other ways to extend Condition (i) of Theorem 4.4 when replacing C by
a Hilbert space Ho.

Definition 4.5. Let Ho be a Hilbert space and (G,+) an l.c.a. group. A function T': G —
Ly(Ho) is said to be

1. a proper auto-covariance operator function if Ho is separable and there exists a Ho-
valued weakly stationary process with autocovariance operator function I';

2. positive definite if for alln € N*, t1,--+ ,t, € G and P1,--- ,P,, € Li(Ho),
> Pil(ti — )P} = 0
ij=1

3. of positive-type if for alln € N*, t1,--- ,t, € G and x1,--- ,xn € Ho,

n

D> D(t = ty)my,mi)py, >0

i,j=1
4. hermitian non-negative definite if for alln € N*, t1,--- ,t, € G and a1,--- ,a, € C,
Z aia_jl“(ti — tj) = 0.
i,j=1

Equivalently, T' is hermitian non-negative definite if and only if for all x € Ho, t +—
(L(t)x, )4, is hermitian non-negative definite.
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It is straightforward to show that the definitions in Definition 4.5 are given in an increasing
order of generality in the sense that 1 = 2 = 3 = 4. In the univariate case, for a continuous
v : G — C all these definitions are trivially equivalent to Assertion (i) in Theorem 4.4.
A natural question for a general Hilbert space Ho is which definition should be used to
extend the Bochner theorem. A first answer is the following corollary which is obtained as a
consequence of Theorem 4.1, and the construction of Ho-valued Gaussian c.a.g.o0.s. measures
of Theorem 3.1.

Corollary 4.5. Let (G,+) be an l.c.a. group, Ho a separable Hilbert space and T' : G —
Ly(Ho). Then the following assertions are equivalent.

(i) The function T is a proper auto-covariance operator function.
(ii) There exists a regular trace-class p.o.v.m. v on (G, B(G), Ho) such that (4.8) holds.

Proof. The implication (i)=-(ii) follows from Theorem 4.1. Now suppose that (ii) holds.
Let W be the Gaussian c.a.g.0.s. measure with intensity operator measure v obtained in
Theorem 3.1. Then Assertion (i) follows from Lemma 4.2. |

This result extends Bochner’s theorem from the point of view of Ho-valued weakly-
stationary processes so that I in Corollary 4.5(i) is valued in S1(Ho) and for all P € £,(Ho),
h — Tr(PT'(h)) is continuous. It turns our that other extensions can be obtained using a
purely operator theory point of view with the more general positiveness conditions of Def-
inition 4.5. In the following theorem, 7 is not necessarily separable, I' is not necessarily
S1(H)-valued (and therefore the resulting p.o.v.m. may not be trace-class) and its continuity
condition can be relaxed to continuity for the w.o.t. This result is essentially the Naimark’s
moment theorem of [4]. We refer to it as the general Bochner theorem (or general Herglotz
theorem for G = Z).

Theorem 4.6 (General Bochner Theorem). Let (G,+) be an l.c.a. group, H a Hilbert space
and T : G — Ly(H). Then the following assertions are equivalent.

(i) T is continuous in w.o.t. and positive definite.

(#) T is continuous in w.o.t. and of positive-type.

(i5i) T is continuous in w.o.t. and hermitian non-negative definite.

(iv) There exists a regular p.o.v.m. v on (G,B(G),H) such that (4.3) holds.
Moreover, if Assertion (iv) holds, v is the unique regular p.o.v.m. satisfying (4.3).

It is important to note that there is a subtle difference between Assertion (ii) of Corol-

lary 4.5 and Assertion (iv) of Theorem 4.6, namely, the latter assertion is weaker since v is
not supposed to be trace-class. In particular, we must rely on Definition 2.5 for defining the

integral in (4.3) and cannot rely on the Radon-Nikodym derivative as in Theorem 2.2 (d) if
v is not trace-class.

Proof of Theorem 4.6. The equivalence between (i) and (ii) is straightforward: to show that
(1)=(ii), take an arbitrary z € Ho with unit norm and set P; = xa! for i = 1,...,n. To
show that (ii)=(i), take, for any = € Ho, z; = Pz for i = 1,..., n. The equivalence between
(ii), (iil) and (iv) is given by [4, Theorem 3]. Recall Definition 2.4 of a regular p.o.v.m.. It
follows that the lastly stated fact that v is uniquely determined by (4.3) is a consequence of
the uniqueness stated in the univariate Bochner theorem (recalled in Theorem 4.4) applied
to Vg :A+—>xH1/(A)x for all z € Ho. O

An immediate consequence of Corollary 4.5 and Theorem 4.6 is the following result.

Corollary 4.7. Let (G,+) be an l.c.a. group, Ho a separable Hilbert space and T' : G —
Ly(Ho). Then the following assertions are equivalent.

(i) The function T is a proper auto-covariance operator function.
(i) Any of the Assertions (i)—(iii) in Theorem 4.6 holds and I'(0) € S1(Ho).

Proof. By definition of the auto-covariance operator function of a weakly stationary process,
it is straightforward to see that Assertion (i) implies Assertion (ii). Now, suppose that Asser-
tion (ii) holds. By Corollary 4.5, we only need to prove Assertion (ii) of Corollary 4.5, which
is what we almost get in Assertion (iv) of Theorem 4.6, except that we have to prove that,
additionally, v is trace-class. Applying (4.3) with h = 0, we get that V(G) = I'(0), which
is assumed to be in S1(Ho) in the present Assertion (ii). Thus by Lemma 2.1, v is indeed
trace-class and the proof is concluded. O

20



Remark 4.3. Let us briefly comment on the equivalence established in Corollary 4.7.

1) In Condition (iv) of Definition 4.1, we required a condition on I" which is stronger than
continuity in w.o.t. However in Assertion (i) of Corollary 4.7, the continuity of ' is
only needed in the w.o.t. This means that we can replace the continuity Condition (iv) in
Definition 4.1 by continuity in w.o.t. as in Remark 4.1 (iv’) without changing the overall
definition of a weakly stationary process.

2) The previous remark is related to a fact established in Proposition 3 of [12, Section 4.2],
which states the equivalence between being scalar stationary and being operator sta-
tionary. The latter definition is the same as our Definition 4.1, and the former one
amounts to replace Condition (i) in Definition 4.1 by assuming that for all © € Ho,
2"z © h — 2"T(h)z is continuous and hermitian non-negative definite. But this
amounts to says that T' itself is continuous in the w.o.t. and hermitian non-negative
definite. Since I'(0) € S1(Ho) is a consequence of Assertion (i) in Definition 4.1, Corol-
lary 4.7 indeed implies the equivalence established in Proposition 3 of [12, Section 4.2].

4.2 Composition and inversion of filters

With the construction of the spectral theory for weakly-stationary processes of Section 4.1,
the study of linear filters for such processes is easily derived. Indeed, we are now able to give
the most general definition of linear filtering, characterize the spectral structure of the filtered
process and provide results on compositions and inversion of linear filters. Then, in the next
section, we will provide a general statement of harmonic principal component analysis for
weakly stationary processes valued in a separable Hilbert space.

Let Ho and Gp be two separable Hilbert spaces. Consider a linear lag-invariant filter with
input an Ho-valued weakly stationary stochastic process X = (X;):cG defined on (Q2, F,P)
and output a H*'9-valued process Y = (Y;):cG. Then, for all t € G, Y; = U Yy, which, by
Remark 4.2, reads, in the spectral domain,

m:/xu)@(x) Xy, teG,

where @ is called the transfer operator function of the filter. Therefore, the output ¥ =
(Y2):eG is well defined in #*X if and only if

X e S@(Q,]‘—7 P) or, equivalently, @ € HX 90 , (4.6)

where S (2, F,P) is as in Definition 3.5 and H*X9 denotes the modular spectral domain of
Definition 4.4. Then the output Y = (Y1)te@ is equivalently defined by its spectral random
c.a.g.0.s. measure Y = Fg(X). For convenience we write, in the time domain,

X €86(Q,F,P) and Y = Fp(X), (4.7)

for the assertions X € So(Q, F,P) and Y = Fp(X).
Many examples in the literature rely on a time-domain description of the filtering obtained
as in the following example.

Example 4.1 (Convolutional filtering). Let Ho and Go be two separable Hilbert spaces. Let
X = (Xt)teG be an Ho-valued weakly stationary stochastic process defined on (2, F,P). Letn
be the Haar measure on G (see [24, Chapter 1]) and ® € L*(G,B(G),Ly(Ho,Go),n). Define
the process Y = (Y;)1cG by the time domain convolutional filtering

Y, = /cb(s) Xioun(ds), teG.
where the integral is a Bochner integral on L*(G,B(G),M(Q, F,Go,P),n). Then, using

Proposition 3.7 and defining G = Ly(Ho,Go) by the following Bochner integral on
Ll(G7B(G)7‘C’b(H07g0)7T/);

d(x) =/¢(8)mn(d8)7

it is straightforward to show that ® € L2(G,B(G), O(Ho,Go),vx) and Y = Fy(X).
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We have the following result on the composition and inversion of general filters, which

relies on the Gramian-isometric relationships of Definition 2.11. Its proof can be found in
Section 5.4.
Proposition 4.8 (Composition and inversion of filters on weakly stationary time series).
Let Ho and Go be two separable Hilbert spaces and pick a transfer operator function ® €
Fo (G,B(G),HO,QO). Let X be a centered weakly stationary Ho-valued process defined on
(Q, F,P) with spectral operator measure vx. Suppose that X € Sa(Q, F,P) and set Y =
Fs(X), as defined in (4.7). Then the three following assertions hold.

(i) For any separable Hilbert space To, we have HYF0 S HXTo,

(@) For any separable Hilbert space Zo and all ¥V € Fo (G,B(G),QO,IO), we have X €
Swa(Q, F,P) if and only if Fe(X) € Su(Q, F,P), and in this case, we have

(iit) Suppose that ® is injective ||vx||,-a.e. Then X = Fg—1 o Fo(X), where we define
d(N) = (@(}\)‘D(@(A))—»Im(d)(k)))71 with domain Im(®(X)) for all X € {® is injective}
and ®~(\) = 0 otherwise. Moreover, Assertion (i) above holds with S replaced by = .

4.3 Cramér-Karhunen-Loéve decomposition

Let Ho be a separable Hilbert space with (possibly infinite) dimension N and X = (X;):cG
be a centered, Ho-valued weakly-stationary process defined on a probability space (92, F,P)
with Cramér representation X and spectral operator measure vy.
The Cramér-Karhunen-Loeéve decomposition amounts to give a rigorous meaning to the
formula . R
X(d) = > ¢n(0)®@én(x) X(dx), (4.9)

0<n<N

where, for all x € G, (¢n(x))o<n<n is an orthonormal sequence in Ho chosen in such a way
that the summands in (4.9) are uncorrelated and the notation ® is recalled in Section 2. Such
a decomposition provides a way to derive the harmonic principal component analysis of the
process X, which is an approximation of X by a finite rank linear filtering. In recent works, the
functional Cramér-Karhunen-Loéve decomposition is achieved under additional assumptions
on vx such as having a continuous density with respect to the Lebesgue measure (in [26])
or at most finitely many atoms (in [30]). In fact, thanks to the Radon-Nikodym property
of trace-class p.o.v.m.’s of Theorem 2.2, there is no need for such additional assumptions.
Instead, we rely on the following lemma, whose proof can be found in Section 5.5.

Lemma 4.9 (Eigendecomposition of a trace-class p.o.v.m.). Let Ho be a separable Hilbert
space with dimension N € {1,...,+0o0}. Let v be a trace-class p.o.v.m. on (A, A, Ho) and u
a o-finite dominating measure of v, e.g. its variation norm ||v||,. Then there ezist sequences
(on)o<nen and (¢n)o<n<n of (A, A) = (R4, B(Ry)) and (A, A) = (Ho, B(Ho)) measurable
functions, respectively, such that the following assertions hold.

(i) For all X € A, (on(A))o<n<n 1S non-increasing and Z on(A) < 0.
0<n<N

(i1) For all X\ € A, (¢n(N))o<n<n is orthonormal.
(i4i) The trace-class p.o.v.m. v admits the density

Fixm D7 onN)én(N) @ du(N)

0<n<N

with respect to p, where the convergence holds absolutely in Si for each X € A.

Moreover, using the notations ¢F : X = ¢n (N7 and ¢n @ ¢n : XA = ¢n(N) @ dn (), we have
the following properties.

(iv) The sequence (¢ )o<n<n is orthogonal in L*(A, A, O(Ho,C),v).
(v) The sequence (¢n ® Pn)o<n<n is Gramian-orthogonal in L*(A, A, O(Ho), V).
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(vi) The Ly(Ho)-valued mapping > o, . ¢n ® ¢n is equal to the mapping A — Idz, in
L%(A, A, O(Ho),v).
We have the following remark about Assertion (vi).
Remark 4.4. By Assertions (i)-(iii), for all X € A, 37, o N &n(X) @ Pn () is the orthogonal
projection onto the closure of the range of f(\). Thus, Assertion (vi) says that this projection
is equal to Idsy, in L*(A, A,O(Ho),v). It is not equivalent to saying that 3, _n &n @ ¢n =
Idy, ||v|l,-a.e. since it may happen that the range of f(X) is dense in Ho for none of the X’s,
in which case we have Assertion (vi) at the same time as {3 o<, . n &n ® ¢n = Ids,} = 0.

Applying Lemma 4.9 to the trace-class p.o.v.m. vx, we deduce that

X = F(ZUSn<N ¢n®¢n)(X) = Z F¢n®¢n(f() ) (4'10)

0<n<N

where (Fy, 04, (X))o<n<n are uncorrelated random c.a.g.o.s.’s on (G, B(G),Ho). In other
words, (4.9) holds both with X in the sum sign or out of it in the right-hand side.

Note that for all n € N, Fj o4 (X) = Fj, o Fﬁ (X) and that by (iv) of Lemma 4.9,
(Ftbt{ (X))o<n<n is a sequence of uncorrelated C-valued c.a.o.s. measures. Hence, interpret-
ing (4.10) in the time domain, we get a decomposition of the process X = (X¢)+e( based on
a collection of the uncorrelated univariate processes (Fyn (X))o<n<n.

The following general formulation of a harmonic principal components analysis for Ho-
valued weakly-stationary processes then follows.

Proposition 4.10 (Harmonic functional principal components analysis). Let Ho be a sep-
arable Hilbert space and X = (Xt):eG be a centered, Ho-valued weakly-stationary process
defined on a probability space (2, F,P) with spectral operator measure vx. Let (0n)o<n<n
and (¢n)o<n<n be given as in Lemma 4.9 for some dominating measure pv of vx, for instance
p=lvx|,- Let ¢: G — N* be a measurable function. Then for allt € G,

min {IE [HXt — [Fo(X)],|| ] 0 € L*(G,B(G),0(Ho), vx), rank(©) < q}

is equal to
/G > eal)uldx),
a(X)AN<n<N

and the minimum is achieved for

O:x— > $u()®n(x)-
0<n<g(x)AN
Proof. Let
X0 =D on(x)n(x) @ én(x)

0<n<N

denotes the density of vx with respect to u as given by Lemma 4.9. We have, for all t € G
and © € L2(G,B(G), O(Ho), vx),

Fo(X), = [ x(1)0(00 X(dv),
and thus by isometric isomorphism between the spectral domain and the time domain,

dy) .
82 0o) p(dx)

B[1X; - (Fo(OLI?] = [ [|1dw, ~ 060117200

The result is then obtained by observing that, for each x € G, the norm in the integral is
minimal under the constraint rank(©(x)) < ¢(x) for ©(x) = >, <y an Pn(X)@dn(x). O
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4.4 Comparison with recent approaches

We can now provide a more thorough comparison with the recent works establishing a spectral
theory for functional time series mentioned in the introduction. Hence we take G = Z in this
section, so that x € G can be replaced by A € T = R/(2xZ) (or (—m, n]) with x(h) replaced by
e The functional case usually corresponds to setting Ho = L? (0, 1) but this is unimportant
for the following discussion.

As hinted in the introduction, the major benefit of the construction developed in the
previous sections is to clarify the spectral domain of a functional weakly-stationary process
X as being defined as a set of operator-valued functions, namely L2(G, B(G), O(Ho, Go), vx ).
Moreover, the Gramian-Cramér representation, as stated in Theorem 4.1, is a particular
instance of the Gramian-unitary operator between the spectral domain and the time domain,
based on the integral of Definition 3.4. In contrast, in [30] the isometric isomorphism stated
in their Theorem 4.4 is similar to the one expressed in [11] and recalled in the introduction as
the isometric extension of (1.2) to Hx = %(Xt , t € Z). Moreover, in recent approaches,
X in (1.2) is defined as a functional orthogonal increment process and the integral is referred
to as a Riemann—Stieltjes integral with respect to X. This notion, used for the Cramér
representations exhibited in [19, 20, 26, 29, 30], and which follows the construction of [23] for
univariate weakly stationary time series, is based on the following definition.

Definition 4.6 (Functional orthogonal increment processes). Let Ho be a separable Hilbert
space. A random process (Zx)ae|—rx valued in Ho is said to be a functional orthogonal
increment process if the three following assertions hold.

(i) We have Z_. = 0 a.s. and, for all X € (—m, 7], Zx € M(Q, F,Ho,P) (as defined in
Ezample 2.2).

(@) For all A1, A2, A3, \a € [—m, 7|, with A2 > A1 and A\a > A3, we have

()\17)\2] M ()\3,)\4] =0 = Cov (Z)\4 — Z)\3,Z>\2 — Z)Q) =0.

(iti) For all X € [, 7], limE [||ZA+€ - ZAH;O] —0.

Of course, Definition 4.6 can be related to random c.a.g.o.s. measures as in Definition 3.2
with A = (—m, 7] and A = B((—m,7]). Indeed, it is straightforward to show that, if W is an
Ho-valued random c.a.g.o.s. measure on ((—m, ], B((—m,7]), 2, F,P), then setting

Z_»=0 and Zx=W((-m,\), X (—m,n], (4.11)

we get a Gramian-orthogonal increment process. Now, conversely, if (Zx)ic[—n,~ is a
Gramian-orthogonal increment process, then there exists a unique Ho-valued random c.a.g.o.s.
W on ((—=m,n|, B((—7,n]), 2, F,P) such that (4.11) holds. This will be done in Proposition 5.3.
We conclude this discussion by comparing Theorem 4.6 to the functional Herglotz the-
orem [30, Theorem 3.7]. In the following discussion, (i)—(iv) all refer to the assertions in
Theorem 4.6. First note that p.o.v.m.’s are equivalent to the notion of operator-valued mea-
sures defined in [30] up to an isomorphism between monoids. Hence Theorem 3.7 in [30] is
equivalent to stating the equivalence between Assertions (ii) and (iv). However the proof of
Theorem 3.7 in [30] is different from the proof of the equivalence (ii)<>(iv) proposed in [4]. A
closer look at the literature in operator theory shows that the implication (iii) = (iv) appear
commonly as an ingredient of the proof of Stone’s theorem, see e.g. [2, 25], [10, §VI and VII].
Since (ii) obviously implies (iii), this indicates that the implication (ii) = (iv) is a classical
result. In contrast, it seems that little attention has been given to the converse implication
(iv)=-(ii). The proof of this implication is included in the proof of [4, Theorem 2]|. Berberian
claims there that “/He does] not know how to prove [it] without using dilation theory”. The
proof of the same implication given in [30] relies on the computation of [ (v(dx)z(x),z(x))
where v is an operator-valued measure in the sense of their Definition 3.5, see [30, Lines 3
and 4, Page 3695]. However the rigorous definition of such an integral is unclear to us in their
context. For sake of completeness, we provide a simple proof of (iv)=-(ii) in Section 5.3.

5 Postponed proofs
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5.1 Proofs of Section 2

We start with two useful lemmas, in which (A,.A) is a measurable space, Ho,Go are two
separable Hilbert spaces and p is a non-negative measure on (A, .A).

Lemma 5.1. Let £ = K(Ho,Go) or Sp(Ho,Go) where p € {1,2} and. Then a function
®: A — &€ is measurable if and only if it is simply measurable.

Proof. By (2.1), we only need to show that, if ® is simply measurable then it is measurable.
The space £ is separable because the set of finite rank operators is dense in € for the norm |||
if & =K(Ho,G0) and |[-[|,, if € = Sp(Ho,Go). By Pettis’s measurability theorem, this implies
that it is enough to show that for all f € £, f o ® is a measurable complex-valued function.
By [7, Theorems 19.1, 18.14, 19.2] we get that K(Ho,Go)*, Si1(Ho,Go)* and S2(Ho, Go)*
are respectively isometrically isomorphic to S1(Ho, Go), Ls(Ho,Go) and S2(Ho, Go) and the
duality relation can be defined on £ x £ as (P, Q) — Tr(Q"P). This means that we only
have to show measurability of the complex-valued functions A — Tr(PY®(\)) for all P €
E*. Let (¢r)ren, (Yr)ren be Hilbert basis of Ho and Go respectively, then Tr(P"®()\)) =
> ken (2(A)dk, PY) g, which defines a measurable function of A by simple measurability of
. O

Lemma 5.2. Let ® € LY(A, A, S (Ho), ) and define the function ®/% : X\ s ®(\)Y/2. Then
@1/2 S LQ(A7 .A, 52(7'[0)7 /J,).

Proof. Simple measurability of ®/2 s given by Lemma 2 in [12, Section 3.4] and therefore, by
Lemma 5.1, ®/2 € F(A, A, Sa(Ho)). The fact that ®/2 € L?(A, A, Sa(Ho), 1) then follows

2
from the identity H<I>1/2()\)’ 5 = H‘I)()\)Hl -

We now provide the proofs of Lemma 2.1 and Theorem 2.2.

Proof of Lemma 2.1. The first point comes from the fact that for all A € A, v(A) < v(A).
Now, if v is trace-class, then (2.2) is easily verified for the norm ||-||, using the fact that ||-||, =
Tr(-) for positive operators. Finally, by definition of ||v||,, regularity of ||v||, is equivalent to
regularity of v as an Sy (Ho)-valued measure which clearly implies regularity of v, = z"v(.)z
for all x € Ho. Suppose now that for all z € Ho, v, is regular, then let (ex)ren be a Hilbert
basis of Ho, and define for all n € N, the non-negative measure pu, = ZZ:O Ve, such that
for all A € A, ||[v|;(A) = limn—s 1o tn(A) = sup, ey pn(A4). Then, by Vitali-Hahn-Sakh-
Nikodym’s theorem (see [5]), the sequence (fin)nen is uniformly countably additive which
implies regularity of ||v||, by Lemma 23 in [8, Chapter VI, Section 2]. |

Proof of Theorem 2.2. The general case where p is o-finite follows from the finite case.
We therefore assume that p is finite in the following. Suppose that ||v||, < p. Then, since
Ho is separable, S1(Ho) is the dual of the separable space K(Ho). It is thus a separable dual
space and Theorem 1 in [8, Chapter III, Section 3] gives the existence and uniqueness of a
density g € L' (A, A, S1(Ho), 1) satisfying (2.3). Then for all z € Ho and A € A,

[ (6022, 1(@) = (A3}, 0.
and there exists a set A, € A with u(A7) = 0 and (g(A\)z,x),, > 0 for all A € A,. Taking
(Zn)nen a dense countable subset of Ho we get that g € S (Ho) on A = (), oy Az, thus

proving Assertion (a). Assertion (b) then follows from Lemma 5.2. Moreover, taking the
trace in (2.3) gives for all A € A,

Il (4) = /A lgll, dy

which gives Assertion (c). Assertion (d) is easy to get by extending the case f = 14 for A € A
to simple functions and then using the density of simple functions. O
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5.2 Proofs of Section 3

It is in fact better to start with the following proof because Theorem 3.2 basically follows
from Proposition 3.4.

Proof of Proposition 3.4. Let f = deT””l as in Theorem 2.2. Using that ||v]|,({g = 0}) =

f{g:O} llgll, d = 0 and g = f||g||, p-a.e. by uniqueness of the density, we get that

llgll, >0 [v|,-a.e. and g = fllgll, p-ae. (5.1)

(and thus also ||v||,-a.e. since ||v||; < u). Assertion (a) follows easily. Let us for instance
detail the proof of the equivalence between (i’) and (i) of Definition 3.3. The left-hand side
of (5.1) gives that

Il ({7 ¢ D@)}) = Iolly ({7 ¢ D@} g #0}) . (52)
and its right-hand side yields
n ({7 ¢ D@} {g #0}) = ({Im@*) ¢ D@} n{g #0})  (5.3)
i ({m(g*) ¢ D@)}) .

since {Im(gl/Q) o D(@)} N{g =0} =0. To get (") < (i), we note that

Iy ({m(s%) ¢ D@} (g 2 0}) = | lglly du

{1m(£1/2)z D(®) }n{g0}
and thus the right-hand side of (5.2) is zero if and only if the left-hand side of (5.3) is.
Equivalences (ii) < (ii’) and (iii) < (iii’) and Relation (3.5) are easy consequences of (5.1).
Assertions (b) and (c) come easily using the definition of Z?(A, A, O(Ho, Go),v). Measura-
bility of ®¢g'/? and (®¢'/?)(®¢'/?) are ensured by O-measurability of ®, simple measurability
of f and Lemma 5.1. O

We can now derive Theorem 3.2.

Proof of Theorem 3.2. All theses results are easily derived from Proposition 3.4 and the
module nature of L*(A, A, Sa(Ho, Go), ). The only difficulty lies in showing the completeness
of L2(A, A, O(Ho, Go), v), which is detailed in the proof of Theorem 11 of [12, Section 3.4]. O

Proof of Theorem 3.3. In the first two steps of the proof of Theorem 12 in [12, Section 3.4]
(see also [16, Theorem 4.22]), it is shown that, if & € L2(A, A, O(Ho, Go), ) and € > 0, there
exists ¥ € L*(A, A, Ly(Ho, Go), |v]|,) C L*(A, A, O(Ho,Go),v) such that ||® — ¥||, < e. This
implies that L? (A, A, Ly(Ho, Go), ||v]|,) is dense in LQ(A7 A, O(Ho,Go),v). Then Assertion (i)
follows using (2.5) and the usual density of simple functions. Assertion (ii) then follows by
approximating, for any A € A and P € £,(Ho, Go) the function 14P by gP with g € Span (F)
arbitrarily close to 14 in L*(A, A, l]l,)- O

Proof of Theorem 3.5. We set H = M(Q, F,Ho,P) and G = M(Q,F,Go,P). For all
A,B € Aand P,Q € Ly(Ho,Go), we have, by Theorem 3.2,

[14P,15Q] ,,, = Prw (AN B)Q"
=P Cov (W(A),W(B)) Q"
= Cov (PW(A), QW (B))
— [PW(A),QW(B)]g .

Then Proposition 2.3, applied to J = Ax Ly(Ho, Go) with v(4 py = 14P and w4 py = PW(A),
gives that there exists a unique Gramian-isometric operator

2 v
Ig‘}’ : SpanL (A A,0(Ho,Go),vw) (

14QP : Ae AP € Ly(Ho,G0),Q € Lb(Go)) — G (5.4)
such that for all A € A, P € Ly(Ho,Go), 1§, (14P) = PW(A) and, in addition,

Im(799) = Span® (QPW(A) : A€ AP € Ly(Ho,G0),Q € Lb(G0)) - (5.5)
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Now, note that
»Cb(HO7g0) = {QP : Pe Lb(Ho7go)7Q S Lb(go)} . (56)
This gives that

Span(lAQP : AG.A,P 651;(7‘[0790)7@ Gﬁb(go)) :Span(lAP A G.A,P Gﬁb('Ho,go)) .
Therefore, by Theorem 3.3, the domain of Ivg‘}) in (5.4) is the whole space
L%(A, A, O(Ho, Go), vw). Finally, (5.6) with (5.5) yields

Im(199) = Span” (PW(A) : A€ AP € Ly(Ho,Go)) = H"9

which concludes the proof. O

We conclude this section with a useful result for comparing random c.a.g.o.s. measures as
introduced in Section 3.1 and Gramian-orthogonal increment processes as in Definition 4.6.

Proposition 5.3. Let (Zx)xg[—n,n] be a Gramian-orthogonal increment process as
in  Definition 4.6. Then there exists a unique Ho-valued random c.a.g.o.s. W on
((=m,x], B((—m, 7)), Q, F,P) such that (4.11) holds.

Proof. By (ii) in Definition 4.6, we have that, for all s < ¢ in [—7, 7],
E (12— Zxl,] =E[I1Z = 23] + B [12 - 21, ] -
Thus, with (iii), we have that the function F': [—m, 7] — R4 defined by
2
F(\) =E [[12 = Z-l%,]

is non-decreasing and right-continuous, and it follows that there exists a finite non-negative
measure v on ((—m,n], B((—m,x])) such that, for all s < ¢ in [—7, 7],

E 112 - Zull3, | = v((s.1)

Another straightforward consequence of (ii) in Definition 4.6 is that, for all s < ¢ and s" < ¢’
in (—m, 7], we have

E[<Zt_ZS7Zt’_Zs/>’HU:|:{O H tAt SVSHHU ltfl 8 )
otherwise.

Thus we can consider the mapping 1, +— Z(t) — Z(s) defined for all s < t in (—m,7]
as a G := L*((—m, 7], B((—m,7]),v) — H = M(Q,F,Ho,P) mapping, and, interpreting
the right-hand side of the previous display as <1(s,t], 1(3%/]) g We see that this mapping is
isometric. Let us denote by I the unique isometric extension of this mapping on the linear
closure of {1(s,t] D s <tée(—m, 7r]} in G, which happens to be G itself. We then set, for all
A € B((=m,7]),

W(A)=1(14),

and we immediately obtain that W is an %Ho-valued random c.a.0.s. measure on
((=m,m], B((—m,n]), Q, F,P) as in Definition 3.1 and its intensity measure is v. By uniqueness
of the isometric extension, it only remains to show that W is moreover a c.a.g.0.s. measure,
that is, for all A, B € B((—m, «]) such that AN B = (), we have

[W(A), W (B)],, = Cov (W(A),W(B)) = 0.

This is implied by showing that, for all z € Ho such that ||z, =1, for all A, B € B((—,])
such that AN B = ), we have

#"Cov (W(A),W(B)) z = Cov ((W(A)wm 7 <W(B)7a;>%0) —0. (5.7)

Now take = € Ho such that [|z,,, =1 and define F% : [-7,7] — Ry by

1

) =B [[(2 - 2,2y,

27



As previously with F, (ii) and (ili) in Definition 4.6 imply that F, is non-decreasing
and right-continuous and it follows that there exists a finite non-negative measure v, on
((=m, x|, B((—m,x])) such that, for all s <t in [—m, 7],

E U(Zt - Zs7x>H0‘2} = v, ((s,t]) .

Again, we can extend the mapping 1(s — (Z¢ — Zs,x),, defined for all s < ¢ in (—m,n]
as a Gp = L*((—m, 7], B((—m,7]),vs) — M(Q,F,C,P) isometric mapping, which we de-
note by I, in the following. We further denote by W, the c.a.o.s. measure defined by
We(A) = I,(14) for all A € B((—m,n]). This is a C-valued random c.a.o.s. measure on
((—m, 7], B((—=, «]), Q, F,P) with intensity measure v,. Hence to obtain (5.7) and conclude
the proof, we only need to show that for all A € B((—m,n]), we have

W (A) = (W(A), )y, (5-8)

9

We already know that this is true for A € C = {(—7,A] : X € (—m, 7]} by definitions of Wy,
W, I, and I. The class C is a m-system of Borel sets and satisfies o(C) = B((—m,7]). We
conclude with the m-A-theorem by observing that the class A of sets A € B((—m,n]), such
that (5.8) holds is a A-system. Indeed if A € A, then A° = (—m, x|\ A satisfies W, (A°) =
Wa((=m,7]) — Wa(A) and W(A®) = W((—m,7]) — W(A), so that A, (—m, 7] € A implies
A° € A. Similarly, if (An)nen € AY with A, N A, = 0 for n # p then U, A, € A because
the c.a.o.s. measures W, and W are o-additive in M(Q, F,C,P) and in M(Q,F, Ho,P),
respectively, see Remark 3.1. |

5.3 Proofs of Section 4.1

Let us start with the proof of the Gramian-Cramér representation theorem, as a consequence
of the Stone theorem. The usual Stone theorem (see e.g. [6, Chapter IX]) says that any
continuous isomorphism h + Uy, from an l.c.a. group G to the set of unitary operators from
a Hilbert space H onto itself can be represented as an integral of this mapping, that is,

Uy = / x(h) €(dx) |

where £ is a p.o.v.m. defined on the dual set of characters G endowed with its Borel o-field
and valued in the set of orthogonal projections on H. This classical theorem has a counterpart
in the case where H is an L,(Ho)-normal Hilbert module and each U, is not only unitary
but also Gramian-unitary, in which case £ is valued in the set of orthogonal projections on ‘H
whose ranges are closed submodules. See [12, Section 2.5] for details. It turns out that such
p.-o.v.m.’s are related to c.a.g.o.s. measure by the following lemma.

Lemma 5.4. Let Ho be a separable Hilbert space, H an Ly(Ho)-normal Hilbert module and
(A, A) a measurable space. Let € be a p.o.v.m. on (A, A, H) valued in the set of orthogonal
projections on H whose ranges are closed submodules. Then for all xo € H, the mapping
Exo: A E(A)zo s a c.a.g.0.s. measure on (A, A, H) which is regular if & is regular.

Proof. Using the fact that £ is a p.o.v.m. on (A, A, H) and [3, Proposition 1], it is straight-
forward to see that £xo is an H-valued measure. Moreover, since & is valued in the set of
orthogonal projection on H whose ranges are closed submodules, we get that for all disjoint

A, B e B(G)

[§(A)zo, E(B)woly, = [§(B)§(A)zo, moly, = [E(B N A)zo, o)y =0,

where the first equality is justified in [12, P. 23] and the second one by [3, Theorem 3]. This
proves that &xo is a c.a.g.o.s. measure on (A, A, #H). In the following, we denote by v its
intensity operator measure. Then, for all A € A, we have

(A, = Tr[g(A)zo, E(A)zoly, = (§(A)x0,20)y,

where the last equality comes from the fact that £(A) is an orthogonal projection on H. Now,
if £ is regular, then the measure A — (£(A)zo,xo) is regular and so is ||v||; by the previous
display. This implies that £x¢ is regular and the proof is concluded. O
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Proof of Theorem 4.1. Suppose that X is weakly stationary as in Definition 4.1. Then the
collection of lag operators (U,f( )reG of Remark 4.2 satisfies the assumptions of the generalized
Stone’s theorem stated as Proposition 4 in [12, Section 2.5]. This gives that there exists a
regular p.o.v.m. £X on (G, B(G), H™) valued in the set of orthogonal projections whose ranges
are closed submodules of ¥ such that, for all h € G,

U =[x €@, (59)
where the integral is as in Definition 2.5. Then, by Lemma 5.4, the mapping
. B(G) — HF
X 1
A = X (A)Xo (5.10)

is a regular c.a.g.o.s. measure on (G, B(G), HX) and we denote by vx its intensity operator
measure. Since H~ is a submodule of M(Q, F, Ho, P), X is also a regular Ho-valued random
c.a.g.0.s. measure on (Q, F, P), see Definition 3.2. Relation (4.2) then follows by applying (5.9)
and the fact that, for all t € G, U Xo = X; and, for all ¢ : A — C measurable and bounded,

/¢df( = (/¢d£x) Xo , (5.11)

where the integral in the left-hand side is defined as in Definition 3.4 (see also Remark 3.3)
and the integral in the right-hand side as in Definition 2.5, for the p.o.v.m. €. Relation (5.11)
obviously holds if ¢ = 14 with A € A and also for ¢ simple by linearity. Now, for a general
measurable and bounded ¢ : A — C, we can find a sequence (¢n)nen of simple functions
such that |¢p,| < |¢| for all n € N and ¢n(A) — ¢(\) as n — oo for all A € A. Then, by
dominated convergence, ¢, converges to qﬁ in L*(A, A, ||V, ) and therefore ¢,Id converges

to ¢Id in L*(A, A, O(Ho),v). Thus J én dX — fqﬁdX in HX by the isometric property of
the integral of Definition 3.4. To get (5.11), it now suffices to show that, for all Y € H¥,
((f pnde) XO,Y>HX = ([ ¢dg) XO,Y>HX. This follows from the polarization formula,
Definition 2.5 and dominated convergence.

To show uniqueness, suppose there exists another regular Ho-valued random c.a.g.o.s.
measure W on (G, B(G), Q, F, P) satisfying the same identity as (4.2) with X replaced by W.
Then, we get

/X(t) X(dy) = /X(t) W(dy) forall teG. (5.12)

Let 1 denote the Haar measure on G and denote by C.(G) the space of compactly supported
functions from G to C. Then, by [24, Theorem 1.2.4] and [24, Section E.8], the space

B- {é:w/qﬁ(wmn(dt) : ¢€L1(G7B(G)m)}

is dense in L*(G, B(G), HZ/WH1 + lvx|l,). We can thus find, for any A € B(G), (¢n)nen €
Co(G)Y such that, defining ¢, as above, ¢, — 1a both in L*(G,B(G),|vw]|,) and in
L* (G, B(G), lvx|l;). Then by Proposition 3.7, we have, for all n € N,

[ écowian= [ ([xco W(dx)) (1) n(dt)
= [ ([ xt=0 %@0) 6.0 a0 = [ b0 %

where we have used (5.12) in the second equality. Letting n — oo, we get W (A) = X(4),
thus proving the uniqueness of X. O

We can now prove the Kolmogorov isomorphism theorem.
Proof of Theorem 4.3. By Theorem 3.5 and (4.4), Ig{o is a Gramian-unitary operator from
HX90 to HX9% Thus to conclude, we only need to show that 7:[X’g° = HX 90, By (4.2),
we have for all P € £,(Ho,Go) and t € G, PX; = Ig”(Pet) € HX 9 where ¢ : x — x(t).

Thus, by (4.1), we get that 759 ¢ 7%:90 The definition of X in (5.10) gives the converse
inclusion, which achieves the proof. O
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We already provided a proof of Theorem 4.6, mainly based on [4]. We hereafter propose
an alternative and more elementary proof of one of the implications in Theorem 4.6.

Proof of (iv)=-(ii) in Theorem 4.6. Suppose that (iv) holds. The continuity of I' in w.o.t.
follows immediately by dominated convergence and we now prove that it is of positive type

as in Definition 4.5. Take some arbitrary n € N*| and x1, - ,x,, € Ho. Let us define the
C™*"-valued measure p on on (G, B(G)) by
<V(A)$17$1>HU (V(A)xn,m),_m
n(A) = : . :
(v(A)za, xn>7—[0 e (v(A)a, xn>7—[0

Then, by the Cauchy-Schwartz inequality, for all i,5 € [1,n], the C-valued measure p; ; :
A — [u(A)]i,; admits a density f;; with respect to the non-negative finite measure ||y, :
A= ||n(A)]l, = Tr(u(A)) and the matrix-valued function f : x — (fi;(X))1<i,i<n i ||p],-a-e.
hermitian, non-negative semi-definite since, for all a € C" and A € B(G),

[ 500a el (@) = a"u(A)a = <Zx> (Z x) >0

Then, for all ¢1,--- ,t, € G, we have
Z (T(ts = tj)wi, 2j) gy, = Z/ X(t) pas ()
i,j=1 i,j=1
=S / X0 £ 00l ()
1,j=1
— / (Z O (tj)fi,j(x)> lul, (dx)
ij=1
>0 [|ully-a.e.
>0.

The first line follows from (iv), the definition of p; ; above and the definition of the integral
as given by Definition 2.5. The second line follows from the definition of f; ; and the third
line from the above property of the matrix-valued function f. Hence we have shown (ii) and
the proof of the implication is concluded. O

5.4 Composition and inversion of filters of random c.a.g.o.s.
measures and proofs of Section 4.2

Having a clear description of the modular spectral domain at hand, the results of Section 4.2,
mainly Proposition 4.8, can be seen as a particular instance of the composition and inversion of
operator valued functions filtering a general random c.a.g.o.s. measure, which is the framework
of this section. Namely, consider the filtering (using Definition 3.5)

V = Fo(W)

for a random c.a.g.o.s. measure W and a transfer function ® € 7? (A, A, O(Ho, Go),vw). The
goal of this section is, given another separable Hilbert space Zy, to characterize the transfer
functions ¥ valued in O(Go,Zo) which can be used to filter the c.a.g.o.s. measure V. Taking
W to be the Cramér representation X of a weakly stationary process X, we will get the
already stated Proposition 4.8 on the composition of linear filters as a by-product.

According to Proposition 3.6, ¥ must be square-integrable with respect to vy = Pry B!
and this turns out to be equivalent to checking that W& is square integrable with respect to
v as stated in the following theorem. We recall that W& is the pointwise composition, that
is, UP : A — W(A\)o®P(\) and is defined whenever the image of ®(\) is included in the domain
of U(A).

We first need the following lemma, which will be used in the proof of Theorem 5.6.
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Lemma 5.5. Let Ho, Go, Zo be separable Hilbert spaces and P € O(Go,Zo), Q € K(Ho, Go).
The following assertions hold.
(i) Im(|Q"|) =
(ii) If Im(Q) C D(P ) then (PQ)(PQ)" = (P |Q")(P|Q")".
(iii) If Im(Q) C D(P), then PQ € S2(Ho,Zo) if and only if P |Q"| € S2(Go,Zo). In this case
IPQll, = [P Q"]
Proof. For convenience, we only consider the case where the spaces have infinite dimensions.

The singular values decomposition of Q yields for two orthonormal sequences (¢n)nen € Gl
and (d)n)nEN S H(I\;Iv

QZZ%A%@(% and ‘QH’ ZZand)n(@d)nA

neN neN

Proof of (i). We have Im(Q) = {3,y 0n@ntn : (@n)nen € £2(N)} = Im(|Q"]).
Proof of (ii). By the first point both compositions PQ and P ‘QH| make sense. Consider the
polar decomposition of Q" : QH = U ‘QH’, with U =37 .\ én ® ¢n. Then Q = ’QH‘ U" and

rre = (pla) ' (p[a'])" = (p|a") (Pla"])".

where we used that ‘QH’ UtU = ‘QH’
Proof of (iii). We have that PQ € Sa(Ho,Zo) if and only if (PQ)(PQ)" € Si(Zo), which is
equivalent to P ’QH‘ € 82(Go,Zo) by the previous point. O

‘We can now derive the main result of this section.

Theorem 5.6. Let (A, A) be a measurable space, Ho, Go, Zo separable Hilbert spaces and v a
trace-class p.o.v.m. on (A, A, Ho). Let ® € L*(A, A, O(Ho,Go),v) and ¥ € Fo (A, A, Go,To).
Define dvd" : A — [, @dv®™ = [14®,149] ,, which is a trace-class p.o.v.m. on (A, A, Go).
Then

v

U e L%(A, A 0G0, L), dvd) « vd e L2 (A, A, O(Ho, To),v) . (5.13)
Moreover, the following assertions hold.
(a) For all ¥,0 € L*(A, A, O(Go,To), drd),
(Td)v(00)" = v(ovo")e"
(b) The mapping ¥ +— VYO 4s a well defined Gramian-isometric operator from
L%(A, A, O(Go, To), drdY) to L2(A, A, O(Ho, To), v).
(c) Suppose moreover that ® is injective ||v||,-a.e., then we have that
e Z2%(A, A, 0(Go, Ho), drd™y |
where we define ®1()\) = (@()\)"D(é(/\))—ﬂm(é(/\)))71 with domain Im(®(N)) for all
X € {® is injective} and ®~H(N\) = 0 otherwise.
Proof. Let p1 be a dominating measure for ||v||, and g = g—Z, then, by definition of ®vd",

. LM Lo\ 1/2
also dominates H<I>V<I>HH1 and % = (®g/?)(®g'/*)". Hence, (%) = ’(¢91/2)H‘

and we get, by Proposition 3.4,

Im |(®g*?)| € D(¥) pac.
e 22N, A O(Ho, o), Pro") < ‘( Lo 2' ‘ 2( S
\I/‘(q)g/ ) \ € L2(A, A, 82(Go, To), 1)

Img'/? C D(TD) p-ae.
Tdg'/2 € L2(A, A, S2(Ho, To), 1)

S Vb e L%, A OHo, To),v) ,
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where the second equivalence comes from Lemma 5.5 and the fact that for all A\ €
A, D(T(A\)®(N)) is the preimage of D(¥(\)) by ®()\) which gives that Im(g'/?(\)) C
D(T(N)®(N)) if and only if Im(®(X)g'/2(N\)) € D(T(N)).

Let us now prove Assertion (a). For all ¥,0 € Z?(A, A, O(Go, To), Prd") and A € A,

<\I’<I>gl/2) (@@gl/Q)H du

= /A (‘I/ ‘(@glﬂ)HD (@ ‘(@gl/Q)HDH dp (by lemma 5.5)

= U(ovd")e"(A) .

(ve)v(©0)"(4) = [

A

Assertion (a) follows as well as Assertion (b) by taking A = A. Finally, to show Asser-
tion (c), suppose that ® is injective ||v[|;-a.e. then @ '® : X — Idy,lia(r) is injective} 1S in
ZL2(M, A, O(Ho),v) which gives that @~ € Z*(A, A, O(Go, Ho), Prd™) by Assertion (a). O

We deduce the following corollary on the composition and inversion for random c.a.g.o.s.
measures.

Corollary 5.7 (Composition and inversion of filters on random c.a.g.o.s. measures). Let
(A, A) be a measurable space, Ho, Go two separable Hilbert spaces, and ® € Fo (A, A, Ho, Go).
Let W € S3(Q, F,P) with intensity operator measure vw. Then three following assertions
hold.

(i) For any separable Hilbert space Lo, we have #Fe(W).To c HWTo,

(i) Ii'or any separable Hilbert space Zo gnd all U € Fo (A, A Go,To), we have W €
Swa(Q, F,P) if and only if Fo(W) € Sy (Q, F,P), and in this case, we have

Fy o Fs(W) = Fya(W). (5.14)

(iii) Suppose that ® is injective ||vw ||,-a.e. Then W = Fy-1 0 Fo(W), where @~ is defined
as in Assertion (c) of Theorem 5.6. Moreover, Assertion (i) above holds with < replaced

~

by .

Proof. Proof of Assertion (i). This follows from Assertion (b) of Theorem 5.6 and Theo-
rem 3.5.

Proof of Assertion (ii). If W € Sa (Q, F,P), then the equivalence between W &
Swa(Q, F,P) and Fa(W) € Sy (2, F,P) is just another formulation of the equivalence (5.13)
with v = vw. Suppose that it holds and set V := Fgp(W) so that vy = dvd" and (5.14)
means that, for all ¥ € £L*(A, A,O(Go,To),vv) and A € A, [, ¥dV = [, ¥&dW. Re-
placing ¥ by W1, it is sufficient to show this identity with A = A. Using that the inte-
gral with respect to a random c.a.g.o.s. measure is Gramian-isometric and Assertion (b) of
Theorem 5.6, the mappings ¥ — [WdV and ¥ — [W®dW are Gramian-isometric from
L%(A, A, O(Go, To), <I>VW<I>H) to M(Q, F,Zo,P). Hence by Theorem 3.3, they coincide on the
whole space if they coincide on all ¥ = 14P for A € A and P € £4(Go,Zo). To conclude the
proof of Assertion (ii), it is thus enough to prove that, for all A € A and P € £4(Go,Zo),

/Pde/P@dW.
A A

This identity follows from the definition of V' and the fact that on both sides the operator P
can be moved in front of the integrals. This latter fact directly follows from the definition of
the integral for the left-hand side and for the right-hand side when ® = 15 for some B € A,
which extends to all ® by observing that ® — [P®dW and ® + P [ ®dW are continuous
on |_2(A7 .A, O('Hm go), Vw)A

Proof of Assertion (iii). Continuing with the setting of the proof of the previous point,
we now suppose that ® is injective ||vw||,-a.e. Assertions (c) and (a) of Theorem 5.6 give

that @1 € Z2(A, A, O(Go, Ho),vv) (ice. V € Sp1(2,F,P)) and & vy (@~ H)" = iy
Hence, writing Relation (5.14) with ¥ = &1, we get Fip—1 (V) = Fy-14(W) = W. Moreover,
reversing the roles of W and V in assertion (i) gives the embedding H"W'%0 < #Fe().To

which, with Assertion (i), allow us to conclude that H""7o = HFe (W) To, O

We conclude this section with the proof of Proposition 4.8.
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Proof of Proposition 4.8. Using the Gramian-unitary operator between the modular time
domain and the modular spectral domain, this result is a direct application of Corollary 5.7
with A = G and A = B(G) and W = X. O

5.5 Proofs of Section 4.3

The goal of this section is to provide a proof of Lemma 4.9. Before that, let us recall essential
facts about the diagonalization of compact positive operators. Let Ho be a separable Hilbert
space of dimension N € {1,---, 400}, (A, A) be a measurable space and ® € F, (A, A, Ho)
such that for all A € A, ®(\) € S;"(Ho). Then, in this case, for any A € A, ®(\) admits the
eigendecomposition
P(N) = Z Un(A)¢n(A) ® Pn(A), (5'15)
0<n<N
where the series converges in operator norm and the family (¢, (\))o<n<n is orthonormal.
Moreover, we have
Tr(@(\) = > oa(d) < +oo.
0<n<N

The following theorem shows that such a decomposition can be constructed in a way which
makes the eigenvalues and eigenvectors measurable as functions of .

We will need the following lemmas, which rely on the weak topology on Ho, defined as
the smallest topology which makes the functions {xH T x € Ho} continuous.

Lemma 5.8. Let Ho be a separable Hilbert space and denote the closed unit ball by
Bo = {x €Ho : zlly, < 1} .

Then Bo1 endowed with the weak topology is a compact metrizable space.

Proof. By the Banach-Alaoglu theorem, Bo,; is compact for the weak topology. Since H is
separable, we can choose a Hilbert basis (¢n)o<n<n for Ho, with N € {1,---  4o0}. It is

straightforward to show that the mapping (z,y) = > o, on 2 "

(z — y,z/)n>H0‘ is a metric
inducing the weak topology on By 1.

Lemma 5.9. Let Ho be a separable Hilbert space. Then the Borel o-field Bw(Ho) of Ho
endowed with the weak topology coincides with the (usual) Borel o-field B(Ho) of (Ho, ||[l5,,)-
Proof. The weak topology is included in the topology of (Ho, [|-[|5,, ). hence Buw(Ho) C B(Ho).
To prove the converse inclusion, observe that by expressing ||z — yl|;,, as the £-norm of the
inner-products of (z — y) with a Hilbert basis (¢n)o<n<n, we easily get that y — ||z — yl|;,

is measurable from (Ho, Bw(Ho)) to (R4, B(R4)) for all x € Ho. Hence B(Ho) C Bw(Ho),
which concludes the proof. O

Lemma 5.10. Let Ho be a separable Hilbert space. If P € S (Ho) then the mapping x —
(P, x>7—¢0 s continuous on the unit closed ball Bo,1 for the weak topology.

Proof. Let us consider the eigendecomposition P = ZO<”<N Onn@¢@y. Then for all z € Bo’l,

(Px,x)HU = Z On

0<n<N

2
sup <x7¢">7¢0 <1 and Z on < +00 . O

z€Bo,1 0<n<N

2
<x7¢”>7{0‘ and the result follows by dominated convergence since

We can now prove the following theorem.
Theorem 5.11. Let Ho be a separable Hilbert space and (A, A) be a measurable space. Let ® €
Fs (A, A, Ho) such that for all A € A, ®(X) € S; (Ho). Then the pairs {(on,¢n) : 0 <n < N}
in (5.15) can be taken so that for all0 < n < N, o, is measurable from (A, A) to (R, B(R™))
and ¢r is measurable from (A, A) to (Ho, B(Ho)).
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Proof. The construction of the eigenvalues and eigenvectors is done iteratively using the
Measurable Maximum Theorem [1, Theorem 18.19] on A x Bo1, where Bo: denotes the
closed unit ball of Ho, which is compact metrizable for the weak topology by Lemma 5.8.
As in [1, Definition 17.1], a correspondence o from A to Bo,1, denoted by ¢ : A — B 1, is a
mapping which assigns each element of A to a subset of Bo,1.

Construction of (o1, ¢1) : Define

. AXBQJ — R+
T5ve) o (@),

Then, for all z, A — f(\,z) is measurable and, for all A € A, z — f(\,z) is continuous in x
for the weak topology by Lemma 5.10. Moreover the correspondence

) A%Bo’l
@ Af—)Boyl

is weakly measurable (in the sense of [1, Definition 18.1]) with nonempty compact values (for
the weak topology). Therefore the Measurable Maximum Theorem [1, Theorem 18.19] gives
that m : A — max,cp,, f(A z) is measurable and that there exists a function g : A — Bo
such that for all A € A, g(\) € argmax,cp, , f(A,#) and g is measurable from A to Boa
endowed with the Borel o-field generated by the weak topology. This implies the usual
measurability by Lemma 5.9. We set 09 = m and ¢o = ¢g. Then, from the definitions of
fym and g, that oo()) is the largest eigenvalue of () and that ¢o(\) is an eigenvector with
eigenvalue g ().

Construction of (on,¢,) : Assume we have constructed n measurable functions
00, yon—1 and ¢o, -+ ,dn—1 satisfying for all A € A, oo(A) > -+ > op_1(N), and
(¢o(A), -+ ,pn—1(A)) is an orthonormal family where for all 0 < i < n — 1, ¢i(\) €
ker(®(A\) — 0;(A)Idy, ). Then, as in the initialization step, the function

A x Bo’l — R+
[ n— 2
(A, x) = (RN)@, @)gy) — 0] 0i(N) (2, 05(N))sy,
is measurable in A and continuous in x (for the weak topology) by Lemma 5.10 and the

correspondence
A — Boa

PUX = BoinSpan(do(N). - dua (V)"
is weakly measurable (in the sense of [1, Definition 18.1]) because of [1, Corollary 18.8 and

_ 2
Lemma 18.2]) and the fact that ¢(\) = {x € Boy : 0 (,0i(A) gy, :O} and has

i=0
nonempty compact values (because ¢()\) is a closed subset of Bo1 for the weak topology
hence is compact for this topology). Hence, as previously, the Measurable Maximum Theorem
and Lemma 5.9 give that m : A\ — max,ec,n) f(A, ) is measurable and that there exists a
measurable function g : A — Ho such that for all A € A, g()\) € argmax, ¢,y f(A,z). We
set 0, = m and ¢, = g. Then, from the definitions of f,m and g, we get that o,(\) <
on—1(A) is the (n + 1)-th largest eigenvalue of ®(\) (because it is the largest eigenvalue of
B(N) — ") 0 (N)gi(N) ® ¢i(N)) and that ¢ () is an eigenvector with eigenvalue o, (\) and
is orthogonal to ¢o, -+, dn—_1. O

We can now prove Lemma 4.9.

Proof of Lemma 4.9. We provide a proof in the case where N = oo as the finite dimensional
case is easier. Let f € L*(A, A, 87 (Ho), i1) be the density of v with respect to . We assume
without loss of generality that f(\) € Si(Ho)T for all A € G (rather than for y-almost every
A). Using Theorem 5.11 we can write

+oo
FO) =3 0 (Néa(N) ® du(N) (5.16)

where (0, (A\))nen is non-decreasing and converges to zero and (¢, (\))nen satisfies (ii). More-
over, for all A € A, 37 on(X) = || f(N)]|; < oo, and we get Assertions (i) and (iii).
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It only remains to prove (iv)—(vi), which we now proceed to do. By (5.16) and the
2

oL =
2

on(N) < IfN)|l;. Hence ¢! f1/? € L*(A, A, S2(Ho,C),v) and Proposition 3.4 gives that
o e L2(A, A, O(Ho,C),v) and for all n,p € N,

H .H _ H o 0 ifn 7ép7
<¢n7¢p>y = /¢nf¢p du - {fUn dﬂ« otherwise. ,

previously proved assertions, we get that for all n € N and all A € A, ‘

where the last equality comes from (5.16) and the previously proved assertions.
Similarly, for all n € N, ¢,, @ ¢ f2/? € L? (A, A, S2(Ho),v), hence by Proposition 3.4, we
have ¢n ® ¢ € L2(A, A, O(Ho),v) and for all n,p € N,

(620 620y © 01, = [[(609 62016 ® ;)

_ )0 if n # p,
"\ [0 (6n @ ¢n) du otherwise,

which proves Assertion (v). Now observe that, for all A € A,

<Z Pn(A) ® ¢n(>\)> f) =1 (Z Pn(N) @ ¢n(/\)> = I

This yields

qun@(ﬁn*ldﬂo =0,
n=0 v
and thus Assertion (vi) holds, which concludes the proof. |
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