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Abstract—We consider a MapReduce-like distributed comput-
ing system. We derive a lower bound on the communication
cost for any given storage and computation costs. This lower
bound matches the achievable bound we proposed recently. As a
result, we completely characterize the optimal tradeoff between
the storage, the computation, and the communication. Our result
generalizes the previous one by Li ef al. to also account for the
number of computed intermediate values.

I. INTRODUCTION

Systems like MapReduce [1]], Dryad [2] efc. have become
popular platforms for distributed computing to perform data-
parallel computations across distributed computing nodes. In
such systems, the computations are typically decomposed into
“Map” and “Reduce” functions as detailed in the following.
Consider the task of computing K output functions of the form

or(wi, - s wy) = he(ge1(wr), -+, gk, v (WN)), 9]
k=1, K.

Here, each output function ¢ depends on all N data blocks

wy, -+ , Wy, but can be decomposed into:
o N map functions gy 1, - , gk,N, €ach only depending on
one block;

e a reduce function hy that combines the outcomes of the
N map functions.

Computation of such functions can be performed in a
distributed way following 3-phases: In the first map phase,
each node locally stores a subset of the input data M C
{wy, -+ ,wn}, and calculates all intermediate values (IVAs)
that depend on the stored data:

{gl,n(wn) e {13 e 7K}; Wy, € Mk}

In the subsequent shuffle phase, the nodes exchange the IVAs
computed during the map phase, so that each node & is aware
of all the IVAs gy 1(w1), - , gk~ (wn) required to calculate
its own output function ¢j. In the final reduce phase, each
node k& combines the IVAs with the reduce function h; as
indicated in ().

Li et al. [3] proposed a scheme, termed coded distributed
computing (CDC), that in the map phase stores files multiple
times across users so as to enable multicast opportunities for
the shuffle phase. This approach can significantly reduce the
communication load over traditional schemes, and was proved

in [3] to have the smallest communication load among all
the distributed computing schemes with same total storage
requirements. Some extensions have been made in follow-up
works. For example, straggling nodes were investigated in [4];
[S] studied optimal allocation of computation resources; [6]
considered distributed nodes in a wireless network.

It is worth mentioning that Li ef al. in [3] used the term
computation-communication tradeoff, because they assumed
that each node calculates all the IVAs that can be obtained
from the data stored at that node, irrespective of whether these
IVAs are used in the sequel or not. In this sense, the total
number of calculated IVAs is actually a measure of the total
storage space consumed across the nodes. This is why we
would rather refer to it as the storage-communication tradeoff.

Naturally, if an IVA is not used subsequently, there is no
need to compute it, which can save computation resources
(e.g., power) and shorten calculation latency. Therefore, it is
natural to investigate a more general framework, where each
node is allowed to choose to calculate or not the IVA for each
output function from the data stored locally. The number of
IVAs that each node needs to calculate normalized by the total
number of IVAs is then used to measure the real computation
load. In this sense, we extend the storage-communication
tradeoff in [3] to a storage-computation-communication trade-
off. In particular, we wish to characterize the smallest com-
munication load required in the shuffle phase for a given
storage space and a given number of IVAs calculated during
the map phase. Ezzeldin et al. proposed a modification on the
CDC scheme in [[/]], that compute IVAs only if they are used
subsequently. Recently, we also proposed a new scheme named
distributed computing and coded communication (D3C) [8]],
and derived the tradeoff achieved by this scheme. In this paper,
we provide a matching converse, and thereby characterize
completely the optimal storage-computation-communication
tradeoff.

Notations: Let NT denote the set of positive integers, and
for m,n € NT, let %, denote the n-dimensional vector space
over the finite field Fom. We also abbreviate {1,--- ,n} by [n].
For scalar quantities we use (upper or lower case) standard
font, for sets calligraphic font, and for collections (sets of
sets) bold font. The cardinality of a set A is denoted |.A|. The
indicator function of an event is written as I(-).



II. SYSTEM MODEL

Consider a system with K distributed computing nodes and
N files. Specifically, given any N files

W= {w1,~-- 77«UN}7 w; € For,V i€ [N}

Node k (k € [K]) wishes to compute an output function ¢y, :
IFQ’F — Fy5, which maps all the files to a bit stream u, =
dr(wy, -+ ,wy) € Fan of length B, where B € NT.

Following the MapReduce framework [3]], [6], we assume
that the computation of the output functions ¢; can be
decomposed as in , where

o The “Map” function
gk,n : ]FQF %]FQT, ]f S [K], n e [N]

maps the file w,, into a binary intermediate value (IVA)
of length T, i.e., vk n £ grn(wy) € Fyr, where T € N.
o The “Reduce” function

hy : FYo — Fon, k € [K]
maps the intermediate values
Vi & {kn i n € [N]}
into the output stream wuy = hy(Vi,1,- -+, Vk,N)-

The computations are carried out in three phases.

1) Map Phase: Each node k stores a subset of files M, C
W, k € [K], and then for each file w,, € My, computes a
subset of IVAs C ., = {vgn : ¢ € Agpn}, where Ay, C [K].

Denote the set of IVAs computed at node k by Cy, i.e.,
= |J Cin )

n:w, EMp

To measure the storage and computation cost of the system,
we introduce the following two definitions.

Definition 1 (Storage Space). We define the storage space r, as
the total number of files stored across the K nodes, normalized
by the total number of files N, i.e.,

Sy My
N )

Definition 2 (Computation Load). We define the computation
load ¢, as the total number of map functions computed across
the K nodes, normalized by the total number of map functions
NK, ie,

A
T =

K
Ek:l |Ck‘
NK

2) Shuffle Phase: To compute the output function ¢y, node
k needs to collect the IVAs of ¢, that are not computed locally
in the map phase, i.e., V;\Cg. After the map phase, the K
nodes exchange the computed IVAs. Particularly, each node &
creates and multicasts a signal X € Fy;, for some [, € N, as
a function of the IVAs computed in the map phase, namely,

Xy = or (Cr)

A
Cc =

“4)

to all the other nodes for some encoding function
C
(V] F‘ng‘ — ngk.
All the nodes receive the signals Xy, --- , X error-free.

Definition 3 (Communication Load). We define the communi-
cation load L, as the total number of the bits transmitted by
the K nodes during the shuffle phase normalized by the total
length of all intermediate values NKT, i.e.,

NKT

3) Reduce Phase: With the signals {X;}X, exchanged
during the shuffle phase and the IVAs Cj computed locally
in map phase, node k restores all the IVAs in Vg, i.e.,

(k1,0 vk N) = U (X1, XK, C),
with the function
Gr : Fary X Foty X - Fore x Fikl s B
Finally, it proceeds to compute
ugp = hg(vg 1, V6 N).

Definition 4. A distributed computing system is said to achieve
a storage-computation-communication (SCC) triple (r,c, L),
if for any € > 0, when N is sufficiently large, there exists
a map-shuffle-reduce procedure such that the storage space,
computation load, and communication load do not exceed r +
€ c+ ¢ and L + ¢, respectively. In particular, we define the
optimal communication load by

L*(r,c) & inf {L: (r,c, L) is achievable}.

Without loss of generality (W.L.O.G), we assume 1 < ¢ <
r < K. In fact, |Ck] < |My|K is implied by (@), and
thus ¢ < r by (@) and (@). Moreover, since each IVA needs
to be computed at least once somewhere, we have ¢ > 1.
Furthermore, if » > K, each node trivially stores all the
files and locally computes all the IVAs required for its output
function.

III. MAIN RESULT

Define
R (e
ey ]+ rl=-r 1
PO T w
where
g2 || 4 T PN =)

K—-r
Notice that, L*(r) is the optimal storage-communication trade-
off derived in [3]].

Theorem 1. For any storage space r € [1, K), and

ce{[’;+(1—;;)g : g=1,~--,U“J}7 (5)



the optimal communication load L*(r,c) is given by

1 r\2
Frg= (1o T)
(rye) c—r/K K
For general 1 < ¢ < ¢*(r), the optimal communication load

L*(r,c) is given by the lower convex envelope of the points
in @) and (6) and the point (¢*(r), L*(r)). Moreover,

L*(T7 C) = L*(T)7 )

Proof: The tradeoff in Theorem [l| is achieved by the
D3C scheme, see [8]. Equality has been shown in [8,
Corollary 1]. The converse for the case 0 < ¢ < ¢*(r) is
proved in Section [ |

Notice that, L*(r,c) is piecewise linear in (r,c). In the
storage-computation-communication (r-c-L) space, where the
coordinates are associated with r, ¢, and L, respectively, Fig.
illustrates the surface L*(r,c¢) characterized by Theorem
when K = 10. In particular,

1) The line

(6)

cf(ry<e<r.

(m,u%), rel,K)

is the optimal computation curve (OCP), and character-
izes the optimal storage-communication tradeoff at the
lowest computation load (¢ = 1).

2) The curve

(r,c*(r), L*(r)) ,

is the optimal communication curve (OCM), and char-
acterizes the optimal storage-computation tradeoff at the
lowest communication load (L = L*(r)).

3) The pareto-optimal surface is given by the triangles
between the OCP and OCM curves.

re[l,K)

Storage-Computation-Communication Tradeoff Surface, K = 10
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Fig. 1: The storage-computation-communication tradeoff surface for a system
with K = 10 nodes. The dashed lines are the projections of OCP and OCM
to the plane ¢ = 7.

Remark 1. We briefly sketch the D3C scheme in [8f], which
achieves the optimal tradeoff in Theorem [I] For integers r, g
such that 1 < g < r < K, the files are partitioned into
) (;) batches. Each batch is associated with a tuple (S, 7T)
where T C S C K, |S| = r,|T| = g. Let Ws 7 be the
batch associated with (S, T), all nodes in S store Wg 1, and
compute their own IVAs from Ws 7. Only the nodes in 7

compute the IVAs from Ws 7 that are needed by the nodes
in K\S. In the shuffle phase, for each pair (Z, ) such that
IT=r+1,J9 =g+ 1, each node k in J creates a coded
multicast signal useful for all nodes in J\{k}. Based on the
received multicast signals and the IVAs it computed locally,
each node can then compute the desired output function in the
reduce phase.

When g = r, the D3C degrades to the modified CDC (M-
CDC) scheme in [7]]. The M-CDC scheme achieves the K cor-
ner points of the optimal tradeoff surface. Time- and memory-
sharing the M-CDC scheme with different parameters can thus
achieve all pareto-optimal points on the tradeoff surface, see
[8] and [9] for details.

One may observe that, in both the D3C and the M-CDC
scheme, the required number of input files increases very fast
with the number of nodes. This may prevent implementation
in practice. In the longer version of this paper [9]], we propose
ways to decrease the required number of files via placement
delivery arrays [10].

IV. CONVERSE

Fix r € [1,K), and ¢ € [1,r]. Consider a file allocation
M = {M}H | and its feasible IVA sets C = {Cy}_,, so
tha]

K
le\,w’“' <r ®)
ZkK:1 |Ck-|
NE —° ©)

For any nonempty set S C [K], denote X5 = { X} }res, Vs =
UkesVk,Cs £ UgesCg. For any £k € S and j € [|S‘ — 1],
define

Bg’j £ {Vkn : Vg is only computed
by j nodes in S\{k}}.
Let bg ; be the cardinality of Bg ;- Then the cardinality of

U 55,

keS

A
Bs,; =

is given by

bs, 2 Zb{;j.

keS

(10)

A. Auxiliary Lemmas

To prove the converse, we need the following two lemmas,
where Lemma [I] is proved in Section
Lemma 1. For any nonempty set S C [K],

|S|-1
1
H(XslVse.Cs) 2T 3 by~

j=1

1D
where S¢ = [K]\S.

'As € > 0 can be arbitrarily close to 0 in Definition |4 to derive the lower
bound for L*(r, c), we need to consider the case € — 0.



Lemma 2. Consider set S = [K| and define b; £ by ;
Then,
K—-1
d.b v, (12)
j=1
K-1
(j —1)b; < (c— 1)NK. (13)
j=1
Proof: For any k € [K], define
Ai 2 {V.n : Vg is computed by node k,n € [N]}.
Set ay, = |Ak|. Notice that
Alv"' 7>AKaB[K],1a 7B[K],K71
form a partition of all IVAs, and therefore
K K-1
Y ar+ Y bj=NK. (14)
k=1 j=1

Moreover, since node k must store w,, if it has computed vy, p,
it must hold that a;, < |Mjy]|, and thus by (8),

K K
Zak < Z M| < rN.
k=1 k=1
Finally, for each k € [K], j € [K — 1], the IVAs in A; must

be computed at node k and IVAs Bk ; must be computed at
j nodes, and by @),

K K-1 K
D an+ Y jby <> |Ck| < eNK.
k=1 j=1 k=1

From (T4)-(T6), we obtain (12) and (I3). [ ]

(15)

(16)

B. Proof of the Converse to Theorem [I]

For each ¢ € [1,r], define

s Cc—1/K
Y"1k
Notice that g > 1 since we assume ¢ > 1. Let g1 = |g],
g2 = [g], and
r
— (1= 7) , 17
€1 K—i—( )9 (17)
T T
- i(i- 7) 18
o=zt (1-% (18)
Notice that by these definitions,
c1 <c<ecs. (19)
Choose A, i € R so that
1 r\2
A mzi-(l—f), 20
T+ ptla=c, p—e 7 (20)
1 r\2
et =L (122
T+ flo=cs co—r/K K @D

Then from (I7)-ZI), and the fact go — g1 = 1, we conclude
that \ and p satisfy:

A= — - — <0, 22)
92 g1
S
g1 g2 ’
1 1
Abpu=2"2 9" "1y 23)
g1 g2

r

By the convexity of the function ﬁ(l - K)2 over T €

[1,+00), we then obtain:

! (1 ")2>A+
x—r/K K) =T

r T
Vxe{?—F(l—?)g:g:l,-n,lf—l}.
Therefore,
;> B (Xi)
=~ NKT
b 1
Z R
= NK j
K-1
1 b r\2
> J - —
~ N(K-—r) ; (1—%)3’4—%—%( K)
1 Kl r
= N(K =1 jzlbﬂ (’\((1_?)]+E)+“>
A K—-1 . >\+M K-1
= E Ut Ry b
j=1 j=1
(@ X\ A+
= ¢+ p, (24)

where (a) follows from (12), (13), 22) and (23). This implies

that for any storage space r € [1,K) and computation load
¢ € [c1, c2], the optimal communication load L*(r, ¢) is lower
bounded by the lower convex envelope of (¢1, L*(r,c1)) and
(ca, L*(r, c2)). Noting that also the point (¢*(r), L*(r)) is on
the line (24) concludes the converse proof.

C. Proof of Lemma I

For notational brevity, we denote the tuple (Vs,Cs) b
Ys for any S C [K]. We prove Lemma I| by mathematical
induction on the size of S:

When |S| = 1, without loss of generality, assume S = {k},
then (TT) becomes H (Xk|Y[K}\{k}) > 0, which is trivial.

Suppose that, the statement is true for all subsets of [K]
with size s, 1 < s < K. Consider a set S C [K] such that
|S| = s+ 1. Then

H(XS\YSC)

ZH Xs, Xi|Yse)

&



Xk|Y3c) + H(Xlek,Ysc»

=|5|Z

keS
1

> o H(Xs|Yse) +
IS

\/

ZH Xs| Xk, Yse). (25

B

Then from (23], we have

H(X5|ch)
> |3| — > H(Xs|Xk, Yse)
keS
Z 3 Z H(Xs| Xk, Cr, Yse)
keS
o 1
E > H(Xs|Cr, Vse)
5 keS
b 1
O LS (H(XslCh, Yso) + HVU X5, Cr, Yse)
5 kesS
o1
@ 3 ZH(XSaVk|CkaYSC)
kES
d) 1
(:) o Z (H(Vk|ck7 YSC) + H(XS|Vk, Ck, Ysc))
s keS
© 1
= 2D (HOCs\rne) + H(Xs\ iy [Yis\ ()
kGS
0T )
= std +- Z st\{k},y =
¥ kesj=1 5 hes j=1 J
S s—1
T T 1
=22 D byt DD bsvikg 5
j=1kes j—l keS

T
& stﬁ ZZ > bS\{k}y

j=1keS 1e8\{k}

**Z sq 7t ZZ > g *-’

j=11€8 keS\{i}

(26)

where (a) holds because X}, is a function of Cy; (b) holds
because by H (V| Xs,Ck,Yse) = 0, since Vi can be de-
coded using Ci, Xs and Xge, which is a function of Yge;
(¢) and (d) follow from the chain rule; (e) holds because
Yse = (Vse,Cse) and by the independence between V. and
Vse; (f) holds by the definition of bg ; and the induction
assumption; and (g) holds by (T0).

Notice that, in 26),
!
> s\
keS\{l}
W Z Z]I (v, is only computed by j nodes in
kes\ {1} n=1

S\{1p) -

= Z I(vy,y, is only computed by j nodes in S\{l})
n=1

I(v;,,, is not computed by node k)

Z I(v;,y, is not computed by node k)
keS\{l}

N

= ZH(Ul,n is only computed by j nodes in S\{l})
=1
(s =)

bS ( ])7

where (a) and (b) follow from the definition of b

with (26)),
H(Xs|Yse) >fz s+ — Zzle S;

Jj= 1l€S

i ZbS’J + — ZbS’J
T Z bs’ﬂ

where (a) follows from (I0).

Notice that, we have proved that holds for all S C [K]
with |S| = s + 1. By induction, we conclude that (TI) holds
for all nonempty subsets S C [K].

®

g Thus,

V. CONLUSION

We proved a converse matching the performance of our
recently proposed D3C [8]]. As a result, the pareto-optimal
storage-computation-communication tradeoff surface of all
achievable storage-computation-communication triples is char-
acterized.
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